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Abstract— We consider the problem of estimator performance
prediction in stochastic systems with Markov switching dy-
namical models. Following Hernandez et al, a new best-fitting
Gaussian performance measure (BFG-PM) for jump Markov
systems is proposed. The new BFG-PM matches the moments of
the state transition density of the Markov switching system and
the approximate uni-modal system. The new BFG-PM has a state-
dependent process noise covariance matrix, hence its recursive
computation is carried out via a new formulation of the Cramér-
Rao bound for nonlinear filtering with state dependent noise
statistics. The paper presents two numerical examples where the
existing BFG-PM and the new BFG-PM are compared against the
error performance of a typical state estimator for jump Markov
systems.

Keywords: Nonlinear filtering, Cramér-Rao bound, manoeu-
vring target, jump Markov system, state dependent covariance

I. INTRODUCTION

The Cramér-Rao bound (CRB) is a theoretical lower bound
on the mean-square error (MSE) performance of any estimator.
The long and interesting history of the developments of the
theoretical bounds for parameter estimation, nonlinear filtering
and target tracking is reviewed in [1]. The recent discovery
of a convenient recursive computation of the posterior (or
Bayesian) CRB [2], [3] for nonlinear filtering was an important
milestone. Since then the bound has become an important tool
in the assessment and design of nonlinear filters and for the
management of surveillance resources.

The movement of manoeuvring targets is commonly de-
scribed using multiple motion models, with each motion model
corresponding to a certain type of motion [4], [5]. Switching
between the various motion models is achieved by a discrete-
valued Markov process referred to as the manouevring mode.
In this jump Markov system the tracking problem involves
estimating the augmented state vector formed by concatenating
the target kinematics and the manoeuvring mode. The optimal
estimator of the augmented state vector cannot be found ex-
actly even if all motion models and the measurement equation
are linear and Gaussian. As a result it is necessary to resort to
sub-optimal techniques such as the interacting multiple model
(IMM) filter [5] or sequential Monte Carlo techniques [6]. It

is desirable to have measures of achievable performance with
which these sub-optimal estimators can be compared.

Computing performance bounds for jump Markov systems
is a difficult task. The posterior CRB (PCRB) cannot be used
because the logarithm of the joint density of the measurements
and the augmented state is not twice differentiable. Alternative
bounds which do not impose this condition are invariably
more complicated to derive and compute. For instance, the
Weiss-Weinstein bound (WWB), a recursive version of which
was derived in [7], requires optimisation over a number of
parameters. Only a single collection of parameter values was
considered in [7].

In [8] a performance measure for jump Markov systems was
derived by constructing a uni-modal system which approx-
imates the true jump Markov system dynamics. The PCRB
for the approximate uni-modal system is well-known and is
proposed as a suitable performance measure for the jump
Markov system. The technique is restricted to linear systems
with Gaussian noise although the measurement equation may
be nonlinear. A linear/Gaussian system was used in [8] for
the approximate uni-modal system; hence the technique was
referred to as the best fitting Gaussian performance measure
(BFG-PM). The BFG-PM is simple to compute and has
been demonstrated to be a close indicator of the achievable
performance in a number of examples [9]. One drawback is
that it is often a slightly pessimistic predictor of the achievable
estimation performance: in a number of numerical examples
the RMS error of the IMM has been observed to be slightly
lower than this performance measure. This property prevents it
from being used as a strict lower bound of error performance,
and hence it is instead referred to as the posterior error
performance measure.

In this paper a new BFG-PM is derived by matching the
moments of the state transition vector rather than the moments
of the state vector, as was done in [8], [9]. We will refer
to the original BFG-PM from [8], [9] as the BFG-PM1. It
turns out that the new BFG-PM, which will be referred to as
the BFG-PM2, has a state-dependent process noise covariance
matrix. Using the recently discovered recursive formulation of
the information matrix (the inverse of the PCRB) for nonlinear
filtering with state-dependent noise statistics [10], we are able
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to efficiently compute the BFG-PM2. Although the new BFG-
PM2 is not a guaranteed lower bound on performance, it gener-
ally provides a lower bound than the existing BFG-PM1. Two
numerical examples are presented in the paper to demonstrate
the properties of both BFG performance measures.

The paper is organised as follows. Section II summarises
the theoretical background on the posterior Cramér-Rao bound
for nonlinear filtering with uni-modal dynamics. The existing
BFG-PM1 is reviewed and the new BFG-PM2 is derived for
switching dynamic systems in Section III. Two numerical
examples illustrating the predictive accuracy of the two BFG
performance measures are presented in Section IV. The con-
clusions of the paper are drawn in Section V.

II. POSTERIOR CRAMÉR-RAO BOUND

This section reviews the computationally efficient recursive
computation of the information matrix for the nonlinear filter-
ing problem with a uni-modal dynamic system.

A. Modelling

Let xk ∈ R
nx denote the target state vector at time tk,

k = 0, 1, 2, . . .. The target state is a Markov process satisfying,
for k = 1, 2, . . .,

p(xk |xk−1) = N(xk; f(xk−1),Q) (1)

where N(z; µ,Σ) is the Gaussian probability density function
(PDF) with mean µ and covariance matrix Σ calculated at z.
A prior distribution for x0 is assumed to be available, p(x0) =
N(x0; µ0

,P0). The measurement yk ∈ R
ny at time tk, k =

1, 2, . . ., is generated conditional on the target state according
to

p(yk|x0, . . . ,xk) = p(yk |xk) = N(yk;h(xk),R) (2)

The posterior Cramér-Rao bound places a lower bound on
the mean square error of random parameter estimators [11].

B. Recursive computation of the PCRB for nonlinear filtering

In the case of nonlinear filtering, the random parameter of
interest at time tk is the state trajectory x0:k = [x′

0
, . . . ,x′

k]′.
Let x̂0:k denote an estimator of x0:k obtained from a sequence
of measurements y1:k = [y′

1
, . . . ,y′

k]′. Then x̂0:k satisfies

E(x̂0:k − x0:k)(x̂0:k − x0:k)′ ≥ J−1

0:k (3)

where J0:k is the information matrix (IM),

J0:k = −E[∇x0:k
∇x′

0:k
log p(y1:k ,x0:k)] (4)

with ∇v = [∂/∂v1, . . . , ∂/∂vn]′ for a vector v =
[v1, . . . , vn]′. As measurements are acquired the random pa-
rameter x0:k increases in dimension and inversion of the
IM becomes more computationally expensive. This additional
computational expense is usually unnecessary in nonlinear
filtering where, at each time step, only the state at the current
time is estimated. Let P`|k, ` = 0, . . . , k denote the `th nx×nx

diagonal block of the inverse IM J−1

0:k. The state estimator x̂k

obtained from the measurement sequence y1:k satisfies

E(x̂k − xk)(x̂k − xk)′ ≥ Pk|k . (5)

The structure imposed on the IM by the stochastic dynamic
system (1)-(2) permits the desired submatrices Pk|k , k ≥ 0 to
be found via the following recursion, for k = 1, 2, . . ., [2]

P−1

k|k = Wk −Vk(P−1

k−1|k−1
+ Uk)−1V′

k, (6)

where

Uk = −E[∇xk−1
∇x′

k−1
log p(xk|xk−1)] (7)

Vk = −E[∇xk
∇x′

k−1
log p(xk |xk−1)] (8)

Wk = −E{∇xk
∇x′

k
[log p(yk|xk) + log p(xk|xk−1)]} (9)

The recursion begins with the prior covariance matrix P0|0 =
P0.

III. BEST-FITTING GAUSSIAN PERFORMANCE MEASURES

FOR JUMP MARKOV SYSTEMS

A. Model

Let xk ∈ R
nx and rk ∈ {1, . . . , d} denote the state

vector and manoeuvring mode, respectively, at time tk, k =
0, 1, 2, . . .. Assume that the Markov processes xk and rk

satisfy

p(xk|rk = i,xk−1) = N(xk;Fixk−1,Qi)

P(rk = i|rk−1 = j) = γi,j

(10)

where γi,j is the (i, j)th element of the transition matrix Γ.
The measurements of the jump Markov system are generated
according to (2).

The aim is to construct a linear/Gaussian uni-modal system
which will best fit, in some sense, the jump Markov system
(10). Under the uni-modal approximation the state evolves
according to

p̂(xk |xk−1) = N(xk;Φkxk−1,Ωk) (11)

The hat notation will be used to indicate densities or expec-
tations computed under the uni-modal approximation. It is
desired to select the transition matrix Φk and process noise
covariance matrix Ωk so that the system (11) mimics the
behaviour of the jump Markov system (10). Two methods of
doing this will be described in the following sub-sections. The
first method, proposed in [8], matches, at each time step, the
mean and covariance matrix of the state under (11) to the
mean and covariance matrix under (10). The second method
which we propose here is to match the first two moments of
the uni-modal and jump Markov transition densities.

B. BFG-PM1

The BFG-PM1 matches the mean and covariance of the state
evolving according to (11) to the mean and covariance of the
state evolving according to (10), i.e., for k = 1, 2, . . .,

E(xk) = Ê(xk) (12)

cov(xk) = ˆcov(xk) (13)

This leads to a four step recursive procedure for the com-
putation of Φk and Ωk of the uni-modal system, where all
expressions can be computed analytically [9]:
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1) Determine Φk as:

Φk =

d
∑

i=1

P(rk = i)Fi (14)

2) Determine cov(xk) as:

cov(xk) =

d
∑

i=1

P(rk = i) [Fi (cov(xk−1)

+E(xk−1)E(xk−1)
′) F′

i + Qi]

−ΦkE(xk−1)E(xk−1)
′Φk (15)

3) Determine Ωk as:

Ωk = cov(xk) −Φkcov(xk−1)Φ
′
k (16)

4) Determine E(xk) as:

E(xk) = ΦkE(xk−1) (17)

It is shown in [9] that the covariance matrix computed in (16)
is guaranteed to be positive definite. Once Φk and Ωk are
determined for the uni-modal approximation (11), one can
use the standard recursive formula for the computation of
information matrix in (6) where matrices Uk, Vk and Wk

are given by [2]:

Uk = Φ′
kΩ

−1

k Φk (18)

Vk = −Ω−1

k Φk (19)

Wk = Ω−1

k + Exk
{[∇xk

h(xk)′]R−1[∇x′

k
h(xk)]} (20)

C. BFG-PM2

The approach taken here is to match the transition mean
and covariance matrix of the uni-modal system to those of the
jump Markov system. Thus we select Φk and Ωk so that

E(xk|xk−1) = Ê(xk|xk−1) = Φkxk−1 (21)

cov(xk|xk−1) = ˆcov(xk |xk−1) = Ωk (22)

We have

E(xk|xk−1) =
d

∑

i=1

P(rk = i)E(xk |rk = i,xk−1)

=

d
∑

i=1

P(rk = i)Fixk−1 (23)

It follows from (21) and (23) that

Φk =

d
∑

i=1

P(rk = i)Fi (24)

Comparison of (14) and (24) shows that the transition matrix
is computed in the same way for BFG-PM1 and BFG-PM2.

The transition covariance matrix for the jump system is

cov(xk|xk−1) = E[(xk −Φkxk−1)(xk −Φkxk−1)
′|xk−1]

=

d
∑

i=1

P(rk = i)

× E[(xk −Φkxk−1)(xk −Φkxk−1)
′|rk = i,xk−1]

=

d
∑

i=1

P(rk = i)(Qi + Gk,ixk−1x
′
k−1

G′
k,i), (25)

where Gk,i = Fi−Φk, i = 1, . . . , d. It follows from (22) and
(25) that

Ωk(xk−1) =

d
∑

i=1

P(rk = i)(Qi + Gk,ixk−1x
′
k−1

G′
k,i) (26)

Eqs. (11), (24) and (26) define a uni-modal stochastic dynamic
system which approximates the jump Markov system (10). It
is proposed to use the PCRB for this system, which can be
calculated recursively using (6), as a performance measure
for the jump Markov system. To use the recursion (6) it
is necessary to compute the matrices given in (7)-(9). The
derivation of these matrices is complicated by the fact that the
process noise covariance matrix for this uni-modal system,
given by (26), is state-dependent. The required expressions
can be derived using the notion of a matrix derivative operator
proposed in [12]. There, the derivative of a p × q matrix Z

with respect to a m × n matrix X is the mp × nq matrix

∇XZ = Z ⊗∇X (27)

where ⊗ is the Kronecker product. The matrix derivative
operator (27) has several properties analogous to the usual
scalar derivative properties which greatly facilitate the process
of matrix differentiation. These properties, along with some
additional results, allow the required matrices to be derived as
[10]

Uk = Exk−1
{Φ′

kΩk(xk−1)
−1Φk

+ Ωk(xk−1)
−1 ∗ [Λk(xk−1)

′Ωk(xk−1)
−1Λk(xk−1)]/2}

(28)

Vk = −Exk−1
[Ωk(xk−1)

−1]Φk (29)

Wk = Exk−1
[Ωk(xk−1)

−1] + Exk
[H(xk)′R−1H(xk)]

(30)

where Λk(x) = ∇x′Ωk(x) and H(x) = ∇x′h(x). The
operator ∗ appearing in (28) is the star product. The star
product of a m × n matrix X and a mp × nq matrix Y is
the p × q matrix Z given by

Z = X ∗Y =
m

∑

i=1

n
∑

j=1

xi,jYi,j (31)

where xi,j is the (i, j)th element of X and Yi,j is the (i, j)th
p × q submatrix of Y. Using the product rule of the matrix
derivative operator (27), derived in [12], the derivative of the
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process noise covariance matrix of (26) can be found as

Λk(x) =

d
∑

i=1

P(rk = i)[Gk,i(x
′G′

k,i ⊗ Inx
)

+ Gk,ix vec(G′
k,i)

′]

The expectations in (28)-(30) cannot be computed in closed-
form so it is necessary to resort to a numerical approximation.
A simple technique is to use a Monte Carlo approximation
which involves generating a large number of state trajecto-
ries according to the assumed model (11), with transition
matrix (24) and process noise covariance matrix (26), and
approximating the expectations by sample means. This leads
to the procedure described in Algorithm 1. It can be seen
from (18)-(20) that calculation of BFG-PM1 also requires a
numerical approximation but only if the measurement equation
is nonlinear.

IV. NUMERICAL EXAMPLES

Two numerical examples are used to demonstrate the prop-
erties of the two BFG performance measures of the previous
section. The BFG performance measures are compared to the
performance of an estimator for the jump Markov system.
The estimation algorithm chosen here is a particle filtering
algorithm, the mixture Kalman filter (MKF) [6] which is
capable of almost optimal performance for a sufficiently large
sample size.

A. Example 1: Scalar state and measurement

The first example is a linear/Gaussian jump Markov system
with scalar state and measurement. In this case the transition
matrix Fi = fi, process noise covariance matrx Qi = qi,
measurement function h = h and measurement covariance
matrix R = r are scalars. There are d = 2 modes with
f1 = 1.1 and f2 = 0.35 and q1 = 0.5 and q2 = 0.25. The
measurement equation is given by (2) with h(xk) = xk and
r = 1. The mode transition matrix is

Γ =

[

0.5 0.5
0.5 0.5

]

(32)

Initially x0 ∼ N(2, 1) and P(r0 = i) = 1/2, i = 1, 2. The
measurement sequence length is 25.

The square roots of the BFG performance measures and
the RMS error of the MKF are plotted against time in
Figure 1. The BFG-PM2 is computed using Algorhtm 1 with
n = 100 Monte Carlo realisations. The MKF is implemented
with a sample size of 100 and its RMS error is computed
by averaging with 10 000 realisations. The sample size of
the MKF is sufficiently large to provide close to optimal
performance. As observed in different examples in [8], BFG-
PM1 is a reasonably accurate performance indicator but is
slightly pessismistic. In this example BFG-PM2 is even more
accurate than the BFG-PM1 and has the additional desirable
property of being lower than the RMS error of the MKF.

The above experiment is repeated with f2 = −0.35 and
the remaining parameters unchanged. The results are shown
in Figure 2. The same qualitative behaviour as in Figure 1 is

Algorithm 1: Computation of the information matrix for
BFG-PM2.

set J0 = P−1

0
;

for t = 1, . . . , n do draw xt
0
∼ π0;

for k = 1, . . . , K do
for i = 1, . . . , d do compute
P(rk = i) =

∑d

j=1
γi,jP(rk−1 = j);

compute the transition matrix

Φk =

d
∑

i=1

P(rk = i)Fi

for t = 1, . . . , n do
compute the process noise covariance matrix and
its derivative

Ωt
k =

d
∑

i=1

P(rk = i)[Qi + Gk,ix
t
k−1

xt′
k−1

G′
k,i]

Λt
k =

d
∑

i=1

P(rk = i)[Gk,i(x
t′
k−1

G′
k,i ⊗ Inx

)

+ Gk,ix
t
k−1

vec(G′
k,i)

′]

draw xt
k ∼ N(Φkx

t
k−1

,Ωt
k);

compute the gradient Ht
k = ∇x′h(x)|x=xt

k

end
approximate the matrices (28)-(30) as

Ûk = Φ′
k

[

1/n

n
∑

t=1

(Ωt
k)−1

]

Φk

+ 1/(2n)

n
∑

t=1

{

(Ωt
k)−1 ∗

[

Λt′
k (Ωt

k)−1Λt
k

]}

V̂k = −

[

1/n

n
∑

t=1

(Ωt
k)−1

]

Φk

Ŵk = 1/n
n

∑

t=1

(Ωt
k)−1 + 1/n

n
∑

t=1

Ht′
k R−1Ht

k

compute

Jk = Ŵk − V̂k(Jk−1 + Ûk)−1V̂′
k.

end

observed, i.e., the RMS erorr of the MKF is less than BFG-
PM1 and greater than BFG-PM2. However, in this case both
performance measures are further from the estimator RMS
error than in the results of Figure 1.

B. Example 2: Coordinated turn manoeuvres

The second example considers a scenario in which a target
switches between nearly constant velocity motion and coordi-
nated turn motion. For a measurement sampling period of T ,
the transition matrix and process noise covariance matrix for
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Fig. 1. Performance measures for estimation of a scalar jump Markov
processe computed using the BFG approach (f2 = 0.35): The dotted line
is BFG-PM1, the solid line is BFG-PM2 and the dashed line is the RMS
error of the MKF estimator.
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Fig. 2. Performance measures for estimation of jump Markov processes
computed using the BFG approach (f2 = −0.35): The dotted line is BFG-
PM1, the solid line is BFG-PM2 and the dashed line is the RMS error of the
MKF estimator.

the ith mode are

Fi =









1 sin(ωiT )/ωi 0 [cos(ωiT ) − 1]/ωi

0 cos(ωiT ) 0 − sin(ωiT )
0 [1 − cos(ωiT )]/ωi 1 sin(ωiT )/ωi

0 sin(ωiT ) 0 − cos(ωiT )









Qi = I2 ⊗ q

[

T 3/3 T 2/2
T 2/2 T

]

where ωi is the turn rate of the ith motion model. If ωi = 0, the
elements of the first and third rows of Fi can be found using
limω→0 sin(ωT )/ω = T and limω→0[cos(ωT ) − 1]/ω = 0.
There are d = 3 turn rates with turn rates ω1 = 0, ω2 = 8◦/s
and ω3 = −8◦/s. The process noise intensity is q = 1/4. The
probability transition matrix for the mode is

Γ =





0.5 0.25 0.25
0.25 0.5 0.25
0.25 0.25 0.5





The initial target state is x0 = [3500, 55, 6000, 100]′ and the
initial covariance matrix is P0 = diag(400, 9, 400, 9).

The target position is measured in Cartesian coordinates
with additive Gaussian noise. The likelihood is then given by
(2) with

h(x) =
(

I2 ⊗
[

1 0
])

x

The measurement covariance matrix is set to R = 225I2.
Measurements are made at intervals of T = 2s for 100s.

The square roots of the BFG-PM1 and BFG-PM2 for the
position and the RMS position error of the MKF are plotted
against time in Figure 3. The BFG-PM2 is computed using
Algorhtm 1 with n = 20 Monte Carlo realisations. The MKF
is implemented with a samples size of 100 and its RMS error
is found by averaging with 10 000 realisations. Both BFG
performance measures predict a level of performance quite
close to that of the MKF. As with the previous example,
the BFG-PM1 exceeds the estimator error while BFG-PM2
is lower than the estimator error. This makes the BFG-PM2 a
suitable lower bound on performance for this example.

0 20 40 60 80 100
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Fig. 3. Performance measures for state estimation with coordinated turn
manoeuvres computed using the BFG approach: The dotted line is BFG-PM1,
the solid line is BFG-PM2 and the dashed line is the RMS error of the MKF
estimator.

In this example the BFG-PM1 is rapidly computed as it is
available in closed-form because the measurement equation is
linear. In un-optimised Matlab implementations, the expenses
of computing BFG-PM2 and the RMS error of the MKF
relative to the expense of computing BFG-PM1 are 59:1 and
53 733:1, respectively. Based on these computational results,
the BFG performance measures can be feasibly used for
pratical applications, such as sensor scheduling.

V. CONCLUSIONS

The paper has presented a novel method for the theoretical
prediction of the best achievable estimation error for a jump
Markov system. The method is based on replacing the jump
Markov system with a linear/Gaussian system. The parameters
of this linear/Gaussian system are selected so that it has the
same first two moments as the transition density of the jump
Markov system. The proposed method is referred to as a
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performance measure, rather than a lower bound, because it is
based on an approximation. Numerical results, however, indi-
cate that the new performance measure is generally lower than
the achievable estimation error. Two examples demonstrating
this property were presented.
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