
Stochastic Process Estimation using the
Fault-Tolerant Interval Functions

Olivier Bilenne
Multitel asbl

Mons, Belgium
bilenne@multitel.be

Abstract— This work deals with the problem of the fault-
tolerant estimation of discrete-time stochastic processes. A ran-
dom walk process is estimated from the fusion of measurement
uncertainty intervals provided by a set of sensors. Two algo-
rithms of interval propagation and contraction are proposed.
For both algorithms, interval contraction is done using fault-
tolerant interval functions rather than the non-robust intersection
operator. The first algorithm relies on the propagation of all the
measurement intervals since the initial time. When probability
distributions are specified for the variables of the system, it
allows to predict and monitor the precision and availability of the
results, and to offer guarantees on their reliability. The second
algorithm, based on a prediction-correction scheme, is a fault-
tolerant version of the recursive causal interval estimator.
Keywords: Sequential interval estimation, fault-tolerant
interval functions, interval propagation, robust interval
contraction, reliability.

I. I NTRODUCTION

A. Motivation

This study is concerned with the problem of causal, discrete-
time interval estimation in a fault-tolerant setting. More pre-
cisely, the object of this work is the real-time inference of un-
certainty intervals for an unknown time-varying parameterθ̄t,
from the fusion of a collection of input intervals provided
by sensors. The interval estimation problem can be seen as a
set constraint satisfaction problem(SCSP) where the input
intervals stand as constraints on the possible values taken
by the unknown process. The SCSP has been extensively
studied in fault-free environments, where the objective is to
find the smallest set (or the interval hull for this set [1])
that contains all the parameter values that are consistent
with all the measurement intervals. The algorithm SIVIA
(Set Inversion Via Interval Analysis), proposed in [2], is the
reference algorithm for SCSP. SIVIA combines branch-and-
bound techniques withconstraint propagationtechniques [3]
based on interval analysis [4]. The problem of causal, discrete-
time interval estimation in a fault-free setting was studied
in [5]. The Recursive Causal Set Estimator (RCSE) , which
works on a sequential prediction-correction scheme, uses set
propagation techniques in combination with set inversion
techniques (e.g. SIVIA) to produce optimal and guaranteed
sets for the state.

Among the optimality criteria generally invoked in the fault-
tolerant estimation literature, are the precision of the intervals
provided by the estimator, their reliability and tolerance to

misleading data, and their availability. We call theavailabil-
ity of an interval-valued estimator the frequency at which
the estimator provides non-empty intervals for the unknown
parameter. Solutions to the problem of interval propagation
in the presence of faulty input intervals have been proposed
in the literature. In [6], the GOMNE algorithm provides the
smallest non-empty set containing all the parameter values
which are consistent with a same minimum number of input
intervals, while [7] suggests to select the interval combination
which best balances fault tolerance and apparent precision.
The latter methods have the property to confront the (random)
precision observed for a chosen combination of intervals, with
the (expected) reliability of this combination, expressed by the
number of input interval faults that it can safely handle. In
the presence of measurement noise however, the intersections
of measurement intervals get narrower, and may be considered
as ‘more accurate’, which is a mistaken interpretation of the
situation. Hence, following these methods, one may naively
reach the questionable conclusion that measurement noise
can improve the precision of an estimator. In this study,
we take a different approach to the problem of the optimal
design of fault-tolerant interval estimators. We support that,
to guarantee the reliability of the results – as is the case for
example in reliability engineering or safety engineering appli-
cations, where quantities such as mean times between failures
or probabilities of dangerous situations must be issued –
the design and parametrisation of interval-based estimators
should be based on expected performances rather than on
posterior interpretations of the observations. Therefore, this
work focuses, as in [8], on the stochastic properties of the
interval estimators. Taking a Bayesian perspective, we assume
that prior stochastic information is known on the variables
of the system. This information is only used to predict the
performances and optimise the design of the interval estimator,
and is not processed by the estimator itself, which is based on
interval analysis only.

For simplicity, the dynamic systems studied are restricted
to random walk processes. To uncover the main issues con-
nected with sequential fault-tolerant interval estimation, two
algorithms are analysed. A variant of GOMNE, offering re-
liability and availability guarantees, and based on the fault-
tolerant interval functions proposed by K. Marzullo in [9] and
U. Schmid in [10], is developed in Sec. III. Next, Sec. IV
presents a fault-tolerant version of the RSCE, combining the
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RSCE algorithm with fault-tolerant interval functions. The
fault-tolerant interval functions can be seen as adaptations
to interval-valued sensors of thek-out-of-n:G fusion rule,
which processesn components in parallel and guarantees the
successful operation of the system if at leastk out of n com-
ponents work properly. Thek-out-of-n redundancy model has
been commonly used by safety and reliability engineers when
designing telecommunication systems with unreliable com-
ponents, VLSI circuits, and fault-tolerant modules in safety-
critical applications such as rail navigation, flight monitoring,
and space missions [11]. The fault-tolerant interval methods
have the property to offer a trade-off between the precision
of the intervals they provide for the estimated parameter, and
their tolerance to interval faults, which is symbolized by a
parameterf representing the maximum number of faulty input
intervals that the interval functions can cope with without
providing misleading intervals. We begin by recalling in
Sec. I-B the definitions of the fault-tolerant interval functions
proposed by K. Marzullo and U. Schmid. To get round the
poor interpretability of the interval operations involved in these
definitions, handy approximators for the interval functions are
given in Sec. I-C.

B. The fault-tolerant interval functions

In this study, the lower and upper limits of an intervali are
respectively denoted byi− and i+. For brevity, we writei∓.
Now, let θ̄ be an unknown parameter, and suppose thatn un-
certainty intervalsi1, ..., in are given forθ̄. The fault-tolerant
interval functionMf

n introduced by K. Marzullo is defined as
the largest interval whose edges lie in the intersection of at
leastn−f different intervals. We write

Mf
n(i1, ..., in)=

⊔

{k1,...,kn−f}∈Cn−f
n

ik1 ∩ ... ∩ ikn−f
, (1)

where⊔ is the interval union operator, andCk
n denotes the

set of all thek-combinations of the elements of{1, ..., n} [9].
The interval function proposed by U. Schmid is defined as

Ff
n (i1, ..., in) =

[(f+1)-max{i−1 , ..., i−n },(f+1)-min{i+1 , ..., i+n }],
(2)

where (f+1)-max{i−1 , ..., i−n } denotes the(f+1)th largest
lower interval limit, and(f+1)-min{i+1 , ..., i+n } the (f+1)th

smallest upper limit. The interval functionFf
n is in fact

the smallest interval containingMf
n and verifying a Lips-

chitz condition for the interval lengths. This property ensures
that small changes to the input intervals cause only minor
variations ofFf

n [10]. The most important feature ofMf
n

andFf
n is tolerance with respect tof faulty input intervals.

It is also known thatMf
n is always included inFf

n , and
that the two interval functions provide the same result when
the input intervals are compatible, that is the lower interval
limits are all inferior to the upper limits. These properties
can be verified in Fig. 1, which illustrates the example of
four input intervals i1, i2, i3 and i4. The intervalsMf

4

and Ff
4 are depicted forf = 1, 2, 3. In this example, we

haveM0
4(i1, i2, i3, i4) = F0

4 (i1, i2, i3, i4) = ∅.

Fig. 1. Representation ofMk
4 andFk

4 with incompatible intervals,n = 4,
k = 1, 2, 3.
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C. The interval functions as robust estimators

The lower and upper limits ofFf
n are in factM-estimators

of Ψ-type. Indeed, it is easy to verify that the limits ofFf
n are

the (extreme) solutions of the double implicit equation
n

∑

k=1

ψ∓
λ (i∓k − x∓) = 0, (3)

whereλ = f
n and theψ-functionψ∓

λ is defined by

ψ∓
λ (θ) = ∓(2λ− 1) + sgn(θ). (4)

Thus the lower limit (resp. upper limit) ofFf
n corresponds

to the M-estimator implicitly defined by the bounded, dis-
continuousψ-function ψ−

λ (ψ+
λ ). It should be noted that,

whenλ= 1
2 , Eq. (4) reduces to sgn(θ), which is theψ-function

characterizing themedianM-estimator. In other words, the
limits of Ff

n can be seen as generalizations of the median
estimator. The equivalent of Eq. (3) forMf

n redefines the
lower and upper limits of the functionMf

n as solutions of
n

∑

k=1

φλ(i−k , i
+
k , x) = 0, (5)

where theψ-functionφλ is defined by

φλ(θ−, θ+, x)=1 − λ+
1

2
sgn(θ−− x) − 1

2
sgn(θ+− x). (6)

The consequence of Eqs. (3,5) is that the limits of the interval
functions enjoy the property of asymptotic normality for large
sample sets of the robust estimators [12]. In addition, [8]
shows how these interval limits can be approximated by linear
functionals which, when applied to theempirical distribution
formed on the limits of the input intervals, offer good approx-
imations of the actual interval functions and allow to estimate
their expected precisions and variances. These linear function-
als will be used to predict and monitor the performances of
the fault-tolerant interval estimation algorithms presented in
Secs. III and IV.

II. PROBLEM SPECIFICATIONS AND MODELLING

Although the following developments can be extended,
using basic interval arithmetic rules, to multidimensional au-
toregressive processes, we restrict ourselves for simplicity to
the problem of the estimation of a scalar parameterθ̄t with
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discrete-time linear dynamics. The dynamics of the unknown
parameter is modelled by therandom walkprocess

θ̄t = θ̄t−1 − ωt, t ≥ 1, (7)

where (ωt) is a random sequence of independent variables
modelling the process noise. The distribution function of each
occurrenceωt of the process noise sequence is denoted byΩt.
The objective of the estimation problem is to provide, at each
time t ≥ 1, an uncertainty interval̂θt for θ̄t. The estimation
of the interval θ̂t is assumed to rely on the observation at
eacht of nt input intervalsi1,t, ..., int,t placed respectively
aroundnt random, independent measurementsm1,t, ...,mnt,t

of θ̄t. For k = 1, ..., nt, we denote byik,t the input interval
corresponding to thekth measurement observed at timet, and
respectively byi−k,t andi+k,t the lower and upper limits ofik,t.
We write ik,t =[i−k,t, i

+
k,t]. The dimensions of the input inter-

vals are supposed to be known, and such that, fork = 1, ..., nt,
the interval limits of thekth interval are placed at distancesa−k,t

anda+
k,t of the measurementmk,t, where(a−k,t) and(a+

k,t) are
given sequences of constants. The measurements may consist
of linear functions ofθ̄t altered by noise. In that case the
variablesmk,t and ik,t represent the images in the parameter
space of the measurements and the intervals. In this work it is
assumed that the measurement errors are independent of the
processθ̄t. Thus Pr(mk,t − θ̄t ≤ θ|θ̄t = θ̄) is invariant in θ̄,
and the cumulative distribution functionFk,t of the error of a
measurementmk,t occurring at timet can be defined (without
conditioning onθ̄t) by

Fk,t(θ) = Pr(mk,t − θ̄t ≤ θ), (8)

for t ≥ 1 and k = 1, ..., nt. The whole set of specifications
of the measurement system at timet is symbolised by a
parameter sequenceUt, representing the sequence ofnt three-
tuples(Fk,t, a

−
k,t, a

+
k,t) characterising all the measurements:

Ut = {(Fk,t, a
−
k,t, a

+
k,t)}nt

k=1, t ≥ 1. (9)

The rest of this study addresses the relative precision of in-
terval estimators with respect to the actual value ofθ̄t. Sec. III
focuses on a so-called ‘optimal’ algorithm, which transfers all
the information over time, and consists of propagating each
interval observed at a timet for θ̄t to all future times. The
drawback of the latter strategy is the growing complexity and
computation times. Therefore Sec. IV studies a suboptimal
algorithm transferring only the results of the interval functions
from one step to the next, rather than previous input intervals.
Between these two extremes, many intermediate algorithms
may be considered and studied along the same lines.

III. PROPAGATION OF THE INPUT INTERVALS

The estimation scheme studied in this section relies on the
infinite memoryassumption. The estimation at each time step
is based on all the information that has been collected previ-
ously, that is all the measurements observed since the initial
time. This strategy could be qualified as ‘optimal’ in the sense
that there is no loss of data in time. The obvious drawback

of this approach is the growing complexity of the algorithm,
as the storage and propagation of all the intervals since the
initial time seems burdensome to carry out in practice. Hence
the aim of this section, which derives results for the infinite-
memory version of the sequential interval estimator, is to
offer a reference for comparison with sub-optimal methods
like the sequential algorithm presented in Sec. IV, to bring
out the difficulties that arise in practical realisations, and
more generally, to propose a flexible framework allowing to
foresee these issues through the use of stochastic models, and
suggesting solutions to predict and improve the performance of
the algorithms in terms of precision, reliability and availability.

A. Interval propagation

A distinction is made between the times at which the inter-
vals are collected and processed. Measurements are assumed
to provide not only uncertainty intervals for the unknown
parameter at the times the measurements are observed, but
also looser intervals for the parameter at subsequent times
via interval propagation. Concretely, the interval limits for
a given measurementmk,t are not considered as simple
random variables, but as stochastic processes which, at each
time t′, provide an interval[i−k,t(t

′), i+k,t(t
′)] for θ̄t′ . For t ≥ 1

and k = 1, ..., nt, the limits of the interval placed around a
measurementmk,t are given by

i∓k,t(t) = mk,t ∓ a∓k,t, (10)

while the procedure ofinterval propagationto a timet′ ≥ t
is modelled by an equation of the type

i∓k,t(t
′) = i∓k,t(t) ∓ p∓k,t(t

′), (11)

where (p∓k,t) is a time series which specifies a propagation
rule for the limits of thekth interval observed at timet. In
this study, the sequence(p∓k,t) is supposed independent of the
parameter̄θt. Note that the quantityp∓k,t(t) is always0 for
all k andt. If the vector of input intervals collected since the
initial time and propagated tot is represented by

It = (i1,1(t), ..., in1,1(t), . . . , i1,t(t), ..., int,t(t)), (12)

the infinite memory algorithm will give as outputsFf(t)
Nt

(It)

or Mf(t)
Nt

(It), depending on which interval function is used.
We write

θ̂t = X f(t)
Nt

(It), (13)

whereX is generic forF or M, and f(t) is a given fault-
tolerance policy. The full algorithm is described in Table I. If,
for t ≥ 1, the sets of propagation parameters are defined by

Pt = {(p−k,t, p
+
k,t)}nt

k=1, (14)

the specifications of the dynamic estimation algorithm from
times 1 to t can be summarised by the dynamic set of
specifications

Ut = {(Uj,Ωj , Pj)}t
j=1. (15)

Eq. (8) can be rewritten in terms of interval limits as

Pr(i∓k,t(t) − θ̄t ≤ θ) = Fk,t(θ ± a∓k,t). (16)
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TABLE I

INTERVAL PROPAGATION ALGORITHM (CFT, CP)WITH X = F ,M.

t← 1
Repeat:

Observeik,t, k = 1, ..., nt.
i∓
k,t

(t)← i∓
k,t

, k = 1, ..., nt.

It ← (i∓1,1(t), ..., i∓n1,1(t), . . . , i
∓
1,t(t), ..., i

∓
nt,t(t))

θ̂t ← X f(t)
Nt

(It)

t← t + 1

i∓k,j(t)← i∓k,j(j)∓ p∓k,j(t), j = 1, ..., t− 1, k = 1, ..., nj .

Using successively Eq. (11) and Eq. (7), one finds the distri-
bution functions of the limits of intervalik,t at time t′ with
respect to the current valuēθt′ of the unknown parameter:

Pr(i∓k,t(t
′) − θ̄t ≤ θ) = Fk,t(θ ± a∓k,t ± p∓k,t(t

′)), (17)

Pr(i∓k,t(t
′)−θ̄t′ ≤θ)=(Fk,t∗Ωt+1∗...∗Ωt′)(θ±a∓k,t±p∓k,t(t

′)).
(18)

Following the ideas of [8], the fault-tolerant interval func-
tions Ff

n and Mf
n can be seen as functionals, applied to

(combinations of) theempirical distributions functionsof the
limits of the input intervals. The asymptotic limits of these
empirical distribution functions for large sample sets are given
by the mean distribution functions of the interval limits with
respect tōθt. Themean distribution functions at timet of the
lower and upper interval limits are defined as

F∓
Ut

(θ)=
1

Nt

t
∑

j=1

nj
∑

k=1

Pr(i∓k,j(t) − θ̄t ≤ θ), (19)

where

Nt =

t
∑

j=1

nj (20)

is the total number, after propagation, of intervals for the
stateθ̄t at time t. From Eq. (11), we find

F∓
Ut

(θ) =
1

Nt

t
∑

j=1

nj
∑

k=1

(Fk,j ∗Ωj+1∗ ...∗Ωt)(θ±a∓k,j±p∓k,j(t)).

(21)
Moreover, themean proportionof (propagated) input intervals
containing a point at a distanceθ from θ̄t is given by

F δ
Ut

(θ) = F−
Ut

(θ) − F+
Ut

(θ). (22)

When the functionsF−
U (θ), F+

U (θ) andF δ
U (θ) are differen-

tiable, their derivatives are denoted by

f∓
Ut

(θ)=
d

dθ
F∓
Ut

(θ), f δ
Ut

(θ)=
d

dθ
F δ
Ut

(θ). (23)

The model presented in Eq. (11) is appropriate in particular
when the variations of the parameter are limited by constraints,
and bounds on these variations are available. Then the prop-
agation model can be derived directly from these constraints
using interval arithmetic, by loosening the initial limits of the
input intervals to the maximum tolerated by the propagation
constraints. Since the bounds on the variations are supposed to

be safe and conservative, the reliability of the intervals remains
unaffected after propagation. This approach is thus particularly
suitable in the worst-case setting of safety-critical applications.
As an example, we cite the case when a definite speed range
is provided in the problem of estimation of the position of a
mobile, or acceleration bounds for the estimation of a speed
parameter. In addition, or in the absence of direct bounds on
the variations of the unknown parameter, bounds of highest
orders may be taken into account, e.g. physical constraints on
the acceleration for position estimation, or bounds on the jerk
for speed estimation. These physical limitations are used, for
instance, by onboard train positioning systems which rely on
odometry algorithms based on a particular application of the
functionFf

n with parametersn=3 andf=1 [8].
The simplest propagation model consists of shifting, at

each stept of the sequence, the limits of all the past input
intervals by a same valueD∓(t). It is equivalent to rewrite
the propagation rule (11), for1 ≤ j ≤ t andk = 1, ..., nj, as

p∓k,j(t+ 1) = p∓k,j(t) +D∓(t+ 1). (24)

In this particular case, the mean distribution functions can be
derived recursively and Eq. (21) becomes

F∓
Ut

(θ)=
1

Nt
[Nt−1(F

∓
Ut−1

∗Ωt)(θ±D∓(t))+

nt
∑

k=1

Fk,t(θ±a∓k,t)].

(25)
It may also be possible, when the propagation constraints
can not be guaranteed with probability1, to assign reliability
values to the variation bounds. The reliability after propagation
of a given input interval is then affected accordingly, and
vanishes with time. The reliability aspects of the fault-tolerant
interval functions when applied to dynamic systems go beyond
the scope of this study, more focused on the precision issues,
and are left to future work. In the rest of this study, we
consider, for convenience, that the sequences of parameters
are constant over time. In other words, we set, for allt ≥ 1,

nt = n, Fk,t = Fk, a
−
k,t = a−k , anda+

k,t = a+
k . (26)

Thus we haveNt = tn, and the parameter sequence becomes

Ut = {(Fk, a
−
k , a

+
k )}n

k=1 = U, (27)

for t ≥ 1. Under the above assumptions, Eq. (21) reduces to

F∓
Ut

(θ) =
1

t

t
∑

j=1

(F∓
U ∗ Ωj+1 ∗ ... ∗ Ωt)(θ ± p∓k,j(t)), (28)

where the static mean distributionsF∓
U are given by [8]

F∓
U (θ) =

1

n

n
∑

k=1

Fk(θ ± a∓k ). (29)

Finally, under Eqs. (24,26), Eq. (28) becomes

F∓
Ut

(θ) =
1

t
[(t− 1)(F∓

Ut−1
∗Ωt)(θ±D∓(t)) +F∓

U (θ)]. (30)
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B. Large-sample properties and linear approximations

Before discussing the large-sample properties of the fault-
tolerant interval functions, it is useful to introduce the oper-
ator T∓ which, to all x, assignsT∓(x) = 1

2 ∓ (1
2 − x), and

the functionalsθ−λ andθ+λ , respectively defined in [8] as

θ−λ (F ) = sup{−∞, θ|F (θ) ≤ 1 − λ}, (31)

θ+λ (F ) = inf{+∞, θ|F (θ) ≥ λ}, (32)

for any functionF on ℜ. The algorithm described in Table I
is first considered withX = F . Suppose now that, at each
time t′, the procedure of observation of then input intervals
is repeatedτ times. The total number of intervals collected up
to time t then amounts toτNt = τtn. When the observation
of all the input intervals is repeated an infinite number of
times, the empirical distribution functions formed from the
limits of the elements ofIt converge in terms of distance to
the mean distributions defined in Eq. (19) [12]. Also, for a
given value of the ratioλ(t) = f(t)/Nt, and under certain
regularity conditions given in [8], the limits of̂θt prove to be
asymptotically normal. One indeed shows that, whenτ → ∞,
the quantity

√
τn(Ff(t)

τNt
(It) − θ∓λ(t)(F

∓
Ut

)) converges in law to
the normal distributionN(0,Σ∓

Ut,t
(λ)), whereθ∓λ(t)(F

∓
Ut

) are
the asymptotic values of the interval limits andΣ∓

Ut,t
(λ) the

asymptotic variances. Moreover, the lower and upper limits
of θ̂t can be linearized at their large-sample values. The linear
approximations for these interval limits are

θ̃∓t = θ∓λ(t)(F
∓
Ut

) +
t

∑

j=1

n
∑

k=1

Ψ∓
Ut,t

(λ(t), i∓k,j(t)), (33)

where

Ψ∓
Ut,t

(λ, θ) =
ψ∓

λ (θ − θ∓λ (F∓
Ut

))

2 f∓
Ut

(θ∓λ (F∓
Ut

))
(34)

are the twoinfluence curvesof the interval limits ofθ̂t, defined
as the first derivatives of these interval limits regarded as
functionals. Concretely, the influence curves give the variations
of the asymptotic values of the interval limits caused by
infinitesimal deviations of the mean distributions (19). The
concept of influence curve of an estimator (also known as
the Fréchet or Gâteaux derivative) was first proposed by
F.R. Hampel in [13] and [14]. The positions of the limits of the
propagated intervals are positively correlated due to the biases
caused by the process noise. Therefore, finding an expression
for the asymptotic variances of the limits ofθ̂t, defined by

Σ∓
Ut,t

(λ(t)) = E[
1

tn

t
∑

j=1

n
∑

k=1

Ψ∓
Ut,t

(λ(t), i∓k,j(t))
2], (35)

is not as straightforward as in the static case [8].
The asymptotic normality property holds for the limits

of Mf(t)
Nt

as well. If we setX = M, the approximations for
the lower and upper limits of̂θt by linearization at their large

sample valuesθ∓λ(t)(T
∓(F δ

Ut
)) are

θ̃∓t = θ∓λ(t)(T
∓(F δ

Ut
)) +

t
∑

j=1

n
∑

k=1

Φ−
Ut,t

(λ(t), i−k,j(t), i
+
k,j(t)),

(36)
whereθ∓λ(t)(T

∓(F δ
Ut

)) are the asymptotic limits and

Φ∓
Ut,t(λ, θ

−, θ+) =
φλ(θ−, θ+, θ∓λ (T∓(F δ

Ut
)))

f δ
Ut

(θ∓λ (T∓(F δ
Ut

)))
, (37)

is the influence curve. Finally, the asymptotic variances of the
limits of Mf(t)

Nt
are given by

Γ∓
Ut,t

(λ(t))=E[
1

tn

t
∑

j=1

n
∑

k=1

Φ−
Ut,t

(λ(t), i−k,j(t), i
+
k,j(t))

2]. (38)

It should be noted that the interval functions depicted
in Eqs. (33,36) take their values in finite sets oftn elements.
We refer the interested reader to [8] and [12] for a detailed
proof of the asymptotic normality of the limits of the fault-
tolerant interval functions. Two strategies of sequential interval
estimation are now considered. The first strategy assumes
that the policyf(t) remains constant. Sec. III-C studies the
precision that can be expected using a constant fault-tolerance
policy. Next, Sec. III-D presents a strategy that aims at
monitoring the precision over time by adapting the policyf(t).

C. Constant fault-tolerance strategy (CFT)

The first strategy that comes to mind intends to keep the
the policy f(t) constant and equal to a given tolerancef0.
Hence in this section, we set

f(t) = f0 andλ(t) =
f0
tn
. (39)

According to [8], there exists a critical value of the tolerance
ratio below which the asymptotic value of a static fault-
tolerant interval function is the empty interval. The critical
ratio sequences of the functionsFf

n and Mf
n at time t are

respectively given by

λ∗Ut
= inf{λ : θ−λ (F−

Ut
) < θ+λ (F+

Ut
)}, (40)

λ⋆
Ut

= inf{λ : θ−λ (F δ
Ut

) < θ+λ (1 − F δ
Ut

)}. (41)

with λ∗Ut
≤λ⋆

Ut
for all t. The design of the algorithm of Table I

with sequences of ratiosλ(t) smaller than the critical ratios
must be avoided to guarantee sufficient availability (see also
Fig. 2). Whent→ ∞, we have a stationary behaviour forλ∗Ut

andλ⋆
Ut

if the series of functions

t
∑

j=1

T±(F∓
U ∗ Ωj+1 ∗ ... ∗ Ωt)(θ ± p∓k,j(t))) (42)

converges in allθ. The convergence of Eq. (42) is a necessary
condition to avoid a gradual vanishing of the lengths of
the issued intervals, and the systematic generation of empty
intervals after some time. Although convergence can not be
guaranteed in general (especially in the case of heavy-tailed
distributions), it can be shown that the series is convergent in
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Fig. 2. Graphic determination ofx∓
λ

= θ∓
λ

(F∓
Ut

) andy∓
λ

= θ∓
λ

(T∓(F δ
Ut

)).
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θθ−

the case when Gaussian processes are used with the propa-
gation model of Eq. (24) and the various parameters of the
system remain constant over time. This can be verified easily
by successively applying theratio test and l’Hospital rule to
the terms of Eq. (42). On the other hand, Eq. (42) is clearly
divergent when the systems are modelled by heavy-tailed
processes like, for instance, Cauchy-Lorentz distributions.

In the case of non-convergence of Eq. (42), or if the
sequence ratiosλ(t) in stationary regime falls below the
critical ratios given in Eqs. (40,41), the lengths of the interval
functions vanish to0 with time. It is then necessary to adopt a
different strategy which would ensure thatλ(t) never reaches
the critical threshold. This is the object of the next section.

D. Constant precision strategy (CP)

The aim of this section is to show how the availability issues
met by theconstant fault-tolerancestrategy can be avoided if
the fault-tolerance sequencef(t) is adapted to monitor the
expected precision of the interval functions. We propose to
use the algorithm of Table I with the sequence of ratios

f(t) = Nt⌈1 − min(F−
Ut

(−∆−), F+
Ut

(∆+))⌉, (43)

where∆∓ are arbitrary positive constants. Eq. (43) is an open-
loop policy which guarantees the availability of the interval
estimator by leaving the asymptotic limits of̂θt outside the
intervals[θ̄t−∆−, θ̄t+∆+]. The resulting algorithm provides
precisely the same results as the GOMNE algorithm proposed
in [6], which has the property to provide the set of points of
the parameter space that are compatible with at leastn − f
measurement intervals, and can thus be seen as a practical im-
plementation of an extension to multi-dimensional parameters
of the interval functionMf

n. The difference between the two
methods is that the algorithm presented in this section allows
to predict the expected precision (symbolised by∆∓), and
reliability (function ofNt andf(t)) of the final intervals, and
offers guarantees on the availability of the estimator, while
GOMNE can not certify at the same time the precision and
the reliability of the results, as explained in the introduction.

IV. I NTERMEDIATE RESULT PROPAGATION

This section proposes a sequential, sub-optimal version of
the algorithm of Table I. The basic idea of sequential interval
estimation is that only the result̂θt of the interval function
at a timet is propagated to the next step, and processed at

time t + 1 as an additional argumenṫθt+1 of the interval
function. Thesequentialalgorithm (S), depicted in Table II,
follows theprediction-correctionscheme

Prediction: θ̇∓t = θ̂∓t−1 ∓D∓(t) (44)

Correction: θ̂t = X f(t)
nt+1(i1,t, ..., int,t, θ̇t) (45)

for t ≥ 2, where X is generic for F or M, and the
function D∓ specifies a propagation rule for the limits of
the estimateŝθt. It is not easy to analytically derive the
distribution functions of the limits of the intervals provided by
the interval functions. Instead, an approximate expression for
the mean distributionF∓

Ut
, can be found using the distribution

functionsG̃∓
Ut

of the lower and upper limits of the discrete-
valued linear functionals̃θ∓t−1 propagated to timet. The
approximate mean distributionsare given by the recursion

F̃∓
U1

(θ) = 1
n1

∑n1

k=1 Fk,1(θ ± a∓k,1),

F̃∓
Ut

(θ) = 1
nt+1

∑nt

k=1[Fk,t(θ ± a∓k,t)

+(G̃∓
Ut−1

∗ Ωt)(θ ± p∓k,t−1(t))], t ≥ 2.

(46)

For t ≥ 1, the corresponding proportion of intervals containing
a valueθ is

F̃ δ
Ut

(θ) = F̃−
Ut

(θ) − F̃+
Ut

(θ). (47)

It should be noted that, depending on the probability distri-
butions of the process noise, the discrete nature ofG̃∓

Ut
may

cause the functions̃F∓
Ut

and F̃ δ
Ut

to present discontinuities,
and their derivatives, respectively denoted byf̃∓

Ut
and f̃ δ

Ut
, to

be infinite for some values. The expression forG̃∓
Ut

can be
derived easily from the definition of̃θ∓t . One finds

G̃∓
Ut

(θ) =

nt
∑

j=0

(

nt

j

)

λ(t)j(1 − λ(t))nt−jδ
(

θ −A∓
j (λ(t))

)

,

(48)
whereδ is the Kronecker delta, andA∓

j stands for

A∓
j (λ)=

∣

∣

∣

∣

∣

∣

θ∓λ (F̃∓
Ut

) ∓ ntλ−j

f̃∓
Ut

(θ∓
λ

(F̃∓
Ut

))
if X =F

θ∓λ (T∓(F̃ δ
Ut

))− ntλ−j

f̃δ
Ut

(θ∓
λ

(T∓(F̃ δ
Ut

)))
if X =M.

(49)

The approximate expressions for the linear functionals, the
influence curves, and the asymptotic variances are obtained
by substituting the functions̃F∓

Ut
andF̃ δ

Ut
and their derivatives

in Eqs. (33,34,35) and Eqs. (36,37,38) with the corresponding
approximations. Expressions for the asymptotic variances ofθ̂t

computed on the approximate mean distributions are given by

Σ̃∓
Ut,t

(λ(t)) = λ(n)(1−λ(n))

f̃∓
Ut

(θ∓
λ

(F̃∓
Ut

))2
, (50)

Γ̃∓
Ut,t

(λ(t)) = λ(t)(1−λ(t))

f̃δ
Ut

(θ∓
λ(t)

(T∓(F̃ δ
Ut

)))2
. (51)

V. TESTS

To illustrate the issues inherent in causal interval estimation,
the three algorithms (CP, CFT, S) presented in this study are
tested with two types of probability distribution functions,
namely the Gaussian distributions, and the (heavy-tailed)
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TABLE II

SEQUENTIAL ALGORITHM (S) WITH X = F ,M.

t← 1
Observeik,1, k = 1, ..., n1

θ̂1 ← X f(1)
n1 (i1,1, ..., in1,1)

Repeat:
t← t + 1

θ̇∓t ← θ̂∓t−1 ∓D∓(t) (Prediction)
Observeik,t, k = 1, ..., nt

θ̂t ← X f(t)
nt+1(i1,t, ..., int,t, θ̇t) (Correction)

Cauchy-Lorentz distributions1. The system is modelled
by Eq. (7) and the process noise by Gaussian variables fol-
lowing ΦG

0,σ (respectively, Cauchy variables followingΦC
0,γ).

Observation is done through5 identical, independent sensors
(n = 5). For each sensor, the measurement errors are equally
distributed according to the centered Gauss (resp. Cauchy)
distributionsΦG

0,5σ (ΦC
0,5γ). The dimensions of all the input

intervals are chosen such that the risk that they do not
contain θ̄t is alwaysα, and the propagation rule so that this
risk remains unchanged after propagation of the intervals.
Exploiting the full knowledge of the dynamics of the system,
the sequencesp∓k,t, identical for allk, are built on the smallest
couples(p−k,t(t

′), p+
k,t(t

′)) solutions of

Pr(i−k,t(t
′) ≤ θ̄t′ ≤ i+k,t(t

′)) = α, (54)

where an expression of the first member of the equation
in function of p−k,t(t

′) and p+
k,t(t

′) can be obtained for
eacht′ ≥ t by subtracting the expressions given by Eq. (18)
for Pr(i−k,t(t

′) − θ̄t′ ≤ 0) andPr(i+k,t(t
′) − θ̄t′ ≤ 0). The risk

of error α of the input intervals is set to10%, and the
parametersa∓k andp∓k,t computed accordingly. The algorithms
CP and CFT, described in Table I, differ only in their
fault-tolerance policies. The tolerance of the constant fault-
tolerance algorithm (CFT) is set tof0 = 2. The policy f(t)
of the constant precision algorithm (CP) is computed us-
ing Eq. (43) with∆∓ = β θ∓s , whereβ is a constant scale fac-
tor andθ∓s = θ∓f0/n

(F∓
U1

) are the asymptotic limits of thestatic
interval estimator. The sequential algorithm (S), described in
Table II, is used with the constant policyf(t) = f0 and the
propagation ruleD∓(t) = p∓k,t−1(t), for t≥2.

Fig. 3 displays the results obtained, when the system is
modelled with the Gaussian variables, for the lower interval
limits θ̂−t after 300 simulations of the first 15 iterations of the
algorithms used with the functionF . The asymptotic values of
the lower limits of the interval estimators are represented by
circles. One sees that the availability of the CFT-estimator is
quickly affected by the growing tendency of the lower interval

1The probability distributions of a Gaussian distribution with meanµ and
standard deviationσ, and of a Cauchy distribution with meanµ and scale
parameterγ are respectively given by

ΦG
µ,σ(θ) =

1

2

(

1 + erf
θ − µ√

2σ

)

, (52)

ΦC
µ,γ(θ) =

1

2
+

1

π
arctan

(

θ − µ

γ

)

. (53)

Fig. 3. Lower limits of CFT (black), CP (β=1/2, red) and S (blue) using
the functionF and Gauss variables, withn=5 andf0 =2.
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TABLE III

AVAILABILITY AND RELIABILITY (GAUSS, n = 5, f0 = 2, β = 1).

t 1 2 3 5 10 20 50

fe
CFTF 0 0.00031 0.00311 0.03619 0.30950 0.77295 0.97488

fe
CPF 0 0 0 0 0 0 0

fe
SF 0 0 0 0 0 0 0

fe
CFTM 0 0.00399 0.02790 0.15927 0.59807 0.92396 0.99527

fe
CPM 0 0 0 0 0 0 0

fe
SM 0 0.00002 0.00004 0.00002 0.00002 0.00002 0.00004

fo
CFTF 0.00232 0.02530 0.08196 0.27637 0.71507 0.95112 0.99691

fo
CPF 0.00232 0.00026 0.00005 0.00001 0.00023 0.00684 0.06690

fo
SF 0.00232 0.00234 0.00226 0.00264 0.00256 0.00211 0.00253

fo
CFTM 0.00339 0.04522 0.14462 0.41487 0.84036 0.98312 0.99940

fo
CPM 0.00339 0.00050 0.00007 0.00002 0.00034 0.00765 0.07040

fo
SM 0.00339 0.00367 0.00351 0.00393 0.00382 0.00337 0.00376

limits to exceed̄θt, the asymptotic value of the CFT-estimator
being the empty interval fort>8. When the parameterβ is set
to 1/2, the CP-estimator, however, remains distributed halfway
betweenθ̄t and the static asymptotic interval limitsθ∓s . One
also notes that, in comparison with the static expectationsθ∓s ,
the algorithm S leads to an improvement and stabilisation of
the expected precision after a few iterations. Table III displays
the frequencies of empty intervals (fe) and the frequencies
of faults (fo) collected, after 100 000 simulations, for the
various estimators used with the Gaussian model, the interval
functionsF andM, andβ=1. It can be seen that the CP- and
S-estimators keep the risk of empty intervals marginally small,
unlike the CFT-estimator, which becomes unavailable after a
few time iterations. Table IV shows the results obtained when
the same simulations are performed on the system modelled
with the Cauchy variables. The main difference with Table III
is the uncontrolled increase of the risks of empty intervals and
errors for the algorithm CP, which this time fails to ensure
the availability of the estimates. This difference is a direct
consequence of the evolution of the fault-tolerance policies,
which strongly depends on the natures of the probability
distributions and is illustrated in Fig 4. One clearly sees that,
in the present problem, the fault-tolerance grows much slower
in the case of the Cauchy variables. As a consequence, the
gain in reliability caused by the increased rarity of the critical
faults is dominated by the growing cardinality of these critical
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TABLE IV

AVAILABILITY AND RELIABILITY (CAUCHY , n = 5, f0 = 2, β = 1).

t 1 2 3 5 10 20 50

fe
CFTF 0 0.01278 0.03151 0.08371 0.25020 0.51929 0.82509

fe
CPF 0 0.00822 0.01446 0.01980 0.04495 0.07633 0.11545

fe
SF 0 0.00021 0.00025 0.00023 0.00023 0.00027 0.00014

fe
CFTM 0.00161 0.03038 0.07966 0.20466 0.48192 0.75602 0.94199

fe
CPM 0.00161 0.01150 0.01898 0.03108 0.05916 0.09506 0.13594

fe
SM 0.00161 0.00172 0.00173 0.00163 0.00183 0.00174 0.00183

fo
CFTF 0.00239 0.03579 0.08265 0.18882 0.41886 0.68032 0.89978

fo
CPF 0.00239 0.01717 0.02879 0.04859 0.08597 0.13192 0.18248

fo
SF 0.00239 0.00262 0.00267 0.00304 0.00275 0.00254 0.00274

fo
CFTM 0.00706 0.06755 0.15324 0.32613 0.61672 0.84380 0.96762

fo
CPM 0.00706 0.02345 0.03475 0.05947 0.09802 0.14176 0.18891

fo
SM 0.00706 0.00724 0.00722 0.00757 0.00774 0.00730 0.00751

Fig. 4. Nt (◦), f0 (·), and constant-precision policiesf(t) with Gauss (×)
and Cauchy (∗) processes (n = 5, f0 = 2, β = 1).
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faults. This statement could be predicted using, for instance,
the results of [15], where safe reliability bounds are derived for
the fault-tolerant interval functions. Although reliability issues
are beyond the scope of this paper and left to future research,
it is interesting to note that the results of Tables III and IV
point out the strong relation existing between reliability and
availability, and prove that reliability matters should also be
taken into consideration in the design of fault-tolerant interval
estimators.

VI. CONCLUSION AND FUTURE WORK

This work was dedicated to the study the problem of the
fault-tolerant estimation of random walk processes. Two solu-
tions using the fault-tolerant interval functions of K. Marzullo
[9] and U. Schmid [10] were proposed. The first algorithm,
relying on the propagation of all the measurement intervals,
was presented as a variant of the GOMNE algorithm suggested
in [6], and the second algorithm as a fault-tolerant version of
the prediction-correction interval estimator proposed in [5].
It also was shown and discussed how, when probability
distributions were specified for the variables of the system,
the performances of these algorithms could be predicted and
monitored from the robust estimator properties of the fault-
tolerant interval functions [8]. These developments could
easily be extended, by introduction of efficient set inversion
and constraint propagation techniques, to multidimentional
systems with linear state space models. If the functionF
is only defined in the one-dimensional case, the functionM

naturally extends to multidimensionality, and can be redefined
more generally as thefault-tolerant constraint functionwhich,
to a given set ofn constraints, associates the set of all the
state space values that are consistent with at leastn − f of
these constraints. When the system presents nonlinearities, the
stochastic properties of the interval estimators can no longer
be derived independently from the actual value of the unknown
process. In that case, it might be necessary to resort to nonlin-
ear distribution estimators such as particle filters and Monte
Carlo methods, which may prove, however, to be resource-
consuming and less robust to modelling uncertainties than the
linear approximation functionals of the robust estimators [12].
These issues are left to future work.
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