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Abstract—Active and passive sonar sensors provide comple-
mentary information about contacts. In addition to the physical
characteristics of a passive array, the bearing resolution estimate
can be limited by computational constraints given the necessity
to survey the full azimuth for contacts. In a distributed field of
sensors, however, it may be advantageous to divert the resources
of a given sensor from a coarse resolution detection strategy to a
fine resolution tracking of a contact of interest. In particular, the
position estimate in the form of a probability density function
can be used to cue a horizontal line array to switch from a
full- azimuth (surveillance), robust adaptive beamforming (ABF)
approach to a more sensitive ABF focused in the region of high
contact probability. In this paper, we investigate the degree of
bearing estimate refinement available through cued beamforming
as a function of contact signal-to-noise ratio, uncertainty in
contact position, and ABF sensitivity.
Keywords: Estimation, resource management.

I. INTRODUCTION

The basic challenge of data fusion is the incorporation of
information gathered from a variety of sources into a single
picture. One appplication that meets this description is the
consolidation of acoustic contact information measured on a
set of underwater sonar sensors. The information contained in
measurements on each of these sensors depends not only on
their location but on the type of sensor. Active sonar sensors,
for instance, can provide good estimates of contact range,
while passive horizontal line arrays (HLA) can provide good
direction of arrival (DOA) or bearing estimates. These types of
sensors thus offer complementary information about a contact:
a complete estimate of the state of the contact requires the
fusion of this information.

No measurement is infinitely precise, so an important aspect
of fusing data is accounting for measurement uncertainty. In-
corporating the uncertainties from the variety of measurements
into a state estimate of a contact naturally gives rise to the
representation of this state in terms of a probability density
function (PDF) that depends on the various parameters for
which estimates are desired. Information provided by later
estimates is then properly incorporated into the new state
estimate using Bayes’ rule.

The precision of a DOA estimate derived from conven-
tional beamforming (CBF) is limited by the length of the
array. Adaptive beamforming (ABF) techniques can provide
an increased sensitivity to DOA estimation [1]. However, this

sensitivity is usually not fully exploitable given the need to bal-
ance the demands for full bearing coverage with computational
limitations on the number of look directions [2]. Among other
things, robust ABF schemes aim to reduce the sensitivity to
mismatch between actual and measured DOAs to avoid losing
detection of contacts [3]- [4].

In a multi-sensor data fusion framework, on the other
hand, the situation may arise in which it is advantageous to
concentrate the resources of one sensor in the region of a
presumed contact with the goal of further refining the state
estimate of that contact. For example, suppose a contact has
been detected and tracked reliably with active sensors into
a region covered by a passive line array. In this case, the
full but coarse azimuthal coverage provided by the passive
array’s surveillance ABF could be traded for a more sensitive
ABF of limited azimuthal extent. This would possibly result
in a finer azimuthal estimate for the contact and a more rapid
convergence of the PDF of the track from an equal expenditure
of computational resources.

Whether such a redirection of resources is advantageous
depends greatly on the details of the situation, including how
many sensors are available, their relative positions, and the
number of contacts of interest detected by the sensor field. It
also depends on how much extra information can be gained
from the redirection of the resources of a single sensor. This
paper investigates this question in the simple case of DOA
estimation using a single passive HLA.

II. DATA FUSION AND CUED BEAMS

A. The Bayesian Data Fusion Framework

One basic assumption made in this paper is that a contact
of interest has been identified through measurements made
by a field of active and passive sensors that contains at
least one passive HLA. Knowledge about this contact is
assumed to be described by a PDF p(φ), where φ denotes the
parameters relevant to the description of a contact, such as
its position, velocity, and spectral signature. Such a situation
would arise if the variety of measurements were combined
within a centralized Bayesian data fusion framework. That is,
information from each sensor in the field is provided to a
single process responsible for incorporating it into a unified
description of the contact state.
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The information provided by a measurement from sensor i
is described by a likelihood function L(X|φ) representing the
probability that the measurement X would occur, given that
contact is actually described by parameters φ. This information
is incorporated into the state estimate of the contact through
Bayes’ rule

p(φ|X) =
L(X|φ)p(φ)∫
L(X|φ′)dφ′ , (1)

where p(φ) is the state estimate before the measurement X is
taken (the prior PDF) and p(φ|X) is the state estimate given
the measurement X (the posterior PDF).

B. Passive HLA Measurements

Measurements made on a passive HLA can be used to
estimate the DOA of a contact’s signal through beamform-
ing. In this paper an adaptive maximum likelihood approach
to DOA estimation is considered. For simplicity, a single-
frequency, plane-wave model of the contact measured in
a noise background is assumed. The model for a spectral
component at the contact’s frequency f as measured on an
N -element HLA is then given by

s(f) = σsd(φ, f) + σnn , (2)

where σs and σn denote signal and noise power respectively,
d(φ, f) denotes the N -component replica vector for a plane-
wave source located in direction φ, and n is a (normally
distributed) random vector. The model for the array covariance
matrix is then (suppressing f dependence from now on)

RM (φ) = σ2
sd(φ)dH(φ) + σ2

nRn , (3)

where Rn is a unitary noise covariance matrix.
A measurement on the HLA is given by the N -component

data spectral density vector χ, obtained from the Discrete
Fourier Transform (DFT) of an acoustic pressure time series
snapshot recorded on the elements of the array. The K-
snapshot-averaged cross-spectral matrix R̄ is then defined as

R̄ =
1
K

K∑
j=1

χjχ
H
j . (4)

The cross-spectral matrix is used in a common method of
adaptive signal estimation on passive arrays known as mini-
mum variance distortionless response (MVDR) beamforming
[1]. This beamformer’s estimate for the snapshot-averaged
power spectral density in direction φ is

zABF (φ) =
1

d(φ)H(R̄)−1d(φ)
. (5)

As it stands, this estimate is sensitive to mismatch between the
actual and estimated DOA, especially at high SNR. To reduce
this sensitivity, one strategy is to artifically add spatially-white
noise to the covariance matrix. This is called diagonal loading,
and amounts to substituting R̄ + εI for R̄. The dependence
of cued DOA estimation on the parameter ε is considered in
the Results section.

Assuming that both signal and noise amplitude are Gaussian
random processes, the likelihood that a set of K snapshots
X = {χj} contain a signal arriving from bearing φ is

L(X|φ) = c

K∏
j=1

exp[−χH
j RM (φ)−1χj ] , (6)

where c is a normalization constant. The value of φ for which
L(X|φ) attains a maximum is the maximum likelihood DOA
estimate. This becomes an adaptive estimation procedure when
RM itself is estimated using the data χ. Following Bell et al.
[4], the argument in the exponential is approximated by a term
proportional to the diagonally-loaded MVDR power estimate
zABF and becomes

L(X|φ) = c̃ exp
[ G

d(φ)H(R̄ + ε1)−1d(φ)

]
, (7)

where c̃ is a normalization factor, and G is a design parameter
given by

G =
KN

σ2
n

Nσ2
s/σ2

n

1 + Nσ2
s/σ2

n

. (8)

For the purposes of this paper, G ≈ KN/σ2
n, where σ2

n is
approximated by the median eigenvalue of R̄.

In the typical operating mode of a linear passive array, no
knowledge is assumed about the location or presence of any
contacts. The philosophy in this case is to scan the full 180
degrees of azimuth as completely as possible within processing
constraints. For a HLA, this is accomplished by steering a
set of beams with Maximum Response Axes (MRAs) {φi}
spaced uniformly in cos(φ). The number of beams steered is
chosen to ensure coverage over all directions within a specified
scalloping loss tolerance. For a HLA of M equally-spaced
elements, steering M beams over 180 degrees guarantees
a maximum CBF signal loss of around 3 dB. This set of
M MRAs is denoted as the set of surveillance beams. The
performance of surveillance beamforming is used as a standard
for measuring the performance of an identical number of cued
beams.

C. Cued Beams

When ABF is used for surveillance beamforming, the need
to cover the full azimuth with a limited number of beams
requires some constraint on the sensitivity to the mismatch
between the actual and the estimated DOA of a contact. In
some circumstances, however, prior knowledge regarding the
location of a contact is available. This knowledge can be
exploited by steering an equal number of beams in regions of
high contact probability, allowing for a more sensitive ABF,
and thus finer DOA estimates. We call the resulting set of
MRAs (along with the adjusted beamforming parameters) cued
beams.

For the scenarios considered in this paper, the relevant
beamforming parameters are the set of MRAs {φi}, i = 1...M,
and the diagonal loading parameter, ε. In other situations, other
parameters would be relevant. For instance, the focal ranges of
the beamformer could be adjusted if a contact’s PDF indicated
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it was in the near-field of the array, and white noise gain
constraint values would be adjustable if the beamformer were
adaptively constrained.

For a given prior PDF p(φ), the MRA values φi are
distributed uniformly (in cos(φ)) over the regions of high
probability density, defined as those values of φ for which
p(φ) > Ph, where the threshold Ph is a design parameter
of the algorithm. In this paper, the prior PDFs are always
taken to be Gaussian. In this case, choosing Ph is equivalent
to choosing the number of standard deviations from the mean
within which to steer the cued beams. The dependence of cued
beamforming results on this parameter is considered in the
following section.

D. Effectiveness of Cued Beamforming in Data Fusion

The prior knowledge needed for cued beamforming is
provided by the data fusion framework described in Sec. II-A.
In this framework, the value of any measurement is best judged
by the refinement it provides to the contact DOA estimate. A
comparison of the degree of refinement resulting from cued
beams as opposed to surveillance beams in various scenarios
will indicate situations in which cuing is advantageous.

The refinement of the DOA estimate is determined by
Eq. (1), where the prior and posterior depend only on the
parameter x = φ, and the likelihood function L(X|φ) is given
by Eq. (7). When Eq. (7) is used for cued beams, the argument
of the exponential for φ outside the cueing region is taken to
be a constant equal to the median power estimate in the cued
region.

The amount of refinement that occurs in the DOA estimate
is quantified in terms of Differential Entropy, defined for the
present application as

H = −
∫ π

0

p(φ) log10(p(φ))dφ . (9)

(In this case φ = 0, π are along the line of bearing of the
HLA, and the restiction 0 < φ < π reflects the fact that a
linear array has reflective symmetry.) Specifically, the amount
of information gained by a single measurement is given by the
difference in entropy (equivalent to the mutual information)

∆H(θ) = Hprior − Hpost(θ) , (10)

where Hprior and Hpost(θ) are computed from the posterior
and prior PDFs respectively, and the argument θ for Hpost

refers to the actual DOA of the contact. Since the actual value
of ∆H for any given measurement depends on the actual state
of the contact, the effectiveness of a measurement scheme
is best characterized by the (prior) expectation value of this
change in entropy, < ∆H > computed by

< ∆H >=
∫ π

0

p(θ)∆H(θ)dθ . (11)

Positive values of < ∆H > indicate a refinement in the
expected DOA estimate, and the higher the value, the more
refinement is expected.

A greater degree of refinement, however, does not necessar-
ily correspond to an accurate DOA estimate. The expectation

value of absolute error in DOA, < ∆ φ > gives a better
measure of this:

< ∆φ >=
∫ π

0

p(θ)|Φ(θ) − θ|dθ , (12)

where Φ(θ) = arg maxφL(Xθ|φ) is the value of φ at the peak
of the likelihood function defined in Eq. (7) resulting from
measurements Xθ of a contact at a true DOA of θ.

III. RESULTS

Simulated element-level data generated by the Sonar Simu-
lation Toolset (SST) [5] were used to assess the effectiveness
of both cued beams and surveillance beams in a variety of
scenarios. Specifically, the behavior of < ∆H > as a function
of prior PDF width, diagonal loading level, and contact SNR
was examined.

A. Simulation Details

The acoustic environment used for simulations was a 100 m
deep isospeed ocean over a clayey-sand halfspace [5]. The
contact sources radiated a steady tone with wavelength λ =
7.5 m (corresponding to a frequency of f = 200 Hz in a
water with a sound speed of 1500 m/s.) The receiver was a
thirty-four element HLA of length L = 6.6λ (45 m) placed at
a depth of 50 m.

The integral in Eq. (11) was evaluated by computing values
of ∆H(φ) for 500 simulated sources, each placed 1333λ
(10 km) from the array at a depth of 50 m. at azimuths spaced
uniformly over the range 0 < φ < π.

B. Simulation Results

Values of < ∆H > as a function of prior PDF standard
deviation and diagonal-loading level are plotted in Fig. 1 for
cued-beam ABF and in Fig. 2 for surveillance-beam ABF. The
same contours are plotted in each figure, and the colorbars
correspond to the colors on the contours. For all results
discussed in this section (unless otherwise noted), the cued
beams were concentrated within three standard deviations of
the mean of the prior PDF, and the PDF was centered on the
broadside of the HLA. The element-level SNR used for the
results in these figures was -5 dB.

Some general trends seen in Figs. 1-2 are worth noting.
First, regardless of beamformer sensitivity, there is a decline in
expected entropy improvement as the prior PDF gets narrower.
This is simply a result of the fact that there is a limit to the
beam width of the HLA: if the width of the prior PDF is
comparable to this, HLA measurements cannot offer much
more information about the DOA of the contact. Second,
the dependence of entopy improvement is fairly insensitive
to ε. Third, the performance of cued ABF approaches that
of surveillance ABF as prior PDF widths increase. This is
expected since the spacing of the cued MRAs approach the
spacing of the surveillance MRAs as the uncertainty in contact
position increases.

Figs. 1-2 illustrate that whether or not cued ABF is ad-
vantageous depends primarily on the width of the prior PDF.
For diagonal loading levels between -50 dB and 0 dB above
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Figure 1. Cued beam ABF < ∆H > as a function of diagonal loading
level and prior PDF standard deviation. Cued beams are steered within 3σ of
mean of prior.
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Figure 2. Surveillance beam ABF < ∆H >

the background, cued ABF shows greater expected entropy
improvement than surveillance ABF for PDFs with standard
deviations less than about 15◦. For wider prior PDFs, the per-
formance of both strategies is nearly equivalent. The relative
performance of cued ABF and surveillance ABF for other
contact SNR values is illustrated in Fig. 3, where the ratio
< ∆H >cued / < ∆H >surv is plotted as a function of
prior PDF width for a diagonal loading level of 0 dB above
the background noise level. As is evident from this figure,
the gain in DOA estimate refinement offered by cued beams
decreases with contact SNR.

The change in entropy from prior to posterior does not
tell the whole story. Another measure of performance is the
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Figure 3. Ratio of < ∆H > for cued beams to surveillance beams vs.
contact SNR.

0.
5

0.
5

0
5

0.
75

0.
75

0.75 1
1

1 1

1
1.

25
1.

25

Prior pdf σ (deg)

ε 
(d

B
 r

el
. t

o
 n

o
is

e)
Expected Error (deg): ABF Surveillance Beams

 

 

5 10 15 20 25 30
−50

−45

−40

−35

−30

−25

−20

−15

−10

−5

0

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

Figure 4. Expected absolute error in DOA estimate: surveillance beams

expected absolute error in the DOA estimate. Figs. 4-5 show
this value as a function of diagonal loading level and prior
PDF for surveillance ABF and cued ABF steered within 3σ
of the prior mean respectively. The performance of both is
similar, with cued ABF displaying slightly more accuracy at
small prior PDF widths. In contrast, the expected abolute error
in DOA estimate for cued ABF steered within 2σ of the prior
mean, plotted in Fig. 6, is in some places at least twice as
large as that for either surveillance or 3σ-cued ABF, even at 0
dB diagonal loading. This is a result of 2σ-cued ABF missing
contacts in the tails of the prior PDF, and suggests that the cued
beams should cover as much of the prior PDF as possible.
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Figure 5. Expected absolute error in DOA estimate: cued beams steered
within 3σ of mean.
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Figure 6. Expected absolute error in DOA estimate: cued beams steered
within 2σ of mean.

IV. CONCLUSIONS AND FUTURE WORK

Cued beamforming refers to the use of prior information
about a contact’s position to concentrate the beamforming
resources toward directions of high contact probability. In
this paper we have shown that, when applied to a passive
HLA in a multi-sensor data fusion framework, cued beam-
forming can offer a greater amount of refinement to contact
DOA estimation (using the same amount of computational
resources) than standard, surveillance-type beamforming on
the same array. Using simulated data, we have determined
some circumstances in which this holds. Future work on this
topic includes investigating the tradeoffs involved in using
cued beamforming in the presence of multiple contacts, as

well as determining the optimal MRAs and sensitivities of
cued beams given the details of a prior PDF.
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