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Abstract—Linear filtering in the presence of timing uncertainty
is considered. In the model assumed here the true measurement
times are intermittently available and noisy measurement times
are always available. The estimation problem involves jointly
estimating the state and the timing error parameters. The optimal
Bayesian estimator cannot be found in closed-form so three
approximations are proposed. The first estimates parameters
only when the true measurement time is available, the second
replaces unknown measurement times by estimates and the
third is based on a sequential Monte Carlo approximation to
the posterior distribution of the measurement time sequence.
A performance analysis via numerical simulations shows that
the best performance is achieved by the sequential Monte Carlo
method, even with reasonably small sample sizes and a mis-
matched timing error distribution.

Keywords: Filtering; timing errors; sequential Monte carlo
methods

I. INTRODUCTION

Filtering is a random parameter estimation problem with the
distinguishing characteristic that it is recursive, i.e., estimates
are computed after each measurement is received by updating
the estimate made from the previous measurements. The
parameter of interest is a Markov process referred to as the
state. The estimation model is comprised of a dynamic equa-
tion governing the evolution of the state and a meaurement
equation which describes the relationship between the state
and the measurements. Many problems of interest fit within
this model including target tracking [1].

Since filtering is a random parameter estimation problem
it is natural to approach it in a Bayesian framework. The
optimal Bayesian estimator, in the mean square error sense,
is the posterior mean, the computation of which requires
the posterior distribution. If the dynamic and measurement
equations are linear and Gaussian the posterior distribution
is Gaussian with moments calculated recursively using the
Kalman filter [2], [3].

The existence of an optimal closed-form solution to the
linear filtering problem relies on the availability of the times at
which the measurements are acquired. In the majority of cases
this is a reasonable assumption although there are situations
in which measurement times are not always available and are
subject to errors. For instance, large-scale sensor networks
composed of inexpensive sensor nodes with limited resources
can be subject to unreliable timing due to communication

failures or synchronisation errors. The problem considered in
this paper is linear filtering under such conditions.

The form of timing uncertainty assumed here is that true
measurement times are available occasionally while a noisy
measurement time is available for all measurements. This
models a situation in which measurements sent from a sensing
node to a processing node are not always accompanied by
a measurement time. The noisy measurement time in such a
case is the received time of the measurement at the processing
node. The difference between the true and noisy measurement
times is then due to communication delays and synchronisation
errors. In the model assumed here this difference is Gaussian
distributed with unknown mean and variance. The timing
error parameters are static nuisance parameters which must
be estimated along with the usual state vector.

Optimal estimation of the augmented state vector formed
by adding the timing error parameters to the state vector
is not possible without the true measurement times. Three
approximations to the optimal solution are proposed in this
paper. All three algorithms are based on the fact that exact
computation of the optimal augmented state estimator given
the measurement times is possible provided the prior distribu-
tion for the timing error parameters is selected appropriately.
Using this property, the first algorithm computes parameter
estimates only when the true measurement times are available.
The second algorithm replaces unavailable measurement times
with a point estimate obtained from the noisy measurement
time and the current estimates of the timing error parameters.
The third algorithm computes a numerical approximation to
the posterior distribution of the augmented state using a
sequential Monte Carlo method. This is in the same spirit
as a particle filter [5]. Although potentially computationally
expensive, the third algorithm offers the possibility of al-
most optimal performance. Numerical simulations are used
to investigate the performances of the proposed algorithms.
In order to assess the robustness of the proposed algorithms
simulations are performed with Gaussian distributed timing
errors, as assumed by the estimation algorithms, and then with
uniformly distributed timing errors.

The paper is organised as follows. The model is defined
in Section II. The optimal Bayesian estimator is derived in
Section III. The proposed algorithms are developed in Sections
IV and V. A performance analysis is given in Section VI and
conclusions are drawn in Section VII.
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II. MODELLING

Consider a linear/Gaussian stochastic dynamic system with
measurements made at discrete-time instants s1 < s2 < · · · .
The state, denoted xk ∈ R

nx at time sk, is a Markov process
satisfying, for k = 1, 2, . . .,

xk = Fkxk−1 + vk (1)

where vk is Gaussian with cov(vk ,vl) = Qkδk−l. The prior
distribution for x0 is Gaussian with mean x̂0 and covariance
matrix P0, denoted as x0 ∼ N(x̂0,P0). The measurement at
time sk, denoted yk ∈ R

ny satisfies

yk = Hxk + wk (2)

where wk is Gaussian with cov(wk,wl) = Rδk−l and
cov(wk,vl) = 0.

The problem of recursively estimating xk for k = 1, 2, . . .
given the measurements y1:k = [y′

1, . . . ,y
′
k]′ and the measure-

ment times s1, . . . , sk can be accomplished optimally using
the Kalman filter. The more complicated problem considered
here is to estimate the state when the complete sequence of
measurement times is not available. It is assumed that the
measurement times are available only occasionally while noisy
measurement times are available at each sampling instant.
The noisy measurement time tk for the kth measurement is
assumed to satisfy

tk ∼ N(sk + µ, 1/λ) (3)

where the mean difference µ and precision λ are unknown
parameters with prior distributions µ ∼ N(µ̂0, (λκ0)

−1) and
λ ∼ G(α0, β0) where G(α, β) is the Gamma distribution
with shape parameter α and inverse scale parameter β. The
parameters µ̂0, κ0, α0 and β0 of the prior distributions are
assumed known. Let dk ∈ {0, 1} be an indicator on the
availability of the kth measurement time and let Ak = {j ∈
{1, . . . , k} : dj = 1} denote the set of sampling instants at
which the measurement time is available.

Let θ = [µ, λ]′ denote the vector of timing error param-
eters. The parameter of interest, to be estimated recursively
from the measurements, known measurement times and noisy
measurement times, is denoted ξk = [x′

k,θ
′]′ for k = 1, 2, . . ..

The optimal estimator, in the minimum mean square error
sense, is the posterior mean which requires the posterior PDF.
Computation of the posterior PDF will be considered in the
following section.

III. OPTIMAL BAYESIAN ESTIMATION

The posterior PDF of the augmented state vector can be
expanded as

p(ξk|y1:k, t1:k, d1:k) =

∫

p(ξk|s1:k,y1:k, t1:k)

× p(s1:k|y1:k, t1:k, d1:k) ds1:k (4)

In this section the two quantities in (4), the posterior PDF
of the parameter vector conditional on the measurement times
and the posterior PDF of the measurement time sequence, will
be derived.

A. Posterior density conditional on measurement times

The posterior PDF using all observables up to and including
the (k − 1)th measurement is written as

p(ξk−1|s1:k−1,y1:k−1, t1:k−1) = p(xk−1|y1:k−1, s1:k−1)

× p(θ|s1:k−1, t1:k−1) (5)

where

p(xk−1|y1:k−1, s1:k−1) = N(xk−1; x̂k|k−1,Pk−1|k−1) (6)

p(θ|s1:k−1, t1:k−1) = N(µ; µ̂k−1, (λκk−1)
−1)

×G(λ;αk−1, βk−1) (7)

Note that (5) holds for k = 1 due to the assumed prior
distributions for x0 and θ. The following derivations will show
that this form is retained after updating with a measurement.
In other words, the prior distributions are conjugate to the
assumed likelihoods.

The state vector xk and the timing vector parameter θ can
be considered separately. Consider first the state vector. Using
Bayes’ rule,

p(xk|y1:k, s1:k) ∝ p(yk|xk)p(xk |y1:k−1, s1:k) (8)

The prior PDF for the state vector xk can be expanded as

p(xk|y1:k−1, s1:k) =

∫

p(xk|xk−1, s1:k)

× p(xk−1|y1:k−1, s1:k) dxk−1 (9)

Substituting (6) and using (1) gives

p(xk|y1:k−1, s1:k) = N(xk; x̂k|k−1,Pk|k−1) (10)

where

x̂k|k−1 = Fkx̂k−1|k−1 (11)

Pk|k−1 = FkPk−1|k−1F
′
k + Qk (12)

Substituting (10) into (8) and using (2) gives

p(xk|y1:k , s1:k) ∝ N(yk;Hxk,R)N(xk; x̂k|k−1,Pk|k−1)
(13)

The Gaussian product lemma can be used to evaluate (13).
Lemma 1: For z ∈ R

m, x ∈ R
n, A ∈ R

m,n and symmetric,
positive definite matrices B and Σ,

N(z;Ax,B)N(x; µ,Σ) = N(z; ẑ,Λ)N(x; x̂,Ψ) (14)

where

ẑ = Aµ

Λ = AΣA′ + B

x̂ = µ + ΣA′Λ−1(z− ẑ)

Ψ = Σ−ΣA′Λ−1AΣ

Proof: See [4].
Let Sk = HPk|k−1H

′ + R and Kk = Pk|k−1H
′S−1

k .
Applying Lemma 1 in (13) gives

p(xk|y1:k, s1:k) = N(xk; x̂k|k,Pk|k) (15)
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where

x̂k|k = x̂k|k−1 + Kk(yk −Hx̂k|k−1) (16)

Pk|k = Pk|k−1 −KkHPk|k−1 (17)

The posterior PDF for the timing parameters can be written,
using Bayes’ rule, as

p(θ|s1:k, t1:k) ∝ p(sk|θ, tk)p(θ|s1:k−1, t1:k−1) (18)

Substituting the prior PDF (7) and the likelihood (3) gives

p(θ|s1:k, t1:k) ∝ N(τk;µ, 1/λ)N(µ; µ̂k−1, (λκk−1)
−1)

×G(λ;αk−1, βk−1) (19)

Applying Lemma 1 to the Gaussian product in (19) gives

p(θ|s1:k, t1:k) ∝ N(µ; µ̂k, (λκk)−1)G(λ;αk−1, βk−1)

×N(τk; µ̂k−1, (κk−1 + 1)/(κk−1λ)) (20)

where

µ̂k = µ̂k−1 + (τk − µ̂k−1)/(κk−1 + 1)

= (κk−1µ̂k−1 + τk)/(κk−1 + 1) (21)

κk = κk−1 + 1 (22)

The product of the terms in (20) not involving µ can be re-
arranged as

G(λ;αk−1, βk−1)N(τk; µ̂k−1, (κk−1 + 1)/(κk−1λ))

=
λαk−1−1β

αk−1

k−1 exp(−λβk−1)

Γ(αk−1)

×

√

κk−1λ exp

(

− (τk − µ̂k−1)
2κk−1λ

2(κk−1 + 1)

)

√

2π(κk−1 + 1)

∝ λαk−1−1/2 exp

[

−λ
(

βk−1 +
(τk − µ̂k−1)

2κk−1

2(κk−1 + 1)

)]

∝ G(λ;αk , βk) (23)

where

αk = αk−1 + 1/2, (24)

βk = βk−1 +
(τk − µ̂k−1)

2κk−1

2(κk−1 + 1)
(25)

Therefore, the posterior PDF of ξk given the sequence of true
and noisy measurement times is

p(θ|s1:k, t1:k) = N(µ; µ̂k, (λκk)−1)G(λ;αk , βk) (26)

The posterior mean of the mean is µ̂k and the posterior mean
of the precision is λ̂k = αk/βk.

B. Posterior density of measurement times

Using Bayes’ rule the posterior PDF of the measurement
time sequence can be written as

p(s1:k|y1:k, t1:k, d1:k)

=
p(yk|s1:k,y1:k−1)p(s1:k|y1:k−1, t1:k, d1:k)

p(yk|y1:k−1, t1:k, d1:k)

=
p(yk|s1:k,y1:k−1)p(sk|s1:k−1, tk, dk)

p(yk|y1:k−1, t1:k, d1:k)

× p(s1:k−1|y1:k−1, t1:k−1, d1:k−1)

=

k
∏

l=1

p(yl|s1:l,y1:l−1)p(sl|s1:l−1, tl, dl)

p(yl|y1:l−1, t1:l, d1:l)
(27)

If dl = 1 let ol denote the observed measurement time for the
lth measurement. Then the posterior PDF can be written as

p(s1:k|y1:k , t1:k, d1:k) =
∏

l∈Ak

δ(sl − ol)

×
∏

l6∈Ak

p(yl|s1:l,y1:l−1)p(sl|s1:l−1, tl, dl)

p(yl|y1:l−1, t1:l, d1:l)
(28)

Consider the terms for which no measurement times are
available. The measurement time sequence likelihood can be
found, using Lemma 1, as

p(yl|s1:l,y1:l−1) =

∫

p(yl|xl)p(xl|s1:l,y1:l−1) dxl

=

∫

N(yl;Hxl,R)

×N(xl; x̂l|l−1,Pl|l−1) dxl

= N(yl;Hx̂l|l−1,Sl) (29)

where x̂l|l−1 is the predicted state, given in (11), and Sl is
the innovation covariance matrix, defined above. Note that
dependence of the predicted state x̂l|l−1 and the innovation
covariance matrix Sl on sl has been suppressed in the notation
to reduce complexity. The prior PDF of the measurement time
can be found as

p(sl|s1:l−1, tl)

=

∫

p(sl|θ, tl)p(θ|s1:l−1) dθ

=

∫

N(sl; tl − µ, 1/λ)N(µ; µ̂l−1, (λκl−1)
−1)

×G(λ;αl−1, βl−1) dµ dλ

=

∫

N(sl; ŝl, (κl−1 + 1)/(κl−1λ))G(λ;αl−1 , βl−1) dλ

=

√

1

πbl

β
αl−1

l−1

Γ(αl−1)

×
∫

λαl−1−1/2 exp

[

−λβl−1

(

1 +
(sl − ŝl)

2

bl

)]

dλ

=

√

1

πbl

Γ(αl−1 + 0.5)

Γ(αl−1)

(

1 +
(sl − ŝl)

2

bl

)−αl−1−0.5

(30)

1075

schueller
Schreibmaschinentext
1075



where ŝl = tl − µ̂l−1 and

bl = 2βl−1(κl−1 + 1)/κl−1 (31)

The normalisation is found by expansion as

p(yl|y1:l−1, t1:l, d1:l)

=

√

1

πbl

Γ(αl−1 + 0.5)

Γ(αl−1)

∫

N(yl;Hx̂l|l−1,Sl)

×
(

1 +
(sl − ŝl)

2

bl

)−αl−1−0.5

dsl (32)

In principle, the posterior PDF for the measurement time
sequence can be found by substituting (29), (30) and (32)
into (28) for eack l 6∈ Ak. However closed-form expressions
are impossible to derive as the integral (32) is intractable and
there is no way to combine the terms (29) and (30) into the
product of a constant and a PDF in the measurement time,
as is done by Lemma 1 for the linear/Gaussian case. These
intractabilities prevent exact computation of the posterior PDF
of the measurement times and therefore, from (4), the posterior
PDF of the parameter ξk. Several approximations will be
proposed in the following sections.

IV. KALMAN FILTERING APPROXIMATIONS

Two simple approximations will be developed in this sec-
tion. To present these algorithms it is necessary to expand on
the notation used to describe the evolution of the target state
(1). We write, for l < k,

xk = F(sk − sl)xl + vk,l (33)

where cov(vk,l,vk,l) = Q(sk − sl). In this notation the
transition matrix and process noise covariance matrix are
explicitly made functions of the time difference. In terms of
the notation used in (1), Fk = F(sk− sk−1) and similarly for
the process noise covariance matrix.

The algorithms of this and the following section share
common building blocks as they rely on the closed-form
expressions for the posterior PDF of teh augmented parameter
given the measurement times. As shown in Section III-A, given
measurements and measurement times, the parameters charac-
terising the posterior distributions of the state and the timing
error parameters can be calculated as shown in Algorithms 1
and 2, respectively. The function defined by Algorithm 1 will
be denoted as KF while that defined by Algorithm 2 will be
denoted as TE.

A. Estimation using only measurements with available times

The simple idea proposed here is to use the measurements
only when they are accompanied by measurement times. The
resulting algorithm is extremely efficient computationally but
does not exploit the relationship between the given, noisy mea-
surement times and the true measurement times, as described
by (3), to improve estimation of the state vector when the
true measurement times are not known. Application of the
procedure to a sequence of K measurements is described by
Algorithm 3.

Algorithm 1: Kalman filter update.

input : measurement y, previous posterior mean x̂ and
covariance matrix P, previous measurement time
t, current measurement time s

output: updated posterior mean x̂+ and covariance
matrix P+

compute the prior mean and covariance matrix of the
state

x̂− = F(s− t)x̂
P− = F(s− t)PF(s− t)′ + Q(s− t)

compute the Kalman gain

K = P−H′(HP−H′ + R)−1

compute the posterior mean and covariance matrix of the
state

x̂+ = x̂− + K(y −Hx̂−)

P+ = P− −KHP−

Algorithm 2: Timing error parameter update.

input : previous mean parameters, µ̂ and κ, previous
precision parameters α and β, measurement time
s, noisy measurement time t

output: updated mean parameters, µ̂+ and κ+ and
updated precision parameters α+ and β+

µ̂+ = (κµ̂+ t− s)/(κ+ 1)

κ+ = κ+ 1

α+ = α+ 1/2,

β+ = β +
(t− s− µ̂)2κ

2(κ+ 1)

B. Estimation with estimated measurement times

The second proposed estimator attempts to improve upon
the simplistic algorithm of Section IV-A by using an estimated
measurement time for those measurements which are not
accompanied by a measurement time. Thus, in the expansion
(4), the posterior PDF of the measurement time sequence is
approximated by

p̂(s1:k|y1:k, t1:k) = δ(s1:k − ŝ1:k) (34)

where ŝ1:k is an estimator of the measurement time sequence.
This results in the posterior PDF approximation

p̂(ξk|y1:k, t1:k, d1:k) = p(ξk|ŝ1:k,y1:k, t1:k) (35)

which can be found in closed-form as shown in Section III-A.
Clearly ŝk will assume the value of the known measurement
time when this is available. Otherwise an estimate of the
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Algorithm 3: Estimation with known measurement times.
initiate the last measurement time m← 0;
for k = 1, . . . ,K do

if dk = 1 then
compute the posterior mean and covariance matrix

(x̂k|k ,Pk|k) = KF(yk , x̂m|m,Pm|m, sm, sk)

compute the statistics of the timing error

(µ̂k, κk, αk, βk) = TE(µ̂m, κm, αm, βm, sk, tk)

set m← k
end

end

measurement time can be computed based on previous obser-
vations of the measurement time. A suitable estimator is the
prior mean which can be found from (30) as ŝk = tk − µ̂k−1.
The resulting procedure for a sequence of K measurements
is given by Algorithm 4. Note that in the event that no
measurement time is recorded, i.e., dk = 0, the parameters
associated with the timing error will remain unchanged. The
parameters associated with the state are updated at every
measurement.

Algorithm 4: Estimation with estimated measurement
times.
initiate the first measurement time ŝ0 = 0;
for k = 1, . . . ,K do

if dk = 1 then ŝk = sk else ŝk = tk − µ̂k−1;
compute the posterior mean and covariance matrix

(x̂k|k ,Pk|k) = KF(yk, x̂k−1|k−1,Pk−1|k−1, sk−1, sk)

if dk = 1 then
compute the statistics of the timing error

(µ̂k, κk, αk, βk) = TE(µ̂k−1, κk−1, αk−1, βk−1, sk, tk)

end
end

V. SEQUENTIAL MONTE CARLO METHOD

A closer approach to the optimal solution than is achieved
by the algorithms of Section IV can be obtained by using a
numerical integration procedure to approximate the posterior
PDF (4). In this section a Monte Carlo integration procedure
is developed.

A straightforward Monte Carlo integration of (4) would
involve drawing a number of samples of the measurement time
sequence from the posterior distribution of the measurement
time sequence and approximating the posterior PDF of the
augmented state by the sum of posterior PDFs of the aug-
mented state conditional on each sampled measurement time
sequence. However, as we have seen in Section III-B, the pos-
terior PDF of the measurement time sequence is unavailable.

Instead, it is proposed to approximate the posterior PDF (4)
by drawing samples of the measurement time sequence s1:k
from an importance density q. Thus, the posterior PDF of the
augmented state is re-written as

p(ξk|y1:k, t1:k, d1:k) =

∫

p(ξk|s1:k,y1:k, t1:k)

× p(s1:k|y1:k, t1:k, d1:k)

q(s1:k)
q(s1:k) ds1:k

The importance density q will generally be a conditional PDF
on the measurements y1:k and noisy measurement times t1:k.
This dependence has been suppressed for notational brevity.
For i = 1, . . . , n, where n is the sample size, let si

1:k ∼ q
denote samples of the measurement time sequence drawn
from the importance density q. Then, the importance sampling
approximation to the posterior PDF of the augmented state is

p̂(ξk|y1:k, t1:k) =

n
∑

i=1

wi
kp(ξk|si

1:k,y1:k, t1:k) (36)

where the weights wi
k, i = 1, . . . , n are given by

wi
k = C

p(s1:k|y1:k , t1:k, d1:k)

q(s1:k)
(37)

with C such that the weights sum to one. Since filtering is
a recursive procedure it is desirable that the measurement
times be sampled in a recursive fashion, i.e., the measurement
sequence for the current time is constructed by drawing
a sample for the current measurement time and appending
this to the sampled measurement time sequence up to the
previous measurement. This can be achieved by imposing a
factorisation on the importance density [5]. In particular, the
importance density factorises as

q(s1:k) = q(sk|s1:k−1)q(s1:k−1) (38)

This results in a sequential Monte Carlo (SMC) method.
According to (38), a sampled sequence of length k is obtained
by drawing si

k ∼ q(·|s1:k−1) and setting si
1:k = [si′

1:k−1, s
i
k]′.

Using the factorisation of the measurement time posterior PDF
(27) and the importance density factorisation (38) allows the
weights to be computed recursively as

wi
k = Cwi

k−1

p(yk|si
1:k,y1:k−1)p(s

i
k|si

1:k−1, tk, dk)

q(si
k |si

1:k−1)
(39)

The importance density used here is the prior measurement
time PDF, q(sk |s1:k−1) = p(sk|s1:k−1, tk, dk). This is δ(sk −
ok), where ok is the observed measurement time, for dk =
1 and is given by (30) for dk = 0. After substituting this
importance density into (39) the weight update becomes

wi
k = Cwi

k−1p(yk|si
1:k,y1:k−1) (40)

The measurement time likelihood used in the weight up-
date is given by (29). The importance density used for the
measurement times is non-standard but is relatively easy to
draw samples from because it is symmetric and uni-modal.
Here the required random variables are generated using the
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ziggurat method [6]. The ziggurat method requires that a
certain amount of computation be devoted to initialisation
before generating samples. This initialisation can be performed
prior to processing measurements because the shape parameter
for the prior mesaurement time PDF (30) depends only on
the shape parameter for the precision posterior PDF which is
independent of the measurements (cf. (24)).

The SMC algorithm for a sequence of K measurements is
given by Algorithm 5. Note that a resampling step is added
to prevent the well-known problem of sample degeneracy [5].
This resampling can be performed conditional on the effective
sample size 1/

∑n
i=1(w̃

i
k)2 if desired.

Algorithm 5: Estimation using a sequential Monte Carlo
method.
for i = 1, . . . , n do set x̂i

0|0 = x0, Pi
0|0 = P0, µ̂i

0 = µ̂0,
βi

0 = β0, si
0 = 0, w0 = 1/n.;

for k = 1, . . . ,K do
if dk = 1 then

set si
k = sk for i = 1, . . . , n

end
else

for i = 1, . . . , n do draw si
k ∼ q(·|si

1:k−1)
end
set si

1:k = [si′
1:k−1, s

i
k]′;

for i = 1, . . . , n do
compute the posterior mean and covariance matrix

(x̂i
k|k ,P

i
k|k) = KF(yk , x̂

i
k−1|k−1,P

i
k−1|k−1, s

i
k−1, s

i
k)

compute the statistics of the timing error

(µ̂i
k, κk, αk, β

i
k) = TE(µ̂i

k−1, κk−1, αk−1, β
i
k−1, s

i
k, tk)

compute the weight update ψi
k = N(yk; ŷi

k,S
i
k)

end
for i = 1, . . . , n do compute weights

w̃i
k = wi

k−1ψ
i
k

/

n
∑

j=1

wj
k−1ψ

j
k

perform resampling: retain measurement time
sequences and posterior statistics associated with the
indices j1, . . . , jn selected such that P(ji = l) = w̃l

k ;
set wi

k = 1/n for i = 1, . . . , n;
compute parameter estimates

x̂k|k = 1/n

n
∑

i=1

x̂i
k|k µ̂k = 1/n

n
∑

i=1

µ̂i
k

λ̂k = 1/n
n

∑

i=1

αk/β
i
k

end

VI. PERFORMANCE ANALYSIS

The performances of the algorithms of Sections IV and
V are analysed in this section for a typical target tracking

example. The state vector is four-dimensional and contains
the target position and velocity in a two-dimensional Cartesian
coordinate system. Evolution of the state vector satisfies (1)
with

Fk = I2 ⊗
[

1 sk − sk−1

0 1

]

(41)

Qk = I2 ⊗ q
[

(sk − sk−1)
3/3 (sk − sk−1)

2/2
(sk − sk−1)

2/2 sk − sk−1

]

(42)

where q is the process noise intensity, ⊗ is the Kronecker
product and Im is the m×m identity matrix. Measurements
of the target position satisfy (2) with

H = I2 ⊗
[

1 0
]

(43)

The measurement noise covariance matrix is R = rI2. The
measurement times are available with a probability ν which
will be varied between scenarios.

The following parameters are used. The initial state is x0 =
[500, 15, 2000,−10]′. The algorithm begins with an initial
state drawn from N(x0,P0) where P0 = diag(100, 4, 100, 4).
The process noise intensity is q = 1/10. The measurement
noise variance is r = 9. The measurement sequence length
is K = 50 and the true measurement times are sk = 2k,
k = 1, . . . ,K. The timing error parameters are µ = 2 and
λ = 2. The parameters of the prior distributions for the
timing error parameters are µ0 = 0, κ0 = 1/10, α0 = 3
and β0 = 1/2. These parameters results in quite broad prior
distributions.

Algorithm performance is measured by the time-averaged
RMS error. For the state, a single measure of accuracy is
obtained by using the time-averaged RMS position error.
Algorithm 3 is referred to as KF1, Algorithm 4 as KF2 and
Algorithm 5 as SMC. The SMC algortihm is applied with
sample sizes of 20, 100 and 500. For each algorithm and
each scenario the RMS errors are calculated by averaging over
1000 realisations. Results are obtained for Gaussian distributed
timing errors, as assumed in (3), and for uniformly distributed
timing errors. The parameters of the uniform distribution are
selected so that its first two moments match the mean and
variance of the Gaussian distributed timing error. Therefore
tk − sk ∼ U[µ−

√
3/λ,µ+

√
3/λ]

where µ = 2 and λ = 2.

A. Gaussian distributed timing errors

The results for Gaussian timing errors are shown in Tables
I-III for the state, timing error mean and timing error precision,
respectively.

The best state estimation performance is achieved by the
SMC algorithm. The improvements compared to KF1 and KF2
are particularly large when the measurement time is only rarely
available, i.e., ν ≤ 0.4. Importantly, accurate state estimation
is achieved by the SMC with a small sample size, although
significant improvements are possible with larger sample sizes
when measurement times are infrequently available. For large
sample sizes the loss in performance as ν decreases is quite
small. Similar comments apply to estimation of the timing
error precision. Only marginal improvements in estimation of
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Table I
RMS POSITION ERROR FOR THE KF1, KF2 AND SMC ALGORITHMS FOR

VARIOUS MEASUREMENT TIME AVAILABILITIES ν .

ν KF1 KF2
SMC

20 samples 100 samples 500 samples

0.2 12.27 9.77 5.18 4.21 3.99
0.4 6.12 8.56 4.45 3.95 3.85
0.6 4.56 7.18 4.03 3.75 3.69
0.8 3.77 5.55 3.69 3.55 3.53
1 3.33 3.33 3.33 3.33 3.33

the timing error mean are obtained by the SMC algorithm
compared to KF1 and KF2. It is interesting that, with the ex-
ception of ν = 0.2, state estimation with KF1 is considerably
more accurate than with KF2. This can be attributed to the
complete confidence which the KF2 places in an estimate of
the measurement time which may be quite different from the
true measurement time.

Table II
RMS ERROR OF THE TIMING ERROR MEAN FOR THE KF1, KF2 AND SMC

ALGORITHMS FOR VARIOUS MEASUREMENT TIME AVAILABILITIES ν .

ν KF1 KF2 SMC
20 samples 100 samples 500 samples

0.2 0.48 0.48 0.52 0.38 0.34
0.4 0.36 0.36 0.32 0.28 0.27
0.6 0.31 0.31 0.27 0.26 0.26
0.8 0.27 0.27 0.25 0.25 0.25
1 0.25 0.25 0.25 0.25 0.25

Table III
RMS ERROR OF THE TIMING ERROR PRECISION FOR THE KF1, KF2 AND

SMC ALGORITHMS FOR VARIOUS MEASUREMENT TIME AVAILABILITIES

ν .

ν KF1 KF2
SMC

20 samples 100 samples 500 samples

0.2 3.10 3.10 2.08 1.84 1.77
0.4 2.41 2.41 1.95 1.77 1.71
0.6 2.06 2.06 1.84 1.72 1.69
0.8 1.82 1.85 1.72 1.67 1.65
1 1.63 1.63 1.63 1.63 1.63

B. Uniformly distributed timing errors

The results for uniformly distributed timing errors are
shown in Tables IV-VI for the state, timing error mean and
timing error precision, respectively. Although the measurement
model used by the estimators assumes Gaussian distributed
timing errors, there is remarkably little difference between
the results of Tables IV-VI and the results given in Tables
I-III for Gaussian distributed timing errors. Thus, the SMC
method, which makes the most use of the assumed timing
error distribution for state estimation, still outperforms KF1
and KF2 even when there is a significant mis-match between
the assumed and actual timing error distributions.

Table IV
RMS POSITION ERROR FOR THE KF1, KF2 AND SMC ALGORITHMS FOR

VARIOUS MEASUREMENT TIME AVAILABILITIES ν .

ν KF1 KF2
SMC

20 samples 100 samples 500 samples

0.2 12.58 9.84 4.77 4.09 3.97
0.4 6.08 8.58 4.24 3.89 3.85
0.6 4.54 7.18 3.91 3.72 3.70
0.8 3.79 5.59 3.63 3.55 3.53
1 3.34 3.34 3.34 3.34 3.34

Table V
RMS ERROR OF THE TIMING ERROR MEAN FOR THE KF1, KF2 AND SMC

ALGORITHMS FOR VARIOUS MEASUREMENT TIME AVAILABILITIES ν .

ν KF1 KF2
SMC

20 samples 100 samples 500 samples

0.2 0.47 0.47 0.46 0.36 0.33
0.4 0.36 0.36 0.30 0.28 0.27
0.6 0.31 0.31 0.27 0.26 0.26
0.8 0.27 0.27 0.26 0.25 0.25
1 0.25 0.25 0.25 0.25 0.25

VII. CONCLUSIONS

Algorithms for state estimation in linear systems with
measurement timing uncertainty were proposed. The particular
form of timing uncertainty involved the intermittent avail-
ability of the true measurement timing and the ubiquitous
availability of a noisy measurement time. Three algorithms
were proposed. The first algorithm, KF1, performs state es-
timation only when the true measurement time is available.
The second algorithm, KF2, replaces the measurement time
with an estimate when it is unavailable. The third algorithm
is a sequential Monte Carlo (SMC) method which is based on
an importance sampling approximation to the measurement
time posterior distribution. A performance analysis showed
that KF1 is only slightly worse than the SMC method when
measurement times are available for a large proportion of the
measurements. The SMC algorithm offers significant improve-
ments when the measurement time is only rarely available.
The performance analysis also showed that the algorithms are
robust to mis-match in the timing error distribution. Although
the algorithms assume Gaussian distributed timing errors, no
drop in performance is observed when the actual distribution

Table VI
RMS ERROR OF THE TIMING ERROR PRECISION FOR THE KF1, KF2 AND

SMC ALGORITHMS FOR VARIOUS MEASUREMENT TIME AVAILABILITIES

ν .

ν KF1 KF2
SMC

20 samples 100 samples 500 samples

0.2 2.92 2.92 1.83 1.60 1.56
0.4 2.20 2.20 1.72 1.55 1.51
0.6 1.82 1.82 1.59 1.50 1.48
0.8 1.61 1.61 1.50 1.46 1.45
1 1.43 1.43 1.43 1.43 1.43
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of the timing errors is uniform.
A limitation of the proposed algorithms is that they assume

linear dynamic and measurement equations. The algorithms
could be extended for use with nonlinear dynamic or mea-
surement equations by replacing Kalman filter recursions with
extended or unscented Kalman filter recursions. These modi-
fications would result in computationally efficient algorithms
with the drawback that the SMC algorithm would no longer
be asymptotically optimal. Another topic of future interest is
the derivation of a performance bound such as the posterior
Cramér-Rao bound.
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