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Abstract—New methods for team optimal decision, based on
a stochastic agent coordination, are presented, implemented
and tested. The methods are extensions of theCross-Entropy
algorithm (CE), initially dedicated to rare-event simulation.
In particular, this paper investigates how the contributions of
the agents could be involved in the simulation process. The
approaches are tested on a SD-assignment problem, where each
agent is considered as a 2D-assignment process. Comparative
tests are made and the synergism of the system, agents and
coordination, is illustrated.
Keywords: Optimization, distributed optimization, team
decision, cross-entropy, data association

I. I NTRODUCTION

The global optimization of a functional is a task that
essentially have to be considered as a whole. But, there are
some particular examples where a global optimization could
be divided into collaborating partial optimizations. Typically,
it is known that, under some good hypotheses, it is possible
to minimize a convex multivariate function by means of
the cyclic coordinate method (CCM). In such a case, the
optimization sub-problems are the minimizations along only
one coordinate. These sub-problems are applied in a cycle.

The CCM is a kind of team decision process: the optimization
sub-problems are exchanging information and are processing
in coordination so as to achieve the global optimum. Nev-
ertheless, it is known that the CCM is not a very efficient
method. By the way, CCM will not reach a global optimum
in the general case even if the partial optimizations are solved
globally.

While such multiagent approach is often unsuitable for a
global optimization problem, there are cases where multiagent
solve is necessary:

• Some parameters (e.gconstraints, variable ranges, hidden
knowledge) may be known only by the partial optimizers,

• The partial optimizations may be quite simple, while the
global optimization is intractable. In such a case, it may
be still helpful to use the partial optimizers as an entry
for the global optimization.

Existing approaches of team optimal decisions are classically
based on multiagent Markov decision process (MDP) [3], [8]
and will typically simulate for each agent the behavior of the
whole system of agents. Moreover, due to possible lost of
synchronism, multiagent MDP are generally addressed in the
framework of Nash equilibrium [3]. These approaches imply
a construction of the agent decision processes in accordance
with the team context. Contrary to the CCM, they are not
suitable to the coordination ofalready existingagent decision
processes. In this paper, we are dealing with the coordination
of already existing agent decision processes. In order to
overcome the limitations of the CCM approach, we consider
a stochastic coordination of the agent decision processes.

Section II presents a formalization of the team decision prob-
lem. Section III describes our approach to the team decision.
Section IV presents implementations and tests. Section V
concludes.

II. A TEAM DECISION PROBLEM

When optimizing the parameters and/or policies for com-
plex system, a main difficulty arises from the impossibility
to handle the information of the system in its globality. First,
the system may be too much complex for a straight global
optimization approach. Secondly, it may be impossible to
exchange all the necessary information about the system:

• The exchange of information may be restricted by the
transmission bandwidth,

• Some information shall not be exchanged for confiden-
tiality,

• And some information are related to a local evolving
context, need to be handled on the fly and do not make
sense at the global scale.

Typically, we are interested by a system characterized by in-
dependent agents exchanging some information. These agents
may work on the same platform or may be distributed
among multiple platforms. These agents share some part of
their knowledge and keep private the information which are
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essentially intended for local use. Nevertheless, it will be
assumed that a global functional have to be optimized by these
agents, and that this functional and its parameters are shared
among the agents. The private information will be modeled
as constraints of the implementations, which are only known
from the agents.

A. Cases of study

This work has been inspired by two specific applications.
First at all, our team is working on an agent-based control
system [6], which will be devoted to robotic applications and
to complex system evaluation. Team decision policy will be
used in order to manage and to prioritize the population of
agents. More generally, we are interested in defining coordi-
nation policies for multi-platform sentry systems.

In this particular paper, we restrict our presentation to a well
known academic combinatorial problem, the SD-assignment
optimization. SD-assignment consists in optimizingS − 1
bijective mapping betweenS sets, so as to minimize a cost
computed on the mappings (cost being additive of the trajec-
tories). As it is well know, the 2D-assignment is polynomial
time, while the SD-assignment is NP hard forS ≥ 3. As
an illustration, we implement the SD-assignment problem
as a team decision between 2D-assignment process. Notice
that the purpose here is not to implement a state-of-the-art
algorithm for solving SD-assignment. Dedicated methods are
better in general. On the other hand, we are interested by the
contribution of the agent coordination.

B. Team decision definition

It is given a multiagent system composed ofA agents,
numbered from1 to A. Each agentα ∈ [[1, A]] decides for
a decisiondα ∈ Dα. The setDα of all possible decision
for agentα is kept hidden from all agents butα. However,
the agents share their decisions or proposals of decisiond. A
common functionalf has to be maximized. This functional is
also known from all agents, and it is assumed that each agent
is able to accomplish the optimization for his decision. Then,
being known that:

• The decision spaceDα is only accessible from agentα,
• Each agentα is able to solvemaxdα∈Dα

f(d1, · · · , dA) ,
we want to solve:

max
d∈D

f(d1, · · · , dA) , whereD =

A∏

α=1

Dα ,

by an iterative processing of the agents. The issue is to find a
coordination strategy of the agents.

In the domain of team decision, multiagent Markov decision
processes [3], [8] (MMDP) and derived theories are common
formalisms for modeling the team decision optimization prob-
lems. It is interesting to confront these approaches to our
problem, and see why they are not completely applicable.
MMDP make the following hypothesis:

• First at all, MMDP essentially deals with multiagent
decisions in a dynamical context. We are interested by a

static functional optimization, even if we intend to apply
an iterative computation process. Theoretically, it is still
possible to simulate our problem in a MMDP, but such
encoding will need a huge dimension model. In particular,
state transition would be intractable and would have to
be computed by the agents.

• MMDP rely on a common modeling of the multiagent
system, and imply the construction of decision processes
for each agent. In our problem, we want a coordination
strategy for already existing decision processes. It is
of course still possible to model this coordination as a
MMDP, but again, it is at the cost of a huge complexity.

Considering these difficulties, we propose now a specific coor-
dination policy of the agents based on a rare event simulation
method. The principle is to combine a global noisy exploration
to the agent decision processes. The purpose of such mixed
approach is to take opportunity of both a global explorationof
the solution space and the agents local convergence efficiency.

III. A CROSS-ENTROPIC APPROACH TO THE TEAM

DECISION

The definition of a coordination policy for optimization sub-
processes is not a trivial task. A main difficulty arises fromthe
fact that such policy may be trapped around a local solution of
the optimization. Worse, the optimality of the sub-processes
may increase the risk for the global policy to be trapped around
a local optimum. Then, an efficient coordination policy should
be able to adapt its confidence in the optimal solutions of the
sub-processes. And more specifically, the coordination policy
have to propose innovative exploration when necessary, in
order to escape from a local trap.

These considerations lead us to a stochastic approach of
the coordination. Stochastic coordination make necessarythe
possibility to sample into the decision space of each agent.In
order to stay compliant with our previous hypothesis (decision
spaces are only known from the related agents), we assume
now that each agent is able to produce a random decision,
according to a parameterized sampling process. We introduce
now the main principle of our stochastic coordination method,
which is based on a rare event simulation paradigm.

A. Cross-entropic method for optimization

Cross-Entropy algorithms were first dedicated to probability
estimation of rare events. The method is based on a sequence
of importance samplings, which are tuned automatically to-
ward the rare event. A slight change of the basic algorithm
made it also good for optimization. The reader interested in
the cross-entropy method should refer to thetutorial on the
CE method[2] or to [7].

The Cross Entropy algorithm for optimization repeats until
convergence the three successive phases:

1) Generate samples of random data according to a param-
eterized random mechanism,

2) Select the best samples according to an evaluation
criterion,
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3) Update the parameters of the random mechanism, on the
basis of the selected samples.

In the particular case of CE, the update in phase 3 is obtained
by minimizing the Kullback-Leibler distance, or maximizing
the cross-entropy, between the updated random mechanism
and the selected samples. This intuitive description is now
formalized.

a) Formalism: Let be given a functiond 7→ f(d); it
is assumed that this function is easily computable. The value
f(d) has to be maximized, by optimizing the choice ofd ∈ D.
The functionf will be the evaluation criterion.

Now let be given a family of probabilistic laws,π(·|λ)
with λ ∈ Λ , applying on the variabled. The family π is
the parameterized random mechanism. The variabled is the
random data.

Let r : IR → [0, 1] be an increasing function, called selective
function. Let θ ∈]0, 1] be a smoothingparameter. The CE
algorithm for (d, f, π) follows the synopsis :

1) Initialize λ ∈ Λ .
2) GenerateN samplesd[n] according toπ(·|λ) ,
3) Compute the selection weightr[n] = r(f(d[n])) for

each samplen,
4) Defineλ̃ as a minimizer of the Kullback-Leibler diver-

gence with the weighted samples:

λ̃ ∈ arg max
λ∈Λ

N∑

n=1

r[n] ln π(d[n]|λ) , (1)

5) Updateλ by settingλ := θλ + (1− θ)λ̃ ,
(it is assumed that this operation makes sense inΛ)

6) Repeat from step 2 until convergence.
Notice that the selective function may evolve according to
the iteration step and to the sample statistic. The classical
implementation of the Cross-Entropy method just selects the
⌊ρN⌋ best samples (with a selective coefficientρ ∈]0, 1[) and
use them for learning̃λ. The selecting functionr = Rρ is then
defined by:

• Constructγ ∈ IR andS ⊂ [[ 1, N ]] such that:
{

card(S) = ⌊ρN⌋ ,

f(x) ≤ γ ≤ f(y) for any x ∈ [[ 1, N ]] \ S andy ∈ S ,

• DefineRρ by:

Rρ(ϕ) = δ[ϕ ≥ γ] , (2)

whereδ[true] = 1 andδ[false] = 0.
This particular selection scheme is used subsequently.

Interpretation. The CE algorithm tightens the lawπ(·|λ)
around the minimizer off . Then, when the probabilistic
family π is well suited to the minimization off , it becomes
equivalent to find a minimizer forf or to optimize the
parameterλ by means of the CE algorithm. The definition
of the family π, the number of samplesN and the selective
function r (or selective parameterρ) impact the performance
of the method. However, the algorithm is rather robust and an
approximated choice of the parameters generally works.

b) A distributed implementation:A centralized Cross-
Entropic process is not applicable directly to our problem.
More precisely, it is not possible to define a centralized
sampling family, because the decision spacesDα are only
accessible from agentsα respectively. However, it is possible
to integrate a sampling process (as well as its updating
step) for variabledα within agentα. Then, such distributed
implementation of the sampling processes makes possible a
CE approach to the team decision. This particular approach is
detailed subsequently.

B. CE-approach to the team decision

Now, the functional to be optimized isf(d1, · · · , dA), where
dα ∈ Dα for each agentα. It is recalled that each agent is
able to optimize its decision. In addition, we assume now that
each agent is also endowed with the ability to sample its proper
decisions:

• Each agentα is able to solvemaxdα∈Dα
f(d1, · · · , dA) ,

• Each agentα is able to sampledα according a parame-
terized probabilistic lawπα(·|λα) with λα ∈ Λα ,

• Each agentα is able to update its law, according to
directives from the coordination process.

Then, we propose and test two different approaches for a CE
coordination of the processes.

c) Team cross entropy without sample enrichment:The
principle is to take into account the results of the agent
optimizations in the functional to be optimized by the CE.
In this approach, however, the optimizers found by the agents
are not used for sample enrichment.

It is defined, in addition to the previous hypotheses, a mul-
tivariate increasing selection functionr : IRA+1 → IR. The
algorithm is based on the sampling and the updating of
the agent lawsπα(·|λα) , in combination with the selection
criterion:

r

(
f(d) ; max

dα∈Dα

f(d)

∣∣∣∣
A

α=1

)
.

Then, the CE coordination follows the synopsis :

1) Initialize λα ∈ Λα .
2) For eachα, generateN samplesdα[n] according to

πα(·|λα) ,
3) For each sample numbern, setd := d[n] and compute

the weight:

r[n] = r

(
f(d) ; max

dα∈Dα

f(d)

∣∣∣∣
A

α=1

)
,

4) For eachα, define λ̃α as a maximizer of the cross-
entropy with the weighted samples:

λ̃α ∈ arg max
λα∈Λα

N∑

n=1

r[n] ln πα(dα[n]|λα) , (3)

5) For eachα, updateλα by settingλα := θλα+(1−θ)λ̃α ,
6) Repeat from step 2 until convergence.

1224



The selection functionr, which is dependent of the agent
optimization results, rules the involvement of the agents in
the global optimization process. Typically, the principleis
to favor samples for which the agents optimize well. In our
implementation, a selective rateρ and a weightω ∈ [0, 1] are
given, and the selection functionr is constructed as follows:

r
(
ϕ0 ; ϕα|

A
α=1

)
= Rρ

(
ωϕ0 + (1− ω) max

1≤α≤A
ϕα

)
, (4)

whereRρ is tuned so as to select the⌊ρN⌋ best samples in
regards to this criterion.

Using the selection function (4) is equivalent to optimizing,
instead off , the functional:

d 7→ ωf(d) + (1− ω) max
1≤α≤A

max
dα∈Dα

f(d) . (5)

It is noticed that the optimal values for this functional arethe
same as the optimal values forf . But in the case (5), the agent
optimizations are used in order to speed up the convergence.
Subsequently, the weightω = 0.1, a rather small weight, is
used in our implementation.

d) Team cross entropy with sample enrichment:The
principle is to take into account the results of the agent
optimizations in the functional to be optimized by the CE. In
this approach, moreover, the optimizers found by the agents
are integrated into the samples. In particular, specific selection
functionsrα are added :

1) Initialize λα ∈ Λα .
2) For eachα, generateN samplesdα[0, n] according to

πα(·|λα) ,
3) For each sample numbern, setd := d[0, n] and compute

the weight:

r[0, n] = r

(
f(d) ; max

dα∈Dα

f(d)

∣∣∣∣
A

α=1

)
,

4) For each sample numbern and each agentk ∈ [[1, A]],
setd := d[0, n] and compute the weight:

r[k, n] = rk

(
f(d) ; max

dα∈Dα

f(d)

∣∣∣∣
A

α=1

)
,

and the enriched sampled[k, n] by setting:
{

dα[k, n] = dα for α 6= k ,

dk[k, n] ∈ arg maxdk∈Dk
f(d) ,

5) For eachα, define λ̃α as a maximizer of the cross-
entropy with the weighted samples (including enriched
samples):

λ̃α ∈ arg max
λα∈Λα

N∑

n=1

A∑

k=0

r[k, n] ln πα(dα[k, n]|λα) ,

(6)
6) For eachα, updateλα by settingλα := θλα+(1−θ)λ̃α ,
7) Repeat from step 2 until convergence.

It is noticed that this method departs somehow from the usual
hypotheses of the Cross Entropy algorithm. In particular, there
is a slight discrepancy between the sampling and the updating:

• The sampling is obtained by use ofπ and then a pos-
sible post-processing of the samples by the agent (agent
optimizations),

• The updating makes the hypothesis of a sampling byπ
only.

There is an additional risk here for the process to be trapped
in a local attractor.

In our implementation, the following selection scheme is
considered:

1) Initial samplesd[0, n] obtained byπ are not retained,i.e.
only post-processed samplesd[k, n], k > 0 are retained,

2) For a givenn, only the best post-processed sample, say
d[ko, n] with ko > 0, is retained and its evaluation is
then given byf(d[ko, n]),

3) Among the remaining samples, only the⌊ρN⌋ best
samples are retained.

Such selection scheme is obtained by setting:

1) r = 0 ,

andrk(ϕ) = Rρ(fk(ϕ)) , where:

2) fk(ϕ) = ϕk whenϕα ≤ ϕk for any α,
fk(ϕ) = −∞ otherwise,

3) Rρ is tuned so as to retain⌊ρN⌋ samples at the very
last.

The previous approaches, CE, Team CE and Team CE with
enrichment, are implemented subsequently and tested on the
SD-assignment problem.

C. Example: the SD-assignment

SD-assignment is the problem of combining observations
from S different times or viewpoints into trajectories, so
as to minimize an association error cost. SD-assignment is
used in some approach of tracking, in order to optimize
the association step. Assuming independence between the
trajectories and bijective associations, the assignment problem
could be formalized as follows:

max
µ

∑

i∈I

Γ
[
µs ◦ · · · ◦ µ1(i)|

S−1
s=0

]
,

under constraints:

µs : I ↔ I is a bijective mapping fromI to I,
for any s ∈ [[1, S − 1]] ,

(7)

whereI is a finite set.

The SD-assignment (7) is equivalently expressed by the fol-
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lowing Integer Linear Program:

max
x

Γtx ,

under constraints:

For anys ∈ [[1, S]] , any is ∈ I
andJ = Is−1 × {is} × IS−s ,∑

i∈J

x[i] = 1 ,

For anyi ∈ IS , 0 ≤ x[i] ,

For anyi ∈ IS , x[i] ∈ Z [integrity] .

(8)

This problem is NP hard, whenS ≥ 3 . For S = 2, the
constraint matrix in (8) is totally unimodular, and it is known
that the integrity constraint could be removed. Actually, 2D-
assignment is polynomial time and could be solved by linear
programming or by the more efficient auction algorithm [1].

It appears that the SD-assignment (7) is equivalently modeled
as the multivariate optimization:

max
d∈D

f(d) ,

where:

• D =
A∏

α=1

Dα ,

• A = S − 1 ,
• Dα is the setI ↔ I of bijective mappings fromI to I ,

• f is defined byf(d) =
∑

i∈I

Γ
[
dα ◦ · · · ◦ d1(i)|

A
α=0

]
.

Then, the optimization restricted to the variabledα, that is:

max
dα∈Dα

f(d) , (9)

is obviously a 2D assignment problem (only one assignment
to optimize), and is thus polynomial time.

Considering the above discussion, we propose subsequentlyan
approach of the SD-assignment as a multiagent team decision,
where each agentα solves the 2D-assignment (9).

e) Pure CE implementation:In this approach, we do not
use the agents optimization processes in order to speed up
the global convergence. The algorithm of paragraph III-A0ais
used, but the sampling and updating processes are distributed:

• The sampling family isπ(d|λ) =
∏A

α=1 πα(dα|λα) ,
• The updating steps,i.e (1) and smoothing, then reduce

to:

λ̃α ∈ arg maxλα∈Λα

∑N
n=1 r[n] ln πα(dα[n]|λα) ,

λα := θλα + (1− θ)λ̃α ,
(10)

for any α ∈ [[1, A]] .

The algorithm of paragraph III-A0a is then directly applicable.
But there is still a main difficulty, that is the definition of the
sampling processesπα(·|λα) which have to work on the set
I ↔ I of permutations onI. Our sampling method will be
based on Fisher and Yates method [5]. The essential idea is to

construct a bijective transform to a set more easy to sample.
More precisely, Fisher and Yates constructed:

I =

card(I)∏

i=2

[[1, i]] ,

β : I←→ (I ↔ I) , a bijective
mapping fromI to I ↔ I .

(11)

Algorithms for computing this transformβ and its inversion
is given in appendix A.

The definition of sampler overI is of course very simple, and
it is then deduced a sampler overI ↔ I by means of the
transformβ. Typically, it is defined:

λα = (λα[2], · · · , λα[card(I)]) ,

where:
λα[i] is a sampler over[[1, i]] ,

and then:

πα(dα|λα) =
∑

j∈I

card(I)∏

i=2

λα[i](ji)δ[dα = β(j)] , (12)

whereδ[true] = 1 andδ[false] = 0. The update for such law
is obtained from a straight derivation of maximization (10):

λ̃α[i](ji) =

∑N
n=1 r[n]δ

[(
β−1 (dα[n])

)
i
= ji

]
∑N

n=1 r[n]
,

for any ji ∈ [[1, i]] ,

(13)

which just means an empirical computation ofλ̃ from the
inverted weighted samples.

f) Team CE without enrichment:The implementations
are exactly the same as previously, except that the evaluations
and selection criteria include the results of the agent process-
ing.

g) Team CE with enrichment:The implementations are
exactly the same as previously, except that the samples are
enriched by the agents processings.

IV. EXAMPLES AND TESTS

The algorithms have been tested on a SD-assignment with:

card(I) = 10 andS = 5 .

Different random cost vectorsΓ have been tested. However,
we compare the algorithms subsequently on the basis of the
same (random) cost vector. More precisely, the vectorΓω is
computed as follows forω ∈ [0, 1]:

1) For anyi ∈ IS , define the correctness coefficient

ci =
1

S − 1

S−1∑

s=1

δ[is = is+1] ,

2) For anyi ∈ IS , compute

Γω[i] = ωci · 100 + (1− ωci) · ui ,

whereui is a random number uniformly sampled over
[−100, 100] .
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The vectorΓ0 corresponds to a completely random cost func-
tion, whileΓ1 is a random cost function with some regularities
(otherΓω are intermediate cases). In particular,Γ1 make the
hypothesis of optimal associationsµ1 = · · · = µS−1 = id,
corresponding to a maximized cost100 × N = 1000. This
cost vectorΓ1 is noised by an adaptive noise, which amplitude
depends on the number1 − ci of association errors on the
trajectoryi. The cost vectorΓ1 has thus been defined so as to
approximate a data association in a tracking process.

This section presents the tests of the algorithms for the cost
vectorΓ1. However, the caseΓ0 is also informative.

A. Tests onΓ0

The CE algorithm does not work well onΓ0. Team CE
algorithms have not been tested on this case.

The caseΓ0 is not interesting by itself, since it contains many
local optima, close to1000. In other word, the CE quickly
produces rather good associations,i.e.above900. But the exact
optimum is difficult to find. This is not surprising, beside,
since SD-assignment is NP hard and a random cost likeΓ0 is
representative of such difficulty.

As a conclusion, CE algorithms needs sufficiently informative
objective functions in order to work.

B. Tests onΓ1

The SD-assignment related to costΓ1 has been solved
by means of the CE algorithm, Team CE (TCE) algorithm
and Enriched TCE (ETCE). For each implementation, the
following parameters have been chosen:

• ρ = 0.1 andθ = 0.9 ,
• N = 25, 50, · · · , 175, 200 .

For each case,100 runs are played. The following statistical
informations (values are rounded) are produced from this
execution:

• Mean of the optimal value after runs (mop). This mean
value is completed by the minimal (min) and maximal
(max) values obtained during the100 runs,

• The percentage of success (top) for the algorithm to reach
the optimal value1000,

• Mean number of iterations by run (iter ),
• Mean of the total number of samples by run (samp),
• Mean execution time of a run (T) in seconds,
• Mean execution time of a run divided byN : this value

is an indication of the potential computation time, for a
massively parallel implementation (t).

The tests have been achieved on a personal computer, Linux
with a CPU at 2.80 GHz. The algorithms have been imple-
mented in C++ language, but are not optimized.

h) Reference: Integer Programming.:In order to have a
time comparison basis, we have solved the SD-assignment,Γ1,
by means of a standard integer LP solver. The library COIN-
OR [4] has been used. Although less powerful than the top
commercial products, this library is amongst the best open-
source solvers.

COIN-OR time :T = 9s .

i) CE: From now on, it is definedxK = x × 103 and
xm = x× 10−3 .
N 25 50 75 100 125 150 175 200

min 761 922 941 979 971 1000 1000 1000

mop 888 980 994 1000 1000 1000 1000 1000

max 972 1000 1000 1000 1000 1000 1000 1000

top 0 37 74 98 98 100 100 100

iter 215 212 196 190 188 187 185 184

samp 5.4K 11K 15K 19K 23K 28K 32K 37K

T 0.07 0.14 0.17 0.21 0.26 0.28 0.33 0.38

t 2.8m 2.8m 2.3m 2.1m 2.1m 1.9m 1.9m 1.9m

CE statistics

j) Team CE:

N 25 50 75 100 125 150 175 200

min 912 961 978 996 996 1000 1000 1000

mop 951 989 998 1000 1000 1000 1000 1000

max 987 1000 1000 1000 1000 1000 1000 1000

top 0 32 78 97 99 100 100 100

iter 218 214 198 191 188 187 184 185

samp 5.5K 11K 15K 19K 24K 28K 32K 37K

T 1.9 3.5 4.8 5.6 7 8.3 9.8 11

t 76m 70m 64m 56m 56m 55m 56m 55m

Team CE statistics

k) Enriched team CE:

N 25 50 75 100 125 150 175 200

min 1000 1000 1000 1000 1000 1000 1000 1000

mop 1000 1000 1000 1000 1000 1000 1000 1000

max 1000 1000 1000 1000 1000 1000 1000 1000

top 100 100 100 100 100 100 100 100

iter 147 230 290 370 438 540 560 622

samp 3.7K 12K 22K 37K 55K 81K 98K 124K

T 1.1 3.5 7.1 11 16 24 30 38

t 52m 66m 94m 110m 133m 160m 171m 190m

Enriched Team CE statistics

It appears that the convergence of ETCE is already perfect
for N = 25. For this reason, additional tests have been done
for the small values ofN :

N 10 20 30 40

min = mop = max 1000 1000 1000 1000

iter 114 143 177 214

samp 1.1K 2.9K 5.3K 8.6K

T 0.35 0.84 1.6 2.3

ETCE ; ρ = 0.1 , θ = 0.9

And tests have also been done withρ = 0.2 andθ = 0.75:

N 10 15 20 25 30

min = mop = max 1000 1000 1000 1000 1000

iter 53 63 72 101 139

samp 525 950 1.4K 2.5K 4.2K

T 0.18 0.28 0.42 0.66 1.1

ETCE ; ρ = 0.2 , θ = 0.75

Thus, it appears that ETCE runs perfectly even with rather
small sample population. However, a good choice ofθ andρ
is necessary: it appeared that the performance of ETCE could
decrease noticeably (slow convergence) with a less efficient
choice of these parameters.
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l) Comparative analysis:First at all, the tests have shown
that our team approach to optimization works and is able to
achieve performances comparable to global approaches. It is
noticed that both CE, Team CE and enriched Team CE made
it better than an optimized integer programming approach
(COIN-OR).

The team approaches have also proved a better efficiency in
terms of selection and needed samples:

• CE needs28000 samples for a perfect convergence,
• Team CE also needs28000 samples for a perfect conver-

gence, but very good convergences are already obtained
with less samples. Particularly, the ratiomop/samp is
better for Team CE,

• Enriched Team CE produced the best results for small
amount of samples. Only1100 samples are needed for a
perfect convergence, in the caseρ = 0.1 and θ = 0.9.
But it has been shown that a better tunning of these
parameters could reduce noticeably this number.

Naturally, team approaches are limited by the agent processing
speed. Typically, the auction algorithm is used by the agents,
in this example. This algorithm is rather quick, but still implies
an important penalty to the team approaches. The consequence
is that the pure CE approach is close to the best scoring in
terms of pure execution time.

CE TCE ETCE
T 0.28 8.3 0.35 (0.18 for θ = 0.75 , ρ = 0.2)

Execution time for perfect convergence

The pure CE performance is thus impressive. The use of sub-
optimizer has to be considered with cautious. A balance has
to be find between the number of samples to generate and the
execution time of the sub-processes.

V. CONCLUSION

A new method for team optimal decision, based on a
stochastic agent coordination, has been presented, imple-
mented and tested. This contribution is an application and
an extension of theCross-Entropyalgorithm (CE), a method
initially dedicated to rare-event simulation. Three different
approaches have been considered incrementally. The first one
just implements the CE by means of a distributed sampling
and update process. The second one involves the agents in
the samples selection decision. The third one improves the
samples set by inserting enrichments proposed by the agents.
The three approaches have been tested with success on a SD-
assignment problem. It is noteworthy that the enrichments
made possible a strong cut in the number of samples necessary
for convergence. In a next future, these algorithms should be
tested in a real multi-agent system.
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APPENDIX

A. Permutation transformβ

Assume K = card(I), I = {i[1], · · · , i[K]} and then
I =

∏K
k=2[[1, k]] . Let j ∈ I , i ∈ I andµ, µ̃ ∈ I ↔ I .

a) Construction ofβ: The computationµ := β(j) is
obtained by means of the following algorithm:

1) Initialization: Setµ(i) = i for any i ∈ I ,
2) Repeat fromk = K:

a) Seti := µ(i[k]) ,
b) Setµ(i[k]) := µ(i[jk]) andµ(i[jk]) := i ,

3) down tok = 2 .

b) Construction ofβ−1: The computationj := β−1(µ)
is obtained by means of the following algorithm:

1) Initialization: Setµ̃(i) = i for any i ∈ I ,
2) Repeat fromk = K:

a) Seekℓ ∈ [[1, k]] such that̃µ(i[ℓ]) = µ(i[k]) ,
b) Setjk := ℓ ,
c) Seti := µ̃(i[k]) ,
d) Setµ̃(i[k]) := µ̃(i[jk]) and µ̃(i[jk]) := i ,

3) down tok = 2 .
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