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Abstract - The primary goal of this paper is to de-

velop an approach to fusion of two streams of data {

imaging and kinematic { for optimization of target iden-

ti�cation. Speci�cally, we focus on the fusion of range-

pro�le data (obtained from a high range resolution sen-

sor) and kinematic information for observation-to-track

assignment and target recognition. A more reliable tar-

get identi�cation is possible due to the strong correlation

between kinematic characteristics and range pro�le. In-

deed, the range pro�le signal depends on the range to the

target and its aspect angle, while the latter is related to

the target velocity (via Euler's equation), thus yielding

a strong correlation of both types of data with the as-

pect angle. E�ective estimation of the aspect angle is

therefore the key to successful target identi�cation. The

dynamics of the aspect angle is modeled by a Markov

process with a switching parameter. The latter param-

eter describes transitions from one target maneuver to

another. In this model the state process and the ob-

servation are nonlinear. This rules out application of

standard methods of estimation based on Kalman �lter

and necessitates the use of a nonlinear �ltering algo-

rithm. The crucial part of the fusion and identi�cation

algorithm is the fully coupled optimal nonlinear �lter for

the aspect angle. This �lter allows us to compute recur-

sively joint unnormalized posterior distributions of the

target class and aspect angle. Then specially designed

adaptive sequential multihypothesis classi�cation proce-

dures, which exploit the optimal nonlinear estimates of

the aspect angle for all classes, are used to identify tar-

gets of interest.

Key Words: high range resolution sensor, range-

pro�le data, kinematic data, nonlinear �ltering, fusion

of imaging and kinematic data, sequential identi�ca-

tion.

1 Introduction

We propose a new method of target identi�cation
based on fusion of imaging and kinematic measure-
ments. Our approach is fairly general, however
in this paper for the sake of concreteness we con-
centrate on fusion of high range resolution radar
(HRRR) imaging data (in the form of range pro-
�les) and standard kinematic data (e.g. range, ve-
locity, etc.). The �nal goal is to improve perfor-
mance of target recognition. This problem was
addressed by several authors [7, 10]. In partic-
ular, Libby and Maybeck [10] proposed a version
of the dynamic programming method (the Viterbi-
Larson-Peschon algorithm [9, 19]) to estimate the
most probable \path" of aspect angles given both
kinematic data and HRRR-pro�les. This estimate
is needed to compute an approximation to a pos-

teriori probability of target class. The Libby-
Maybeck algorithm is designed to utilize �xed size
samples (i.e. it is \one-stage" or \batch" algo-
rithm).

In contrast, we propose a sequential algorithm
for joint target tracking and recognition by fusing
of kinematic data and HRRR-pro�les on the ba-
sis of optimal nonlinear �ltering. The nonlinear
�ltering provides an accurate and robust recursive
algorithm for estimation of aspect angles. These
estimates serve as input data for an optimal multi-
hypothesis sequential test for target identi�cation.
We remark that the dynamic programming method
is time consuming and its computational complex-
ity grows fast when the number of observations in-
creases. Also, it is shown that the developed se-
quential identi�cation algorithms two to four times
faster than the best �xed sample size test.



2 Problem Formulation and

Basic Mathematical Model

We consider a scenario where the target recognition
algorithm must relate the target to one of M pre-
determined classes (hypotheses): H1; H2; : : : ; HM

(e.g. H1 = SU27, H2 = MIG31, H3 = F18,
H4 = A6, H5 = A10, H6 = UFO).

At each successive time tk; k = 1; 2; : : :, the input
information for the identi�cation algorithm consists
of range pro�le measurements (target signature)
r(tk) = (r1(tk); : : : ; rm(tk)), where ri(tk) is the
wave envelop in the ith range cell at time tk, and
the vector of kinematic parameters z(tk) (target's
velocity, position, etc.). Thus, the observed process
y(tk)=(r(tk); z(tk)) consists of two di�erent in na-
ture components { range pro�le and kinematic mea-
surements. Our objective is to incorporate these
data in the target identi�cation algorithm in an op-
timal way.

The data observed up to time tk will be denoted
Y k = (y(t1); : : : ;y(tk)), i.e. Y k = (Rk;Zk) where
Rk = (r(t1); : : : ; r(tk)), Zk = (z(t1); : : : ; z(tk)).
Write also �k = (�(t1); : : : ;�(tk)).

If the target belongs to classHj , the range pro�le
signal (target's signature) r(tk) = rj(tk) at time tk
is given by

rj(tk) = Sj(�(tk)) +N j(tk); (1)

where

N j(tk) = (Nj;�1(tk); : : : ; Nj;�m(tk))

is the noise component;

Sj(�(tk)) = (Sj(�1;�(tk)); : : : Sj(�m;�(tk)))

is the range pro�le signal of the target; �(tk) is the
target pose (aspect angle) at moment tk; �i is the
time lag to the ith range resolution element; m is
the total number of range resolution elements.

There is a number of simulation tools that can be
used to synthesize target signatures with di�erent
levels of �delity: XPATCH, URISD, conditionally
Gaussian model, etc. [7].

In the Bayesian framework, the decision mak-
ing algorithms (sequential or non-sequential) are
based on the posterior probabilities P (Hj jY k), j =
1; : : : ;M . If the prior distribution of classes is un-
known, the adaptive version of the generalized like-
lihood ratio approach can be applied. In this case,
the generalized likelihoods (averaged over the tra-
jectories�k) are replaced by their adaptive versions

P (Y kjb�j

k; Hj) where b�j

k is an estimate of the as-
pect angle path (see Section 4 for more details). In

either case (Bayesian and non-Bayesian) implemen-
tation of the identi�cation procedure requires esti-
mation of the sequence of aspect angles. In [10] the
posterior probabilities of classes P (Hj jY k), which
can be obtained by averaging of the joint poste-
rior distribution P (Hj ;�kjY k) over �k, are ap-

proximated by using (conditional) estimates b�j

k =
argmax�k

P (�kjY k; Hj). The Larson-Peschon-
Viterbi (dynamic programming) algorithm was
used in [10] to compute these estimates.

A well known drawback of the dynamic program-
ming approach to estimation in hidden Markov
models (HMM) is that it does not have a sequential

structure. For example, the optimal trajectory b�j

k

might di�er substantially from the �rst k entries of

the b�j

k+1: Another disadvantage of this approach
is high computational complexity.

To overcome these drawbacks we propose to use
the optimal nonlinear �ltering (ONF) algorithm
for HMM. In this approach, instead of computing
P (Hj ;�kjY k) one computes the joint �ltering den-
sity P (Hj ;�(tk)jY k): In contrast to P (Hj ;�kjY k)
the probability P (Hj ;�(tk)jY k) allows for e�cient
recursive computation and the resulting identi�ca-
tion algorithm can be implemented sequentially.

The relationship between kinematic and range
pro�le data is very strong. In (1) the range pro�le
signal depends on the range to the target and its
aspect angle �. On the other hand, the latter is
related to the target velocity vector by the Euler's
equation in the inertial coordinate system:

_v(t) = Q(t)v(t) + f (t); (2)

where v(t) is target velocity, f(t) is target acceler-
ation and

Q(t) =

24 0 �q3(t) q2(t)
q3(t) 0 �q1(t)
�q2(t) q1(t) 0

35 ;
where q(t) = (q1(t); q2(t); q3(t))

T is target angular
velocity. It is related to the aspect angle �(t) =
(�1(t); �2(t); �3(t))

T as follows [5, 6]24 q1
q2
q3

35 =

24 _�1 cos�2 cos�3 � _�2 sin�3
_�1 cos�2 sin�3 + _�2 cos�3

� _�1 sin�2 + _�3

35 ;
where the dependence of �k and qk on t is omitted.
In other words q1(t); q2(t), and q3(t) are rates of
change of the roll, pitch and yaw angles, respec-
tively. Both types of data, kinematic and non-
kinematic, are strongly correlated with the aspect



angle �. In fact, as one can see from (1), (2), tar-
get velocity and range pro�le are coupled by the
aspect angle � and the angular velocity q. E�ec-
tive estimation of � is the key to successful target
identi�cation.

The acceleration f (t) and the angular velocity
of the target q(t) are only partially observable and
their dynamics is di�cult to predict (at least in the
case of maneuvering non-cooperative target). To
take the above uncertainty into account, we model
�(t), f(t) as a pair of stochastic processes. In par-
ticular, for f(t) we assume the white noise accel-
eration model [2]. The latter means that f(tk),
k = 1; 2; : : : is a sequence of independent Gaussian
random variables with zero mean and unknown in-
tensity �2.

The dynamics of the aspect angle �(t) is mod-
eled by an interactive Markov di�usion process.
Speci�cally for a target from class Hj its aspect
angle �j(t) = (�j1(t); �j2(t); �j3(t)) is given by the
stochastic di�erential equation

_�j(t) = Fj(�j(t);�j(t); t) (3)

+ Gj(�j(t);�j(t); t)
_�j(t);

where _�j(t) is a white noise and �j(t) is a switch-
ing parameter. This parameter models switches be-
tween target modes (maneuvers). We will assume
that �j(t) is a Markov type jump process. Its inten-
sity matrix �j characterizes a priori probabilities
of transitions between maneuvers. The functions
Fj ; Gj and �j bear a priori knowledge about tar-
get kinematics. Of course these functions are class
speci�c. We will omit the index j related to the
target class in �j(t), �j(t), etc. when it does not
lead to ambiguity.

The above model of the aspect angle is a re�ne-
ment and generalization of the standard interactive
multiple model (IMM) approach to modeling dy-
namics of non-cooperative maneuvering targets.

To complete the description of our model, it re-
mains to consider the structure of measurements
in more detail. It is natural to assume that the
variance of the acceleration f(tk) dominates the
variance of errors in velocity measurements. So we
can assume safely that the velocity measurements
are noise free. For the sake of simplicity we will
ignore the range measurements. In this case the
kinematic measurements are zk = v(tk). Write
wk = f(tk)(tk+1 � tk). Explicit discretization of
(2) gives

zk+1 = Ckzk +wk; (4)

where Ck = I + (tk+1 � tk)Qk and

Qk =

24 0 �q3;k q2;k
q3;k 0 �q1;k
�q2;k q1;k 0

35 ;
qi;k � qi(tk) with _�i(tk) approximated by

_�i(tk) �
�i(tk+1)� �i(tk)

tk+1 � tk
; i = 1; 2; 3:

The random variables wk, k = 1; 2; : : : are sup-
posed to be independent Gaussian vectors with zero
mean and covariance matrix (tk+1�tk)

2�2I , where
I is the identity matrix. The intensity parameter
�2 is unknown but can be estimated easily assum-
ing that the overlook time tk+1 � tk is su�ciently
small.

It must be noted that the range pro�le signal
Sj(�) depends also on a number of (in general) un-
known parameters including amplitude, group time
lag, and number of range resolution elements, etc.
There is also a number of sensor dependent error
sources that contribute to the noise distribution.
Here we assume that the noise N is Gaussian with
zero mean and covariance �. However, more re-
alistic models of noise can also be incorporated in
our model without much di�culty. Unknown pa-
rameters in (1) can be estimated via combination
of signature simulation and signature collection.

In conclusion of this section, we remark that the
mathematical model of target dynamics and obser-
vation (1)-(4) belongs to the general type of hid-
den Markov models. According to terminology of
HMM approach the process X(t) = (�(t); �(t)) is
the state process and yk = (rk; zk) is the observa-
tion process.

Note also that in our model both the state pro-
cess and the observation are nonlinear. This rules
out application of standard methods of estimation
based on Kalman �lter. In the next section we de-
scribe novel nonlinear �ltering techniques based on
spectral separating scheme that allows us to com-
pute the joint posterior distribution P (Hj ;�(tk) 2
AjY k) in an e�cient manner.

3 Data Fusion Based on Non-

linear Filtering

Our approach to fusion of kinematic and range
pro�ling data is based on the Bayesian approach.
We start with M hypotheses fH1; H2; : : : ; HMg
regarding the type of the target. We will com-
pute sequentially posterior distributions of the hy-
pothesis Hj , P (Hj jY k), given the measurements



Y k, k = 1; 2; : : : and identify the target by using
modern sequential multiple hypothesis testing tech-
niques [3, 16, 17, 18].

The crucial part of our fusion and identi�cation
algorithm is the fully coupled optimal nonlinear
�lter for the aspect angle. This �lter must com-
pute recursively the joint posterior distributions
P k
j (An) = P (Hj ;�(tk) 2 AnjY k) where An is the

nth bin of aspect angle (it is assumed here that the
viewing sphere is partitioned into N angular bins).
In what follows we write �k = �(tk) and �k = �(tk)
for brevity.

Given a new set of measurements yk+1 at time
tk+1, the �ltering distribution P k

j (An) is updated
according to the Bayes rule

P k+1
j (An) = (5)

P (yk+1jHj ;�k+1 2 An;Y k)P
k
j (An)PM

j=1

PN
n=1 Pj(yk+1jHj ;�k+1 2 An;Y k)P k

j (An)
:

By integrating out An's (respectively Hj 's) one
can obtain from (5) the posterior distributions
P (Hj jY k+1), j = 1; : : : ;M (respectively P (�k+1 2
AnjY k+1), n = 1; : : : ; N).

Fusion of kinematic and non-kinematic mea-
surements is facilitated by the correction term

P (yk+1jHj ;�k+1 2 An;Y k).
Formula (5) provides a general form of the non-

linear �lter. In this form it cannot be implemented
e�ciently since we have yet no means to compute
the correction term. However, �lter (5) can be
re�ned by using two important properties of the
HMM (1)-(4):

(i) The kinematic measurements zk and range-
pro�le data rk are conditionally independent
given �k, �k�1 and zk�1. (Note that without
the conditioning zk and rk are strongly corre-
lated.)

(ii) Xk = (�k; �k), k = 0; 1; 2; : : :, is a homoge-
neous Markov chain.

Write

P k+1;i
j (An) = P (Hj ;�k 2 An; �k = ijY k):

Obviously, P k+1
j (An) =

P
i P

k+1;i
j (An):

Using (i) and (ii) we obtain

P k+1;l
j (An) = (6)

�nj;k+1
P

m;i pj(m; i; n; l)�
n;m
j;k+1P

k;i
j (Am)PM

j=1

P
n;l �

n
j;k+1

P
m;i pj(m; i; n; l)�

n;m
j;k+1P

k;i
j (Am)

where
pj(m; i; n; l) =

P (�k+1 2 An; �k+1 = ljHj ;�k 2 Am; �k = i);

�nj;k+1 = P (rk+1jHj ;�k+1 2 An);

�n;mj;k+1 = P (zk+1jHj ;�k+1 2 An;�k 2 Am; zk):

Formula (6) demonstrates an important fact: in
a setting with fully coupled kinematic and non-
kinematic measurements conditioning on �k+1, �k
and zk decouples the correction term into the prod-
uct of the kinematic and the non-kinematic con-
ditional correction terms �n;mj;k+1 and �nj;k+1 respec-
tively.

In contrast to (5), the �lter given by (6) is prac-
tically implementable. Indeed, with the use of the
models (1) and (4) it is readily checked that

�nj;k+1 �
1

(2�)r=2j�j
�

exp

�
�
1

2
(rk+1 � Sj(an))

T��1(rk+1 � Sj(an))

�
;

and

�n;mj;k+1 �
1

j(2�)1=2�k+1�j3
�

exp

�
�
(zk+1 �Cj;kzk)

T (zk+1 �Cj;kzk)

2�2�2
k+1

�
;

where �k+1 = tk+1� tk, an is the center of mass of
the bin An and Cj;k = Ck(�k = an;�k+1 = am)
(Cj;k depends on the number of class j, since �k is
class speci�c).

Optimal nonlinear �lter (6) can be greatly sim-
pli�ed by switching to unnormalized �ltering dis-
tributions [4]. Speci�cally, one can show that

P k+1;i
j (An) = eP k+1;i

j (An)=

NX
n=1

eP k+1;i
j (An);

where the unnormalized �ltering distributioneP k+1;i
j (An) is given by

eP k+1;l
j (An) = (7)

e�nj;k+1X
m;i

pj(m; i; n; l)e�n;mj;k+1
eP k;i
j (Am)

with e�nj;k+1 = (8)

exp

�
Sj(an)

T��1rk+1 �
1

2
Sj(an)

T��1Sj(an)

�
;

e�n;mj;k+1 = (9)



exp

�
1

�2�2
k+1

(zTk+1Cj;kzk �
1

2
jCj;kzkj

2)

�
:

Note that since the unnormalized distributioneP k+1
j (An) =

P
l
eP k+1;l
j (An) achieves maximum at

the same point as the normalized one, P k+1
j (An),

the former one is usually su�cient for the purpose
of target identi�cation. In addition, (7) is much
simpler than (6). The main advantage of the un-
normalized �lter (often referred to as Zakai �lter)
is its linearity. This property allows us to imple-
ment powerful numerical schemes for data fusion
and target identi�cation.

Computational complexity is the most serious
roadblock on the way of practical implementation
of the optimal nonlinear �lters (6) and (7). The
most computationally expensive part of algorithms
(6) and (7) is evaluation of the sum ulj(n) =P

m;i pj(m; i; n; l)fj(m; i; n; l), where fj(m; i; n; l)

is equal to e�n;mj;k+1
eP k;i
j (Am) in the case of (7) and

�n;mj;k+1P
k;i
j (Am) in the case of (6). Standard nu-

merical algorithms for solving this problem have
computational complexity O(N(lnN)2), where N ,
the number of aspect angle bins, can be of the order
of 104�105. If the algorithm is applied straightfor-
wardly, this translates into 108�1010 operations per
step. Thus a real time implementation of the above
algorithm is not obvious. Several novel numerical
techniques which address this problem were intro-
duced recently. In particular, the Spectral Sepa-
rating Scheme (S3) [11, 12, 13] and the Stochastic
Domain Pursuit (SDP) method [14, 15] appears the
most promising. Both algorithms reduce the on-
line computational complexity to the level O(N).
Due to the lack of space, we do not discuss the
details of adaptation of S3 and SDP methods to
this particular setting and leave it to the interested
reader.

4 Identi�cation Algorithms

We develop two types of sequential identi�cation al-
gorithms { completely Bayesian and non-Bayesian.

4.1 Bayesian Algorithm

The �rst identi�cation algorithm is based on com-
parison of a posteriori probabilities with each other
and with a threshold level that is de�ned based on
a given misclassi�cation rate. Note that the deci-
sion statistics (posterior probabilities) exploit both
kinematic and HRRR-pro�le data. In other words,
it is completely coupled algorithm.

Let Hj , j = 1; : : : ;M be the set of M hypothe-
ses regarding the type of the target and �(0) =
(�1(0); : : : ; �M (0)) be the vector of prior proba-
bilities assigned to these hypotheses. This distri-
bution may represent human factors (e.g. the op-
erator's judgment expressed in the form of sub-
jective probabilities), or the statistical estimates
for the particular tactical situation, or a combi-
nation of both. Strictly speaking, in order to
obtain an a posteriori distribution of hypotheses,
�(tk) = (�1(tk); : : : ; �M (tk)), �j(tk) = P (Hj jY k),
we should average the joint distribution P k

j (Am) =
P (Hj ;�(tk) 2 AmjY k) over m:

�j(tk) =

NX
m=1

P k
j (Am); (10)

where N is the number of aspect angle bins.
The recognition (identi�cation) algorithm at the

kth step is as follows:
� if maxj �j(tk) < C�;M , go to the step k + 1,

where C�;M is a threshold level which depends
on the prede�ned probability of misclassi�cation
� (typically chosen between 0:01 and 0:1) and the
number of target classes M ;
� if maxj �j(tk) � C�;M and ��(tk) =

maxj �j(tk), the observation process is stopped and
the target is identi�ed as belonging to the class H�.

This sequential classi�cation algorithm has the
following important properties [3, 16, 17, 18]. If
the threshold is chosen as

C�;M = 1� �=M; (11)

then the algorithm belongs to the class
of identi�cation procedures for which
�j = Pr(accepting Hj jHj is wrong) � � (i.e.
the probability of misidenti�cation �j does not
exceed the given level � 2 (0; 1)). Moreover, in
this case the algorithm minimizes asymptotically
(when � is small enough) the expected sample size
for all hypothesis.

More speci�cally, let

Lji(tk) = ln

�
P (Y kjHj)

P (Y kjHi

�
be the log-likelihood ratio of target classes Hj

and Hi, where P (Y kjHl) =
P

n1;:::;nk
P (Y k;�1 2

An1 ; : : : ;�k 2 Ank jHl). Next, let El denote the ex-
pectation when the observations correspond to the
class Hl (under distribution P (Y kjHl)) and let

Q(j; i) = lim
k!1

1

k
EjLji(tk) (12)



be the parameter which characterizes the distance
between jth and ith classes. Next, let �B denote
the sample size (stopping time) of the Bayes iden-
ti�cation algorithm. Obviously, �B is the �rst time
tk such that the statistic maxj �j(tk) exceeds the
threshold C�;M = 1� �=M .

By analogy with [18] it can be shown that if
k�1Lji(tk) converges strongly completely to Q(j; i)
as k ! 1 (the de�nition of strong complete con-
vergence see in [18]), then the proposed sequential
identi�cation procedure minimizes any positive mo-
ment of the observation time for small � and

Ej�
n
B �

���� ln�

mini6=j Q(j; i)

����n as �! 0 (13)

for any n > 0 (for n = 1 this is the expected sam-
ple size). The right hand side of (13) may serve as
a reasonable approximation to the nth moment of
the observation time for small probability of mis-
classi�cation. (See [3] and Section 5 for the results
of simulation).

4.2 Non-Bayesian Algorithm

Another identi�cation algorithm is based on the
conditionally optimal estimators of the aspect an-
gle, b�j(tk) = E[�(tk)jHj ;Y k], for each hypothesis
Hj . These estimates represent the output of non-
linear �lters for the aspect angle. The algorithm
does not require any knowledge of an a priori dis-
tribution of hypotheses and at the same time has
the same asymptotic performance as the previous
method [16, 17, 18].

Let

Lji(tk;�
j
k;�

i
k) = ln[P (Y kjHj ;�

j
k)=P (Y kjHi;�

i
k)]

be the \conditional" log-likelihood ratio of the hy-
potheses Hj and Hi (we stress the di�erence as
compared to the statistic Lji(tk) de�ned in Sec-
tion 4.1) and de�ne the adaptive version of the log-
likelihood ratio by the recursion

bLji(k+1) = bLji(k)+ ln

"
P
�
yk+1jHj ; b�j(k);Y k

	
P
�
yk+1jHi; b�i(k);Y k

	 #

where b�l(k) = b�l(tk). The identi�cation algorithm
at the kth step is as follows:
� if maxj mini6=j bLji(k) < B�;M , go to the step

k+1, where B�;M is a threshold which depends on
the given probability of misclassi�cation � and the
number of target classes M ;
� if maxj mini6=j bLji(k) � B�;M and

mini6=� bL�i(k) = maxj mini6=j bLji(k), the ob-
servation process is stopped and a target is
identi�ed as belonging to the class H�.

In other words, the classi�er is based on simulta-
neous application of a number of one-sided sequen-
tial probability ratio tests, acting in parallel, each
of which intends to test the hypotheses Hj against
all other alternatives. The algorithm stops obser-
vation at time

�NB = min
n
k : max

j
min
i6=j

Lji(k) � B�;M

o
(14)

and decides in favor of the class H� if

min
i6=�

L�i(�NB) = max
j

min
i6=j

Lji(�NB):

It can be shown that the probability of misidenti-
�cation, �j = Pr(acceptHj jHj is wrong), does not
exceed the prede�ned level � when

B�;M = ln[(M � 1)=�]: (15)

Also, the asymptotic formula (13) is valid for �NB
whenever

lim
k!1

1

k
Ej

bLji(k) = Q(j; i) for all i; j, i 6= j;

where Q(j; i) is de�ned in (12). Thus, both
proposed identi�cation algorithms are optimal for
small �.

The block diagram of the algorithm is shown in
Figure 1. At the kth step the algorithm performs
three tasks:

(i) computing optimal (nonlinear) �ltering esti-

mates b�l(tk) = El[�(tk)jHl;Y k] (l = 1; : : : ;M)
using nonlinear �ltering algorithm described in Sec-
tion 3;

(ii) computing the matrix of adaptive log-

likelihood ratios jjbLji(tk)jj (i; j = 1; : : : ;M , i 6= j)

which exploit the estimates b�l up to time tk�1;

(iii) thresholding.
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Figure 1: Block-diagram of the data fusion

and identi�cation algorithm



5 Performance and Conclu-

sions

The target recognition performance of the pro-
posed sequential identi�cation algorithms is shown
in Table 1, where we illustrate the system perfor-
mance in the case where the log-likelihood ratiosbLji(tk) can be well approximated by the Gaussian
processes with independent increments with means
Ej

bLji(tk) = Q(j; i) > 0. The values of Q(j; i) de-
�ne the distances between classes Hj and Hi (see
(12)). The performance of algorithms is evaluated
in terms of the expected sample size required for the
identi�cation when the probabilities of misidenti�-
cation �j = Pr(accept Hj jHj is wrong) are �xed
at the level � = 0:01. In simulations the prior
distribution of classes was assumed to be uniform,
�j(0) = 1=M , j = 1; : : : ;M , and the number of

classes M = 3. In the table, b�j and bEj� are the
estimates of the error probabilities and expected
sample sizes of tests obtained by the Monte Carlo
technique, �j is the given constraints, and Ej� is
the expected sample size computed by the asymp-
totic formula (13).

It turns out that the thresholds (11) and (15)
guarantee only the inequalities �j � � for all
j = 1; : : : ;M . In general this choice does not guar-
antee the equalities �j = �, which should be sat-
is�ed at least approximately to compare di�erent
algorithms correctly. To obtain accurate approxi-
mations for error probabilities we evaluated average
overshoots of log-likelihood ratios over the bound-
aries and applied the nonlinear renewal theory tech-
niques [3]. As a result, to guarantee the equalities
�j = � for all j the thresholds can be di�erent for
di�erent hypotheses (due to di�erent overshoots).
Particularly, it is seen from Table 1 that the thresh-
olds C3 and B3 for H3 di�er from the thresholds
C1 = C2 and B1 = B2. In other words we applied
a slightly more general sequential algorithms com-
pared to algorithms described in Section 4.1 and
Section 4.2. For instance, the stopping time of the
non-Bayes algorithm is

�NB = min(�1; �2; : : : ; �M );

�i = minfk : min
n6=i

bLin(tk) � Big; i = 1; : : : ;M

(compare with (14)). The decision is made in favor
of the class H� if �NB = ��.

The results presented in the table allow us to
make the following conclusions.

1. The theoretical (asymptotic) estimates (13)
give a reasonable approximation to the expected

sample size even for moderate probabilities of er-
rors.

2. Proposed sequential identi�cation algorithms
have almost the same performance { the di�erence
between expected number of observations required
to achieve the probability of misidenti�cation � =
0:01 is negligible.

3. Since the best �xed sample size identi�cation
algorithm takes 34 observation, the sequential algo-
rithms are in average two to four times faster. Thus
potentially the proposed sequential algorithms are
better as compared to the non-sequential dynamic
programming approach developed in [10].

The asymptotic formula (13) suggests a way
of comparison of di�erent data fusion methods
in terms of highest recognition performance: the
greater distances Q(j; i) between classes, the bet-
ter the data fusion algorithm is. The distances
Q(j; i) have a simple information-theoretic inter-
pretation. Indeed, the value of EjLji(tk) is noth-
ing but the Kullback-Leibler information distance
between probability distributions P (Y kjHj) and
P (Y kjHi). Hence Q(j; i) is the e�ective (average)
information distance between classesHj andHi per
one observation. Fusion of data allows us to in-
crease the e�ective distance between classes. The
potential increase of Q(j; i) de�nes the e�ciency of
the data fusion algorithm. This important issue
will be considered elsewhere.

Table 1: Performance of Sequential Identi�ca-

tion Algorithms for Three Classes. The num-

ber of trials used in the simulations is 105. The dis-

tances between classes areQ(2; 1) = Q(1; 2) = 0:18,

Q(3; 2) = Q(2; 3) = 0:5; Q(3; 1) = Q(1; 3) = 1:28.

The best �xed sample size test that meets the

constraint on the probability of misidenti�cation

� = 0:01 takes 34 observations.

Results for the Bayesian Algorithm

Error Prob. & Thres. Exp. Sample Size

�j lnCj b�j bEj�B Ej�B

H1 0.01 3.16 0.0097 18.83 17.54

H2 0.01 3.16 0.0091 21.46 17.54

H3 0.01 2.93 0.0098 7.24 5.85

Results for the non-Bayesian Algorithm

�j Bj b�j bEj�NB Ej�NB

H1 0.01 3.16 0.0097 18.75 17.54

H2 0.01 3.16 0.0106 20.85 17.54

H3 0.01 2.93 0.0100 7.17 5.85
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