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Abstract— Beamforming of near-field sonar signals from
sources with appreciable spatial extent is more difficult to
perform than the case of far-field point sources. Earlier, a model
was developed in which the beam response of an extended
source is formulated as a convolution of the beampattern of
a point source and a probability density function representing
the spatial distribution of the real source about its center of
mass angular coordinates. Because beamforming is performed in
both azimuth and elevation, a form that best allows modeling of
directional response properties should be chosen. The choice in
the present analysis is the Kent distribution, a function of the
angular deviations of the source elements from the center of mass
and five parameters which incorporate apparent target spread,
ellipticity and orientation. These, in turn, reflect the uncertainty
associated with target distance, size and aspect angle. Results are
presented for three-dimensional arrays.
Keywords: Beamforming, extended sources, angular con-
volution, Kent distribution, volumetric arrays.

I. INTRODUCTION

Most beamforming methods have traditionally been de-
veloped for far-field sources, which may be approximated
as points. In reality, all objects have finite structure, whose
apparent extent depends on the array-object range, the aspect
angle from the array, as well as the specific shape of the object,
or contact as usually referred to aboard submarines. This
introduces broadening of the array output beams, especially
for the close aboard contacts which are of particular interest in
submarine sonar processing at present. Failure to properly ac-
count for the spatial extent of a source may lead to degradation
of beamformer performance, and various techniques have been
devised to address this problem for one-dimensional arrays
e.g., [1]- [3]. In a previous study [4], a new approach was
introduced to incorporate the effects of spreading in general
cases of linear, planar and volumetric arrays and sources.
Specifically, the spatial extent of a target is described in
terms of a probability density function (PDF) whose centroid
lies at its center of mass or center of radiation. For three-
dimensional arrays, source localization is carried out in both
azimuth and elevation, which vary over the extent of a near-
field source. There are several directional distributions suitable
for modeling angular data. In the first phase of this study, a
spherical von Mises-Fisher type distribution was used [5]- [7].
Because, however, this is an isotropic one-parameter function,
it fails to adequately capture the nonisotropic, directional

character of a true sonar target. As a further refinement to
the overall method, the five dimensional Kent distribution
[8], [5], is used in the present work. Five parameters are
used to mathematically quantify the spread, ellipticity and
orientation of a nonspherical target. Based on this PDF, one
may derive the element level signal correlation matrix, as
well as the beamformer outputs integrated over the spatial
extent of the source. The resulting forms cannot in general be
evaluated directly for arbitrary sources. Because, however, the
expressions for the correlation matrix elements and the beam
response reduce to convolutional forms, the calculation can
be easily done via the Fourier transform and the convolution
theorem. The parameters of the Kent distribution have been
coupled to the range, dimensions, orientation and aspect angle
of the target. For simplicity, we assume a narrowband source
with a single frequency; the results may easily be extended to
a broadband source [4].

The theoretical approach is described in Section II. Section
III contains example results, while Section IV summarizes
the conclusions of this study. Bars over symbols will indicate
averages over the corresponding quantities. Vector symbols
will be designated by arrows, unit vectors by carets, and
matrices in boldface.

II. THEORY

A. Basic Method

In this section we include a summary of the basic method
for beamforming signals from extended sources. For more
details see [4]. Assume a coordinate system with its origin
at the array center, as in Figure 1. The orientation of the axes
depends on the particular array. For a plane-wave signal of
amplitude a(θs, φs) arising from a point source at bearing θs

and elevation φs, the array element level correlation matrix is

Ckk′(θs, φs) = E
[
a(θs, φs) exp

(
−2πi

f

c
R̂s · −→Rk

)

a(θs, φs)∗ exp
(
2πi

f

c
R̂s · −→Rk′

)]

= A(θs, φs) exp

[
−2πi

f

c

(
sin(φs)

(
Rk sin(φk)−Rk′ sin(φk′)

)

531



+ cos(φs)
(
Rk cos(φk) cos(θk − θs)

− Rk′ cos(φk′) cos(θk′ − θs)
))]

, (1)

for a unit vector R̂s in the direction of the signal. Here, f is the
frequency, c the speed of sound in water, and the superscript ”
∗ ” signifies complex conjugation1. The subscripts k, k′ refer
to the kth and k′th sensors, whose coordinates are Rk or
Rk′ , θk or θk′ and φk or φk′ . The quantity A(θs, φs) =
E[a(θs, φs)a(θs, φs)∗] is the directivity factor of the source
emission (power per unit solid angle), where ”E[...]” denotes
an expectation value over the number of data samples in a
certain time interval. Now consider a spatially spread source

Fig. 1. Point Source Configuration.

of angular extent ∆V at some distance −→
Rs relative to the

phase center of the array (Figure 2). Let us divide the source
into infinitesimal solid angle elements δV ′ = cosφ′dφ′dθ′,
and assume that the amplitudes aδV ′ are statistically inde-
pendent, [4]. Also, if the observation update time ∆T is
sufficiently short in reference to the source velocity (which
can be provided by tactical control state estimation), one may
also assume that |−→Rs′ | remains approximately constant for the
duration of ∆T . The element level correlation matrix averaged
over the extent of the source may then be found by integrating
Equation (1) over the source angular volume ∆V :

Ckk′(θs, φs) =
∫ θmax

θmin

∫ φmax

φmin

A(θ′, φ′)Gkk′(θ′, φ′)

cos φ′dφ′dθ′;

Gkk′(θ′, φ′) ≡ exp

[
−2πi

f

c

(
sin(φ′)

(
Rk sin(φk)

−Rk′ sin(φk′)
)

+ cos(φ′)
(
Rk cos(φk) cos(θk − θ′)

− Rk′ cos(φk′) cos(θk′ − θ′)
))]

, (2)

1For simplicity of notation we suppress the dependence of Ckk′ and other
quantities on f .

where [θmin, θmax, φmin, φmax] are the angular limits of the

Fig. 2. Extended Source Configuration.

source. The quantity A(φ′, θ′) in Equation (2) may be thought
of as a probability density function which gives a statistical
measure of a target’s extent.

B. Kent Distribution

In this analysis, we use the Bingham-Kent directional
distribution, [8], to represent the PDF of the source extent.
This five parameter function is a probability distribution on
the two-dimensional unit sphere S2 in R3. It is the analogue
of a bivariate normal distribution in linear space with an
unconstrained covariance matrix. The Kent distribution is
given by:

A(−→x (φ′, θ′)) =
1

N(κ, β)
exp

[
κ−→γ1 · x̂(φ′, θ′)

+β[(−→γ2 · x̂(φ′, θ′))2 − (−→γ3 · x̂(φ′, θ′))2]
]
, (3)

where N(κ, β) is a normalizing constant and
x̂ = [cos(φ′) cos(θ′), cos(φ′) sin(θ′), sin(φ′)] is a three-
dimensional unit vector. The parameter κ > 0 determines the
concentration or spread of the distribution, while β determines
the ellipticity of the contours of equal probability. The higher
κ and β, the tighter and more elliptical the distribution will
be. Using these shape parameters, unimodal distributions
(κ/β ≥ 2) can be distinguished from bimodal distributions
(κ/β < 2). The vector −→γ1 is the mean direction of the source
on the unit sphere corresponding to (θs, φs), and −→γ2, −→γ3

represent the directions of the major and minor axes of the
ellipse. The first γ vector determines the common center of
the contours, while the other two determine the orientation.
The 3 × 3 matrix (−→γ1,−→γ2,−→γ3) must be orthogonal. Figures
3 and 4 supply examples of Kent distributions for different
sets of parameter values. We see that the distributions are
more spread out for κ = 10 than for κ = 100, and that for
a fixed value of κ, the eccentricity increases with β. For a
single sonar contact, a unimodal distribution is constrained to
2β ≤ κ.
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(a)

(b)

Fig. 3. Kent Distribution: (a) κ = 100, β = 4, (b) κ = 100, β = 40.

C. Beamformer

Defining the angular deviations of the source elements from
the center of mass as φ′ ≡ φs − η, θ′ ≡ θs − ζ, it is
straightforward to show that Equation (3) becomes

A(φs, θs, η, ζ) = A1(η)A2(φs − η, ζ)A3(φs − η, θs − ζ);
where

A1(η) ≡ 1
N(κ, β)

exp
(
κ cos(η)

)
,

A2(φs − η, ζ) ≡ exp
(
−κ cos(φs − η) cos(φs)

(1− cos(ζ))
)
,

A3(φs − η, θs − ζ) ≡ exp
(
β((sin(φs − η) sin(φ2) +

cos(φs − η) cos(φ2)cos(θs − ζ − θ2))2

−(sin(φs − η) sin(φ3) +

cos(φs − η) cos(φ3)cos(θs − ζ − θ3))2)
)
,

(4)

and φ2, θ2, φ3, θ3 are the spherical angles of the vectors
−→γ 2,

−→γ 3, respectively.
Transforming variables in this way, Equation (2) may now

(a)

(b)

Fig. 4. Kent Distribution: (a) κ = 10, β = .4, (b) κ = 10, β = 4.

be rewritten as

Ckk′(θs, φs) =
∫ ηmax

ηmin

A1(η)

[∫ ζmax

ζmin

A2(φs − η, ζ)

A3(φs − η, θs − ζ)Gkk′(φs − η, θs − ζ)dζ

]
cos(φs − η)dη,

(5)

where [ηmin, ηmax, ζmin, ζmax] are the angular limits of the
target volume with respect to its center of mass. The above
equation is a two dimensional convolution of Ckk′ (Equation
(1)) for a point source of unit amplitude, with the general PDF
A(φs, η, ζ) of an extended source.

The standard beamformer output for a point source is

B̃(θs, φs, θ`, φ`) =
K∑

k=1

wk exp
(
2πi

f

c
R̂` · −→Rk

)

a(θs, φs) exp
(
−2πi

f

c
R̂s · −→Rk

)
, (6)

where K = number of sensors, wk are the array weights, and
R̂` is a unit steering vector in the direction (θ`, φ`). It follows
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that

B(θs, φs, θ`, φ`) = E[|B̃(θs, φs, θ`, φ`)|2] =
K∑

k=1

K∑

k′=1

wkw∗k′Ckk′ exp
(
2πi

f

c
R̂` · −→Rk

)

exp
(
−2πi

f

c
R̂` · −→Rk′

)
, (7)

is the expected value of the magnitude squared beampattern.
Substituting Ckk′ from Equation (1), we see that the beam-
former output averaged over the target extent for an arbitrary
array is:

B(θs, φs, θ`, φ`) =
∫ ηmax

ηmin

∫ ζmax

ζmin

A(φs, η, ζ)
∣∣∣∣∣
∑

k

wk exp
(
−2πi

f

c

(
sin(φk)(sin(φs − η)− sin(φ`)) +

cos(φk)(cos(φs − η) cos(θk − θs + ζ)− cos(φ`)

cos(θk − θ`))
))∣∣∣∣∣

2

dζ cos(φs − η)dη. (8)

This again is equivalent to a two-dimensional convolution,
which facilitates the simulation of the beampattern of an
extended source. By the convolution theorem, if

f ∗ g ≡
∫ ∞

−∞
g(t′)f(t− t′)dt′ (9)

is the convolution of two functions g(t), f(t), and =[g], =[f ]
represent their Fourier transforms, then

=[f ∗ g] = =[f ]=[g]. (10)

Thus, one need only calculate the circular Fourier trans-
forms of the PDF for a spatially spread source and the
beampattern of a point source, multiply the frequency space
results and then perform an inverse Fourier transform to get the
desired beampattern of the distributed source. These operations
were carried out in MATLAB.

D. Estimation of Parameters

Suppose a target is oriented as in Figure 5 with re-
spect to the volumetric array coordinate axes and the di-
rection to its center of mass is (θs, φs). If the target is
projected against a sphere of unit radius, then −→γ 1 =
(cos(φs) cos(θs), cos(φs) sin(θs), sin(φs)). Suppose the target
is moving in a plane perpendicular to −→

R s (tangent to the
sphere at point O, the center of mass of the submarine), in
a direction ξ with respect to an axis parallel to the xy plane.
Suppose the length (longitudinal axis) of the submarine is
L1, and both the height and width of the submarine are L2.
The semimajor axis of the ellipsoid, therefore, lies along the
direction of the velocity vector −→v , and the semiminor axis
along a line perpendicular to both −→Rk and −→v . Although in
this case the target is moving in the direction of its longitudinal
axis, it is technically conceivable that this may not always be
true.

Fig. 5. Orientation of the Target.

In order to estimate the five parameters of the Kent distribu-
tion, it is easiest to rotate the target image (distribution) so as
to align its mean direction with the x axis, and its major and
minor axes with the y and z directions, respectively. Rotating to
this frame of reference, the PDF takes a simple form, separable
in the transformed linear coordinates x′, y′, z′.

This is accomplished by the following sequence of steps
[8]:

1. Estimate the coordinates of the beamformed image of
the target against a sphere of unit radius from the azimuthal
and elevation angles of each element of the image. The
resolution will depend on the number of look directions
in both azimuth and elevation. Then form the dispersion
matrix S around 0: S = n−1

∑n
i=1

−→r i
−→r ′i, where −→r i =

(cos(φi) cos(θi), cos(φi) sin(θi), sin(φi)) for each of n pixels.
The estimated mean vector of the distribution is then r =
n−1

∑n
i=1

−→r i.
2. Choose an orthogonal matrix H to rotate the vector r to

the azimuthal x axis (1,0,0), e.g.,



cos(φs) cos(θs) cos(φs) sin(θs) sin(φs)
− sin(θs) cos(θs) 0

sin(φs) cos(θs) sin(φs) sin(θs) − cos(φs)


 . (11)

Let B = HSH′.
3. Choose a rotation K about the x axis to diagonalize the

lower submatrix BL of B:
(

b22 b23

b32 b33

)
. (12)

Suppose the eigenvalues are λ1 > λ2. The difference λ1 −
λ2 will essentially reflect 1

4 (L2
1 − L2

2), and thus constitute a
measure of the asymmetry in shape. Choosing an angle ξ′ such
that tan(2ξ′) = 2b23/(b22 − b33), the last rotation matrix is:




1 0 0
0 cos(ξ′) − sin(ξ′)
0 sin(ξ′) cos(ξ′)


 , (13)
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which aligns the axes of the submarine with the y and z
directions. The angle ξ′ should be the same as the angle ξ
in Figure 5. The estimated matrix Γ of the direction cosines
of the submarine ellipsoid is then Γ = KH.

Now, the first component of r′ = Γr is simply the
transformed mean component in the x direction, x′. From [8],
we know that x′ = Nκ/N(κ, β), Nκ = ∂N(κ,β)

∂κ . Also, the dif-
ference λ = λ1 − λ2 is equal to Nβ/N(κ, β),Nβ = ∂N(κ,β)

∂β .
Although these expressions are not in general solvable in
closed form, either an iterative or an approximate method may
be used to find κ, β. For large κ, the distribution approaches
a bivariate normal distribution and Kent, [8], has shown that
an explicit solution is

κ̃ ∼= (2− 2x′ − λ)−1 + (2− 2x′ + λ)−1,

β̃ ∼= (2− 2x′ − λ)−1 − (2− 2x′ + λ)−1. (14)

It is also true that for large κ/β or an approximately spherical
distribution, the estimate of κ from the von-Mises-Fisher
distribution may be used, [4], while β will be approximately
zero.

E. Geometrical Considerations

To better visualize the dependence of κ on the target
parameters, let us refer to Figure 6. The viewpoint is along
the z axis looking toward the xy plane, such that a top
view of the diagonalized distribution is visible. For a broader
distribution (red), one would expect the average value of x
to be smaller than for a narrower distribution (blue). This
implies that κ will decrease as the distribution broadens,
acting as a measure of the dispersion or the size of the
distribution. The beam uncertainty in the azimuthal direction
will be approximately σaz ' |d cos(θs)| = | sin(θs)|dθs =
| sin(θs)|ω, where ω ' 2 arctan( L1

2R ), L1 is roughly the length
of the target and R is its distance from the array center. Thus,
σ2

az can be seen as an inverse measure of the parameter κ.
Figure 7 shows two ellipses with major and minor axes

Fig. 6. Spread of Distribution.

equal to L1, L2, respectively. These are intended as schematics

Fig. 7. Ellipticity of Target.

of the ellipsoidal source distributions as viewed in the yz
plane looking along the x direction. The eigenvalue difference
λ1−λ2 is reflected by the difference in the beam variances in
azimuth (longitudinal axis) and in elevation (transverse axis),
and will be a measure of the asymmetry of the shape or
the parameter β, which will be larger for ellipse (a) than for
ellipse (b). The uncertainty in elevation will be approximately
σel ' | sin(φs)|2 arctan(L2/(2R)).

Figure 8 shows a configuration of the target projection on
the xy plane (before any rotation). Let −→R be the distance to
the center of mass, L1 the length of the target and ψ the angle
between L1 and the perpendicular to −→

R aa′. The effective
length that the array ”sees” is in this case L1 cos(ψ), and the
aspect angle ω is equal to 2 arctan(L1 cos(ψ)

2R ). In reality then,
the ellipsoid will appear shorter than its true length, depending
on the magnitude of cos(ψ), and this will affect the estimated
parameters of the Kent distribution.

Fig. 8. Geometry of Target Position in xy Plane.
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Bearing (deg)

Point Source

200 220 240 260 280 300 320 340 360

Bearing (deg)

κ = 1, β = .01

200 220 240 260 280 300 320 340 360

Fig. 9. Example 1.

Bearing (deg)

Point Source

200 220 240 260 280 300 320 340 360

Bearing (deg)

κ = 10, β = .01

200 220 240 260 280 300 320 340 360

Fig. 10. Example 2.

III. RESULTS

Figures 9, 10 and 11 contain examples of a spherical beam-
former applied to a simulated sonar target, with (κ = 1, β =
.01), (κ = 10, β = .01) and (κ = 100, β = .01), respectively.
The upper plots in each figure are the beamformed images of
the point source versus azimuth and elevation, while the lower
plots are those of the extended source. The source centroid
azimuth is at 285 degrees and the elevation at −.3 degrees. The
major axis direction is θ2 = 294o, φ2 = −.3o and the minor
axis is along θ3 = 285o, φ3 = .3o, It can easily be seen that as
κ increases the beamformed image shrinks, i.e., the target is
far away and/or very small. The degree of ellipticity is more
difficult to discern because of the distortion created by planar
displays of functions of angular variables. However, the image
of Figure 10 (κ/β = 1000) appears to be less elongated than
that of Figure 9 (κ/β = 100) in accordance with the postulate
that as the ratio κ/β increases, the asymmetry or ”flatness”
of the distribution decreases. In Example 3 of Figure 11, the
asymmetry is least since κ/β = 10000.

Bearing (deg)

Point Source

200 220 240 260 280 300 320 340 360

Bearing (deg)

κ = 100, β =.01

200 220 240 260 280 300 320 340 360

Fig. 11. Example 3.

IV. CONCLUSIONS

This study focuses on the simulation of beampatterns of
spread sources in submarine sonar processing, but may be
applied to other types of signals, as well. The beamformer
outputs were shown to be equivalent to a convolution of
the beampattern of a point source and a probability density
function of the spatial distribution of a spread source about
its center of mass. Therefore, the computation of the element
level correlation matrix and the beampattern of a spread source
is facilitated through the use of Fourier analysis and the
convolution theorem. Results were obtained for volumetric
sonar arrays and for asymmetric contacts. In such cases, a
suitable directional PDF is the five parameter Kent distribution,
which allows for modeling of the target spread, ellipticity,
mean centroid direction and orientation. These parameters,
in turn, depend on target distance, dimensions, heading and
aspect angle from the array. The Kent parameters may be
obtained by a series of rotations of the target image in
azimuth and elevation, so as to diagonalize the moment of
inertia tensor, as well as the dispersion matrix of the image.
Exact closed form solutions for the parameters κ and β
are generally not possible, but may be obtained by iteration
or in asymptotic approximation. It was found that at short
distances (less than 1000 yds), beamspreading due to target
extent will be significant for current target sizes. For close
encounters, therefore, consideration of target extent and its
effect on beamformer outputs are critical since errors may be
introduced by assuming an infinitely distant point source, with
an accompanying degradation in performance.
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