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Abstract We propose novel nonlinear �lter which

is based on a framework of a linear FIR �lter and

the wavelet neuron (WN) model, and employs the

local statistics such as a variance of signal levels

in the �lter window. The proposed �lter is syn-

thesized by a learning method which guarantees op-

timal design caused by employing the WN model.

The proposed �lter is e�ective for the various func-

tions such as the noise elimination, sharpening and

so on, because their functions are determined by

the pairs of target and input signals in the training.

The e�ectiveness and validity of the proposed �lter

is veri�ed by applying it to the preprocessing of the

image signals.

Keywords: Wavelet neuron, Nonlinear �lter, Lin-

ear FIR �lter, Noise elimination, Sharpening, Im-

age signal preprocessing.

1 Introduction

Linear �lters have been the primary tools for
signal processing. They are easy to design,
and they o�er excellent performance in many
cases. This is particularly the case for spectral
separation where the desired signal spectrum
is signi�cantly di�erent from that of the in-
terference. In many situations, however, it is
necessary to process signals with sharp edges
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and thus wide spectrums. Unfortunately, lin-
ear smoothing �lters also smooth signal edges.
Also, linear �lter can not totally eliminate im-
pulse noise. Median �ltering has been recog-
nized as an e�ective alternative to the linear
smoother in some applications[1]. In particu-
lar, the moving median of a time or spatial se-
ries has been shown to preserve edges or mono-
tonic changes in trend, while eliminating im-
pulses. A median �lter is included in the class
of order statistic (OS) �lters, as well as a �-
trimmed �lter and a midrange �lter and so
on[2][3]. These �lters achieve noise elimination
well by using information of the noise distribu-
tion, although they are e�ective only for spe-
ci�c types of noise. However, OS �lters have a
disadvantage with respect to the preservation
of the signals, because they lose information of
signal patterns by sorting signal levels in the
�lter window. For the realization of both of
restoration of the signal and noise elimination,
both of pattern and statistical information in
the �lter window should be reected to a de-
sign of a �lter.
From this point of the view, we propose

novel nonlinear �lter named the local statis-
tics employed wavelet neuron (LSWN) �lter.
The LSWN �lter is based on the WN model[4]
and a framework of a linear FIR �lter, and em-
ploys the local statistics in the �lter window.
The LSWN �lter achieves both of the elimina-
tion of noise and high restoration of the signal
simultaneously. Moreover, it is e�ective not
only for the elimination of noise but also other



functions such as sharpening of the image. In
this paper, we verify the e�ectiveness and the
validity of the LSWN �lter by applying it to
the preprocessing of the image signals.

2 The Local Statistics Em-

ployed Wavelet Neuron Fil-

ter

In this section, the LSWN �lter is discussed.
Now, consider the following observation mech-
anism:

yk = xk + vk; (1)

where yk is a noisy observation, xk an origi-
nal signal, and vk an observation noise of an
arbitrary distribution type.

2.1 Extension of a FIR Linear Filter
by the WN Model

Here, we extend a linear FIR �lter by applying
the WN model to its framework. This exten-
sion is referred to as the WN �lter. The WN
model has been proposed by one of the authors
in 1994[4]. This WN the synaptic characteris-
tics of which is nonlinear and represented by a
set of wavelets and the weight corresponding to
each wavelet has high ability of generalization
with a guarantee of the global minimum.

Fig.1 shows the structures of the WN �lter
and the WN model. The output of the WN
�lter of length N operating on a sequence fykg
for N odd is given by:

x̂wnk =
NX
i=1

fi(yk(i)) (2)

with

fi(yk(i)) =
pX

a=0

aX
b=0

 a;b(yk(i))wia;b ; (3)

where (�) represents time/space sequence in the
�ler window. yk(1); � � � ; yk(N) correspond to
yk�M ; � � � ; yk+M , respectively, and M = (N �
1)=2.  a;b(u) are wavelets that are generated

by the mother wavelet  (u) as follows:

 a;b(u) =

(
1 a = 0 and b = 0;
 (au� b) otherwise:

(4)
where a is a scaling parameter, and b is a shift-
ing parameter. And this WN employs the the
compactly supported wavelet shown in Fig.2
as the mother wavelet. It is represented by the
following equation:

 (u) =

(
cos �u �0:5 � u � 0:5;
0 otherwise;

(5)

The wavelet distribution is illustrated in Fig.3,
where the level p stands for a reciprocal scaling
parameter.

The learning of the weights wia;b is
achieved so that the following error function
Ewn(x̂wnk ; tk) becomes minimum:

Ewn(x̂wnk ; tk)

=
1

2

KX
k=1

(x̂wnk � tk)
2

=
1

2

KX
k=1

NX
i=1

pX
a=0

aX
b=0

( a;b(yk(i)) � wia;b � tk)
2;

(6)
where tk is a target signal and K is the length
of target signal. The gradient descent method
is employed here. Eq.(6) is unimodal func-
tion, because it is parabolic with respect to
weights wi

a;b, that is this WN �lter guarantees
the global minimum[4].

After the learning is completed, the set of
weights of the WN �lter is optimized where the
�ltering output is as close to the ideal signal as
possible.

2.2 LSWN Filter

The proposed LSWN �lter is shown in Fig.4,
where the outputs from the WN �lter and the
local statistics calculator are fed to the Input-
Correlated WN model. In this case, the output
of the �lter is obtained as an output of the
Input-Correlated WN model. Fig.5 shows the
structure of the Input-Correlated WN model.



In the proposed �lter, the estimation of an
original signal x̂lswnk is given by:

x̂lswnk = f(x̂wnk ; �
2
yk
) (7)

with

f(x̂firk ; �
2
yk

=
qX

c=0

rX
d=1

 c;d(x̂wnk ; �
2
yk
)wc;d; (8)

where x̂wnk is given by Eq.(2). �
2
yk
is a variance

of the signal levels in the �lter window and
calculated as follows:

�2yk =
1

N

NX
i

(yk(i)�
1

N

NX
j

yk(j))
2: (9)

�2yk is employed as the information of the local
statistics in the LSWN �lter.  c;d(u1; u2) are
wavelets in two dimensional space (u1; u2) that
are generated by the mother wavelet  (u1; u2)
shown in Fig.6. It is compactly supported
wavelet and represented by the following equa-
tion:

 (u1; u2) =

(
cos �u1 cos �u2 �0:5 � u1; u2 � 0:5;
0 otherwise:

(10)
The wavelet distribution is illustrated in Fig.7,
where (a)level 0, (b)level 2 and (c)level 3 are
presented for examples. The level q stands for
a reciprocal scaling parameter and r = (q+1)2

a shifting parameter in two dimensional space
(u1; u2).
The learning of the LSWN �lter is achieved

so that each of error function of WN �l-
ter Ewnk(x̂wnk ; tk) (Eq.6) and error function
of Input-Correlated WN Elswn(x̂lswnk;tk) be-
comes minimum simultaneously:

Elswn(x̂lswnk ; tk) =
1

2

KX
k=1

(x̂lswnk � tk)
2: (11)

The same target signal tk is employed for both
learning processes of the WN �lter and Input-
Correlated WN here. From Eq.11, it is also
easily understood that the global minimum is
reached in the learning of the Input-Correlated
WN.

3 Experimental Results

The attempt is made to verify the e�ectiveness
and the validity of the LSWN �lter by applying
it to the noise elimination and the sharpening
of the images. In the experiments, the signals
in the �lter window are numbered and fed to a
�lter as shown in Fig.8. Here, the �lter window
size N is 25 (=5�5 pixels). All of p, q and r
are 12.

3.1 Noise elimination

Here, the LSWN �lter is applied to the noise
elimination for the images of machine printed
capital characters and human faces.

3.1.1 Machine printed capital charac-

ters

Learning process In this experiment, we em-
ployed the images of machine printed capital
character `F' shown in Fig.9(a) and (b), which
are constructed with 50�50 pixels and the res-
olution is 8 bits/pixel gray-level, as a target
image and the input image for the learning
process of the LSWN �lter. The input image
shown in Fig.9(b) is the target image corrupted
by both of a Gaussian noise N(0,200) and an
impulsive noise (5%), the elimination of which
is very di�cult for the conventional �lters.

Testing process After the learning has been
completed, the performance of the LSWN �l-
ter is tested for the images of machine printed
capital characters. For example, we show the
results of noise elimination for the images of
machine printed capital character `E' (50�50
pixels, 8 bits/pixel gray-level). Fig.9(c) shows
an original image `E'. Fig.9(d) shows the input
image which is the original image corrupted by
both of a Gaussian noise N(0,200) and an im-
pulsive noise (2%), similar to Fig.9(b). The
root mean square error (RMSE) of the input
image shown in Fig.9(d) is 39.21. The RMSE
is calculated by the following equation:

RMSE =
1

P �Q

vuuut PX
i=1

QX
j=1

(y(i; j)� x(i; j))2;

(12)



where P �Q is an image size, y(i; j) the input
image and x(i; j) the original image. Fig.10(a)
shows the result of �ltering by the LSWN �l-
ter. The RMSE of the LSWN �lter is 1.23.
For comparison, an optimized linear FIR �l-
ter, an optimized OS �lter and the WN �l-
ter are examined and the results of �ltering by
them are shown in Fig.10(b),(c) and (d), re-
spectively. The RMSE of an optimized linear
FIR, an OS �lter and the WN �lter are 11.22,
5.47 and 4.53, respectively. The superiority of
the LSWN �lter to other �lters is easily under-
stood.

3.1.2 Human facial image

In this experiment, we employed the images
(120�160 pixels, 8 bits/pixel gray-level) shown
in Fig.11(a) and (b), as a common target image
and the input image for the learning process
of the LSWN �lter. The input image shown in
Fig.11(b) is the target image corrupted by both
of a Gaussian noise N(0,100) and an impulsive
noise (1%).
After each learning has been completed,

the performance of the proposed �lters is
tested for the facial image. we show the re-
sults of noise elimination for the facial im-
age. Fig.11(c) shows an original facial image
(120�160, 8 bits/pixel gray-level). Fig.11(d)
shows the input image which is the original
image corrupted by both of a Gaussian noise
N(0,200) and an impulsive noise (2%), sim-
ilar to Fig.11(b). The RMSE of the input
image shown in Fig.11(d) is 14.18. Fig.12(a)
shows the result of �ltering by the LSWN �l-
ter. The RMSE of the LSWN �lter is 6.03.
For comparison, an optimized linear �lter, an
optimized OS �lter and the WN �lter are ex-
amined and the results of �ltering by them are
shown in Fig.12(b), (c) and (d), respectively.
The RMSE of the an optimized linear FIR �l-
ter, an optimized OS �lter and the WN �lter
are 7.23, 6.92 and 6.67, respectively. The result
of the LSWN �lter is superior to other �lters.

3.2 Sharpening of images

In this experiment, we employed the images
of machine printed capital character `F' shown

Fig.13(a) and (b) (50�50 pixels, 8 bits/pixel
gray-level), as a target image and the input
image in the learning process of the LSWN �l-
ter. The input image shown in Fig.13(b) is the
target image corrupted by both of a Gaussian
noise N(0,200) and an impulsive noise (5%) af-
ter smoothing by a mean �lter, widow size of
which is 25 (5 � 5).

After the learning has been completed, the
performance of the LSWN �lter is tested
for the machine printed capital characters.
For example, the results of the sharpening
for the capital character image 'E' (50�50
pixels, 8bit/pixel gray-level) are shown here.
Fig.13(c) and (d) show an original image and
an input image which is the original image cor-
rupted by both of a Gaussian noise N(0,200)
and an impulsive noise (5%) after smoothing
it by a mean �lter, window size of which is 9
(5�5) pixels, similar to Fig.13(b). The RMSE
of the input image shown in Fig.11(d) is 40.18.
The results of sharpening by the LSWN �lter is
shown in Fig.14(a). The RMSE of the LSWN
�lter is 6.59. For comparison, the WN �lter
are examined and the results of sharpening by
it are shown in Fig.14(b). The RMSE of the
WN �lter is 8.48. From Figs.14(a), it is clear
that the sharpening of the image is achieved
well. The conventional �lters are much less ef-
fective than the WN �lter and the LSWN �lter,
because they don't have high mapping ability
between input and output, like the WN model.

4 Conclusions

In this paper, we propose novel nonlinear �lter
which is based on a framework of a linear FIR
�lter and the wavelet neuron (WN) model, and
employs the local statistics such as a variance
of signal levels in the �lter window. The LSWN
�lter is optimally designed and implemented by
learning which guarantees convergence to the
global minimum.

Through the experiments of the noise elim-
ination and the sharpening of images, we
con�rmed that the LSWN �lter signi�cantly
achieves both of high noise elimination and



high restoration of the signal, simultaneously.
One of main characteristics of proposed �l-

ter is that it is applicable to arbitrary image
signal preprocessing. Many of traditional �l-
ters are con�ned to speci�c use. On the other
hand, our �lter proposed here are e�ective not
only for noise elimination but also for sharpen-
ing and other various functions. This feature of
proposed �ler is derived from that its function
is determined by the pairs of target and input
signals in the training. If we prepare a typical
training set of images for some practical pur-
poses, we can tune the �lter to be suitable for
the purposes.
Furthermore, the proposed �lter do not re-

quire a complicated algorithm, and their ar-
chitectures are very simple. They have highly
potential applications to a wide range of prac-
tical signal processing.
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Fig. 1 The structures of the WN �lter and the
WN model. (a)The structure of WN �lter. (b)The
Structure of the WN model with wavelets in non-
linear synapses.
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Fig. 2 The shape of a mother wavelet.
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Fig. 8 How to input the image data to the �lters.

(a) (b)

(c) (d)

Fig. 9 The images employed in the �ltering of
machine printed capital characters. (a) and (b)
show a target image and an input image in the
learning. (c) and (d) show an original image and
an input image in the �ltering.

(a) (b)

(c) (d)

Fig. 10 The results of the �ltering for the ma-
chine printed character `E'. (a) shows the results
of the �ltering by the LSWN �lter. (b),(c) and (d)
show the results of the �ltering by an optimized lin-
ear FIR �lter, an optimized OS �lter and the WN
�lter, respectively.

(a) (b)

(c) (d)

Fig. 11 The images employed in the �ltering of
the the facial image. (a) and (b) show a target
image and an input facial image in the learning.
(c) and (d) show an original image and an input
facial image in the �ltering.



(a) (b)

(c) (d)

Fig. 12 The �ltering results for the facial image.
(a) shows the result of the �ltering by the LSWN
�lter. (b), (c) and (d) shows the results of the �lter-
ing by an optimized linear FIR �lter, an optimized
OS �lter and the WN �lter, respectively.

(a) (b)

(c) (d)

Fig. 13 The images employed in the sharpening
of machine printed capital characters. (a) and (b)
show a target image and an input image in the
learning. (c) and (d) show an original image and
an input image in the �ltering.

(a) (b)

Fig. 14 The results of the sharpening for the ma-
chine printed character `E'. (a) shows the results
of the sharpening by the LSWN �lter. (b),(c) and
(d) show the results of the sharpening by an opti-
mized linear FIR �lter, an optimized OS �lter and
the WN �lter, respectively.


