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Abstract – The problem of multi-object tracking with sen-
sor networks is studied using the probability hypothesis den-
sity filter. The sensors are assumed to generate signals
which are sent to an estimator via parallel channels which
incur independent delays. These signals may arrive out-of-
order (out-of-sequence), be corrupted or even lost due to,
e.g., noise in the communication medium and protocol mal-
functions. In addition, there may be periods when the es-
timator receives no information. A closed-form, recursive
solution to the considered problem is detailed that gener-
alizes the Gaussian-mixture probability hypothesis density
(GM-PHD) filter previously detailed in the literature.

Keywords: PHD filtering; random-set-based estimation; ir-
regular measurement sequences; out-of-sequence measure-
ments; sensor networks; delay-tolerant PHD filtering.

1 Introduction
Suppose the observation set at each time step is a collec-

tion of indistinguishable partial observations, only some of
which are generated by targets. Each observation vector in
the observation set that is generated by a true target object
can be regarded as a point in some observation space. In
addition, a number of points in the observation set might
be spurious (generated by no true target). The objective of
multi-object tracking is to jointly estimate, at each time step,
the number of targets and their states from this sequence of
noisy and cluttered observation sets (involving missed de-
tections at some time steps). This problem, at the concep-
tual level, is not new and the reader may refer to [1–4] for an
overview. A theoretically optimal, Bayesian filtering, frame-
work can be formulated for the multi-sensor/multi-target
tracking problem using the concept of finite set statistics
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(FISST) developed in [3]. Although it is conceptually pos-
sible to write down the complete Bayesian solution to the
multi-object tracking problem within a random set frame-
work, the implementation complexity makes the algorithm
impractical.

Mahler [5] thus proposed a first-oder moment approxi-
mation to the full Bayesian solution and termed the first-
moment, the probability hypothesis density (PHD). The
PHD recursion involves multiple integrals that have no
closed form solutions in general. A generic sequential
Monte Carlo implementation [6–8] has been proposed and
accompanied by convergence results [8–10]. In these ap-
proaches, state estimates are extracted from the particles
representing the posterior intensity using clustering tech-
niques. Alternatively, an analytic solution to the PHD re-
cursion was presented in [11] for problems involving linear
Gaussian target dynamics, a Gaussian birth model and linear
Gaussian (partial) observations. This novel solution is anal-
ogous to the Kalman filter as a solution to the single-target
Bayes filter. It is shown in [11] that when the initial prior in-
tensity is a Gaussian mixture, the posterior intensity at any
subsequent time step is also a Gaussian mixture. Further-
more, it is shown in [12] that the Gaussian-mixture PHD re-
cursions can approximate the true posterior intensity to any
desired degree of accuracy. See [3,4,7] for a comprehensive
background on random finite set-based target tracking and
the PHD filter.

A standard assumption in classical filtering theory [13]
is that the observations are available either immediately or
with a constant/known delay. However, in many applica-
tions, involving networked sensors [14], the observations
are transmitted to the estimator via communication chan-
nels with considerable, irregular, and a priori unknown de-
lays [15–17]. The problem considered in this paper is one
of multi-object tracking in adverse environments via sensor
networks which send observations to the estimator over un-
reliable communication channels.

1.0.1 Original Contribution
In this paper, we study the problem of multiple-sensor-

based multi-object tracking in adverse environments involv-



ing clutter (false positives), missing measurements (false
negatives) and random target births and deaths (a priori un-
known target numbers). The sensors generate signals which
are sent to the estimator via parallel channels which incur
independent delays. These signals may arrive out of order,
be corrupted or even lost due to, e.g., noise in the communi-
cation medium and protocol malfunctions. In addition, there
may be periods when the estimator receives no information.
The estimation problem is then said to involve irregular mea-
surement sequences.

Following [17], we assume that neither the delays in the
communication channels nor their statistics are known in ad-
vance. However, each signal message is marked with a “time
stamp” indicating the time at which the sensor generated the
signal (or potentially the time at which the sensor transmits
the message). In addition, signal messages received at the
estimator can be correctly associated to individual sensor
sources (albeit this last type of association can be relaxed
in the random set framework discussed in this paper).

A closed-form, recursive solution to the considered prob-
lem is detailed that generalizes the Gaussian-mixture prob-
ability hypothesis density (GM-PHD) filter previously de-
tailed in the literature [11, 12]. This generalization allows
the GM-PHD framework to be applied in more realistic net-
work scenarios involving delays and irregular measurement
sequences where particular measurements can arrive out of
order with respect to the generating sensor and also with
respect to the signals generated by the other sensors in the
network.

1.1 Organization
The paper is organized as follows. In Sections II through

IV the standard random-set-based tracking problem with
multiple-sensors is outlined. Specifically, in Section II
the conceptual models for the target dynamics and the
multi-sensor measurement system are introduced within the
framework of random finite sets. Also, the complete recur-
sive, Bayesian, estimation algorithm is outlined for com-
pleteness. In Section III the first-order moment (the prob-
ability hypothesis density (PHD)) approximation to the full
Bayesian filter is outlined. In Section IV, the Gaussian-
mixture-based implementation of the PHD filter (the GM-
PHD filter [11]) is presented for completeness. The new
contribution of this paper appears in Section V. In particu-
lar, a new algorithm is outlined in section V that extends the
GM-PHD filter to permit irregular measurement sequences
from multi-sensor networks with unreliable communication
channels. A conclusion is given in Section VI.

2 A Conceptual Model with Standard
Measurement Sequences

The state of a single target i is represented by the random
variable Xi

t measured on the space E ⊆ Rnx and is assumed
to obey

Xi
t = Φi

tx
i
t−1 + Wi

t (1)

where the input {Wi
t} is a sequence of independent Gaus-

sian random variables. Note that the transition density for a
single target is now given by

f it|t−1(xit|xit−1) = N (xit; Φi
tx
i
t−1,Σt) (2)

whereN (·; m,P) denotes a Gaussian density function with
mean m and covariance P and Σi

t is the covariance Wi
t.

We assume throughout that f it|t−1 = ft|t−1 Now consider a
number ns of sensors located in Rd. Each sensor j observes
some function

Z
(j,i)
t = Γjtx

i
t + Vj

t (3)

in the observation spaceM ⊆ Rnzj where typically nzj ≤
nx. Note that certain measurement spaces, such as target
bearing measurements, can be approximated by subspaces
of the real line. The input {Vj

t} is a sequence of inde-
pendent Gaussian random variables.The measurement like-
lihood function is

gjt (z
j
t |xit) = N (zjt ; Γjtx

i
t,Λ

j
t ) (4)

where Λj
t is the covariance of Vj

t . We assume that gjt = gt.
Now consider a multiple target scenario and let Xi

t de-
note the random vector associated with the state of the ith

target. The number of targets is time-varying and given by
Nt and similarly the number of measurements received is
time-varying and given by Mt =

∑ns
i=1M

i
t where M i

t is
the number of measurements received at the ith sensor.

The state evolution considered in this paper incorporates
target motion, birth and death1. The probability that any
target i continues to exist at time t given that it exists at t−1
is given by the constant survival probability pS . The targets
born at time t are characterized by the Poisson random finite
set Bt with intensity

βt =

Jβt∑
i=1

w
(β,i)
t N (x; m

(β,i)
t ,P

(β,i)
t ) (5)

Now it follows that

Xt =

 ⋃
Xi
t−1∈Xt−1

St|t−1(Xi)

 ∪Bt (6)

where

St|t−1(Xi
t−1) =

{
Xi
t ∩ E with probability pS
∅ with probability 1− pS

(7)

and where the evolution of Xi
t−1 follows (1).

The measurement model considered in this paper incor-
porates true target measurements, missed measurements and
spurious false (clutter) measurements. The probability that
any target i is detected by sensor j is given by the constant
detection probability pjD. The clutter measured at time t by

1For brevity, we neglect target spawning but note that it is trivial to
include in the subsequent derivations.



sensor j is characterized by a Poisson random finite set Cjt
with intensity

κjt = γjtU(Rj) (8)

where U(Rj) denotes a uniform density function over some
region of interest Rj ⊂ E , e.g. the surveillance region of
sensor j. We assume throughout that κjt = κt. Now it fol-
lows that

Zjt =

 ⋃
Xi
t∈Xt

Dt(X
i)

 ∪ Cjt (9)

where, assuming now that pjD = pD, we have

Dt(X
i
t) =

{
Zjt ∩M with probability pD
∅ with probability 1− pD

(10)

and where Zjt is modeled by (3) and (4) with gjt = gt. Now
Zt =

⋃ns
i=1 Zit. More specifically, each element Zt ∈ Zjt

can be represented (in practice) as the pair (Zt, j) and in
this case the union Zt =

⋃ns
i=1 Zit should be interpreted as a

disjoint union of random sets.
Now, similarly, to the single-target case, we define a

multiple-target transition density ft|t−1(Xt|Xt−1) and like-
lihood gt(Zt|Xt)2. Using finite set statistics (FISST), we can
find explicit expressions for the multiple-target transition
density and likelihoods. The measurement likelihood func-
tion corresponding to the single-sensor model (9) is given
by

gjt (Z
j
t |Xt) = e−γt ·

∏
z∈Zjt

κt ·
∏
z∈Zjt

(1− pD) ·

∑
θj

∏
i:θj(i)>0

pDgt(zt(θ
j(i))|xit)

κt(1− pD)
(11)

where the summation is taken over all associations θj :
{1, . . . , Nt} → {1, . . . ,M j

t } and where zt(θ
j(i)) is an el-

ement in Zjt marked by the function θj ; see [4]. The multi-
sensor likelihood function gt(Zt|Xt) is then given by

gt(Zt|Xt) =

ns∏
j=1

gjt (Z
j
t |Xt) (12)

under the assumptions adopted in (9).
Now the multiple-target transition density

ft|t−1(Xt|Xt−1) can be similarly found using FISST.
Under the model (6) it is given by

ft|t−1(Xt|Xt−1) =
∏
x∈Xt

βt ·
∏

x∈Xt−1

(1− pS) ·

e
−
(∑J

β
t
i=1 w

(β,i)
t

)
·
∑
θ

∏
i:θ(i)>0

pSft|t−1(x
θ(i)
t |xit−1)

βt(1− pD)
(13)

2In the case of random finite sets we make no distinction between the
random sets and their realizations.

where the summation is taken over all associations θ :
{1, . . . , Nt−1} → {1, . . . , Nt}; see [4]. Target spawning
can be easily included but complicates the notation [4].

Let pt(Xt|Z1:t) denote the multiple target posterior den-
sity. Then, the optimal multiple target Bayes filter propa-
gates the multiple target posterior in time via the recursion

pt|t−1(Xt|Z1:t−1) =∫
ft|t−1(Xt|X)pt−1(X|Z1:t−1) µS(dX) (14)

pt(Xt|Z1:t) =

gt(Zt|Xt)pt|t−1(Xt|Z1:t−1)∫
gt(Zt|Xt)pt|t−1(Xt|Z1:t−1) µS(dX)

(15)

where µS is an appropriate reference measure on F(E). We
remark that FISST is the first systematic approach to multi-
target filtering that uses random finite sets in the Bayesian
framework presented above [4, 11]. The recursive Bayesian
filter for multiple target tracking suffers from a severe com-
putational requirement and only a few implementations have
been considered [4, 7, 18, 19].

3 A First-Order Moment Approxi-
mation: The PHD Filter

The probability hypothesis density (PHD) filter is an ap-
proximation developed to alleviate the computational bur-
den of the multi-target Bayes filter. The PHD filter propa-
gates the posterior intensity, a first-order statistical moment
of the posterior multi-target state.

Assumption 1. The predicted multi-target random finite set
governed by pt|t−1 is Poisson.

For a RFS X on E with probability distribution P, its first-
order moment is a non-negative function v on E , called the
intensity, such that for each region A ⊆ E∫

|X ∩ A| P(dX) =

∫
A
v(x) dx (16)

where the expected number of targets is

E[N ] =

∫
E
v(x) dx (17)

The local maxima of the intensity v are points in X with
the highest local concentration of expected number of ele-
ments. These maxima can be used to generate estimates for
the elements of X.

Let vt and vt|t−1 denote the intensities associated with the
multiple target posterior density pt and the multiple target
predicted density pt|t−1. Following [4] we can show that
the posterior intensity is vt(x) = vnst (x) where

vkt (x) = (1− pkD)vk−1
t (x) +∑

z∈Zkt

pkDg
(k,′)
t (z|x)vk−1

t (x)

κkt + pkD
∫
g

(k,′)
t (z|x′)vk−1

t (x′) dx′
(18)



and v0
t (x) = vt|t−1(x). The PHD predictor is given by

vt|t−1(x) = btβt + p′S

∫
ft|t−1(x|x′)vt−1(x′) dx′ (19)

Recall that we have neglected spawned targets for sim-
plicity.

4 A Multiple Sensor and Multiple
Target Gaussian-Sum PHD Filter

In this section we present the two main results from [11]
for completeness3 and for later comparison with the newly
developed algorithm.

Proposition 1 ( [11]). Suppose the modeling assumptions
presented hold and that the posterior intensity at time t− 1
is a Gaussian mixture of the form

vt−1(x) =

Jt−1∑
i=1

wit−1N (x; mi
t−1,P

i
t−1) (20)

Then, the predicted intensity at time t is given by

vt|t−1(x) = βt+pS

Jt−1∑
i=1

wit−1N (x; mi
t|t−1,P

i
t|t−1) (21)

where

mi
t|t−1 = Φtm

i
t−1 (22)

Pi
t|t−1 = Σt + ΦtP

i
t−1Φ

>
t (23)

and is also a Gaussian mixture.

Proposition 2 (Adapted from [11, 20]). Suppose the mod-
eling assumptions presented hold and that the predicted in-
tensity at time t is a Gaussian mixture of the form

vt|t−1(x) =

Jt|t−1∑
i=1

wit|t−1N (x; mi
t|t−1,P

i
t|t−1) (24)

Then, the posterior intensity at time t is given by vt(x) =
vnst (x) where

vkt (x) = (1− pD)vk−1
t (x) +∑

z∈Zkt

Jt|t−1∑
i=1

w
(i,k)
t|t (z)N (x; m

(i,k)
t|t (z),P

(i,k)
t|t ) (25)

=

Jkt∑
i=1

w
(i,k)
t N (x; m

(i,k)
t ,P

(i,k)
t ) (26)

3Note we present a slight modification of Proposition 2 in the spirit
of [20] that accounts for multiple sensors.

and v0
t (x) = vt|t−1(x) and where

w
(i,k)
t|t (z) =

pDw
(i,k−1)
t q

(i,k)
t (z)

κt + pD
∑Jk

t|t−1

`=1 w
(`,k−1)
t q

(`,k)
t (z)

(27)

q
(i,k)
t (z) = N (z; Γtm

(i,k−1)
t ,Λt + ΓtP

(i,k−1)
t Γ>t )

mi
t|t(z) = m

(i,k−1)
t + K

(i,k)
t (z− Γtm

(i,k−1)
t ) (28)

K
(i,k)
t = P

(i,k−1)
t Γ>t (Λt + ΓtP

(i,k−1)
t Γ>t )−1

Pi
t|t = (I−K

(i,k)
t Γt)P

(i,k−1)
t (29)

and vt(x) is also a Gaussian mixture.

The preceding propositions show how the Gaussian com-
ponents of the posterior intensity are analytically propagated
in time [11]. That is, the preceding propositions provide
a closed-form recursive solution to the PHD filtering prob-
lem4. We extend Propositions 1 and 2 in the next section to
account for more realistic networked scenarios.

5 The Main Contribution
Recall the random measurement set at the jth sensor is

given by

Zjt =

 ⋃
Xi
t∈Xt

Dt(X
i)

 ∪ Cjt (30)

where

Dt(X
i
t) =

{
Zjt ∩M with probability pD
∅ with probability 1− pD

(31)

and where Zjt follows (3) and (4) with gjt = gt and κjt =
κt. The measurement Zjt produced at a time t is sent to the
estimator via a communication channel and arrives at the
time t+ τ j(t). We put τ j(t) ,∞ if the signal Zjt is lost.

Assumption 2. The delays in the channels are bounded by
a known constant τ j(t) ≤ ψ whenever τ j(t) 6=∞.

Note that if Zjt arrives at some time later than t + ψ then
it is simply discarded. The set of measurements that arrive
at the estimator at time t is then given by

Zt = {Ziθ}(i,θ)∈At (32)

where At = {(i, θ) : θ + τ i(θ) = t} and obviously Zt =
∅ if At = ∅. For future brevity we suppose the elements
(i, θ) in At are randomly ordered at time t and indexed by
k = 1, . . . , |At| so that we re-define At = {(ik, θk) : θ +
τ i(θ) = t}. Note the particular ordering is irrelevant apart
from providing a notational simplification.

4In order to be computationally feasible the authors of [11] proposed a
simple pruning and merging strategy. Error bounds have been established
[12] for the pruning and merging stages of the algorithm which ensure that
the accuracy of these stages can be controlled.



Remark 1. We see now that the algorithm proposed in this
paper is designed to deal with multiple sensors transmitting
signals over an unreliable network. Each sensor’s signal
can incur an independent random delay and may arrive out-
of-sequence with other signals generated by the same sensor
and other signals generated by other sensors in the network.

Now denote by v̌k|t the posterior intensity associated with
the multiple target posterior density pk based on the mea-
surements Z1:t. We want to estimate the following set of
prediction and posterior intensities

Vt|t−1 = {v̂t|t−1, v̂t−1|t−1, . . . , v̂t−ψ−1|t−1} (33)
Vt = {v̌t|t, v̌t−1|t, . . . , v̌t−ψ|t} (34)

within a recursive Gaussian mixture framework. Note that
v̌t|t = vt in the notation of the previous section and note
that in the case of no delayed measurements from any sen-
sors, i.e. ψ = 0, then it is enough to estimate v̌t|t using the
recursions outlined in the previous section.

Theorem 1 (Generalized Prediction). Suppose the modeling
assumptions introduced hold and that the posterior intensi-
ties in (34) at time t− 1 are Gaussian mixtures of the form

v̌t−k|t−1(x) =

J̌t−k|t−1∑
i=1

w̌it−k|t−1N (x; m̌i
t−k|t−1, P̌

i
t−k|t−1)

(35)
for k = 1, . . . , ψ + 1. The predicted intensity functions at
time t are given by

v̂t−j|t−1(x) =

Ĵt−j|t−1∑
i=1

ŵit−j|t−1N (x; m̂i
t−j|t−1, P̂

i
t−j|t−1)

(36)
for j = 1, . . . , ψ and where Ĵt−j|t−1 = J̌t−k|t−1,
ŵit−j|t−1 = w̌it−k|t−1, m̂i

t−j|t−1 = m̌i
t−k|t−1 and

P̂i
t−j|t−1 = P̌i

t−k|t−1 when j = k. Also, we have

v̂t|t−1 = βt + pS

J̌t−1|t−1∑
i=1

w̌it−1|t−1N (x; m̃i
t|t−1, P̃

i
t|t−1)

,

Ĵt|t−1∑
i=1

ŵit|t−1N (x; m̂i
t|t−1, P̂

i
t|t−1) (37)

where

m̃i
t|t−1 = Φtm̌

i
t−1|t−1 (38)

P̃i
t|t−1 = Σt + ΦtP̌

i
t−1|t−1Φ

>
t (39)

and vt−j|t−1 and vt|t−1 are Gaussian-sums for j =
1, . . . , ψ. Suppose also we have the set of covariance matri-
ces Wi,+

a,b for all pairs a, b ∈ {0, . . . , ψ} which are detailed
in Theorem 2. The predicted covariance matrices of Wi,−

a,b

are given by

Wi,−
a,b =


Σt + ΦtW

i,+
a,bΦ

>
t if a = b = 0

ΦtW
i,+
a,b−1 if a = 0, b > 0

Wi,+
a−1,bΦ

>
t if a > 0, b = 0

Wi,+
a−1,b−1 if a > 0, b > 0

(40)

for all pairs a, b ∈ {0, . . . , ψ}.

The prediction intensity functions are relatively simple in
comparison to the update functions presented next. More-
over, it should be clear that if ψ = 0 then the prediction
algorithm proposed in Theorem 1 collapses to the algorithm
proposed in Proposition 1.

Theorem 2 (Generalized Update). Suppose the modeling
assumptions introduced hold and that the prediction inten-
sities at time t are Gaussian mixtures of the form

v̂t−k|t−1(x) =

Ĵt−k|t−1∑
i=1

ŵit−k|t−1N (x; m̂i
t−k|t−1, P̂

i
t−k|t−1)

(41)
for k = 0, . . . , ψ. Suppose also we have the set of covari-
ance matrices Wi,−

a,b for all pairs a, b ∈ {0, . . . , ψ}.
Then, the posterior intensity function v̌t|t = v̌

|At|
t|t at time

t is defined recursively by

v̌st−k|t = (1− pD)v̌s−1
t−k|t(x) +

∑
z∈Zjsθs

Ĵt−k|t−1∑
i=1

w
(i,s)
t−k|t(z)N (x; m

(i,s)
t−k|t(z),P

(i,s)
t−k|t) (42)

,

J̌st−k|t∑
i=1

w̌
(i,s)
t−k|tN (x; m̌

(i,s)
t−k|t, P̌

(i,s)
t−k|t) (43)

and v̌0
t|t = v̂t|t−1(x) with s = 1, . . . , |At|. We define

W
(i,0),−
a,b = Wi,−

a,b . The relevant terms are

m
(i,s)
t−k|t(z) = m̌

(i,s−1)
t−k|t + K

(i,s)
τj(t)(z− Γθsm

(i,k−s)
t−θs|t )(44)

K
(i,s)
τjs (t) =

∑
(lγ ,θγ)∈At

W
(i,s−1),−
τjs (t),τ lγ (t)

Γ>θγ (S
(js,θs)
(lγ ,θγ))

−1

S
(js,θs)
(lγ ,θγ) = ΓθγW

(i,s−1),−
τ lγ (t),τjs (t)

Γ>θs + δ

(
(js, θs)

(lγ , θγ)

)
Λθs

P
(i,s)
t−k|t = P

(i,s−1)
t−k|t −∑

(lγ ,θγ)∈At

K
(i,s)
0 ΓθγW

(i,s−1),−
τ lγ (t),τjs (t)

(45)

W
(i,s),+
a,b = W

(i,s−1),−
a,b −

∑
(lγ ,θγ)∈At

K(i,s)
a ΓθγW

(i,s−1),−
τ lγ (t),b

for all pairs a, b ∈ {0, . . . , ψ} with Wi,+
a,b = W

(i,|A|),−
a,b .

Now it follows that v̌st−k|t is a Gaussian-sum for k =
0, . . . , ψ.

Again, if ψ = 0 then the update algorithm proposed in
Theorem 2 collapses to the algorithm proposed in Propo-
sition 2 and only v̌t|t needs to be computed. The algo-
rithm outlined in Theorem 1 and Theorem 2 generalizes the
Gaussian-sum PHD filter outlined in [11] and is based on
the generalized Kalman filter detailed in [17].



The same pruning and merging algorithm proposed in
[11] can be applied in this new case in order to aid com-
putational efficiency.

This new algorithm is a significant extension to the origi-
nal algorithm proposed in [11] since it allows one to achieve
the analytic, closed-form, efficiency of the original algo-
rithm [11] in more realistic networked scenarios. Again, the
scenario considered is very general where each sensor’s sig-
nal can incur an independent random delay and may arrive
out-of-sequence with other signals generated by the same
sensor or other sensors.

6 Conclusion
A new, generalized and closed-form, algorithm for proba-

bility hypothesis density (PHD) filtering was derived which
accounts for irregular measurement sequences involving
time-delays and out-of-sequence measurements from mul-
tiple sensors. The proposed algorithm extends an existing
closed-form PHD filter based on Gaussian mixtures [11].

To the best of the author’s knowledge, no similar work in
the literature examines the problem of PHD filtering with
irregular (multi-sensor out-of-sequence) measurement se-
quences.
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