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Abstract—This paper aims at illustrating some applications of
Finite Random Set (FRS) theory to the design and analysis of
wireless communication receivers, and at pointing out similarities
and differences between this scenario and that pertaining to
multi-target tracking, where the use of FRS has been tradition-
ally advocated. Two case studies are considered, i.e., multiuser
detection in a dynamic environment, and multicarrier (OFDM)
transmission on a frequency-selective channel. Detector design
and performance evaluation are discussed, along with the ad-
vantages of importing FRS-based estimation techniques to the
context of wireless communications.

Keywords: Wireless Communications, FISST, Random Set
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I. I NTRODUCTION

A key problem in wireless communications consists of
detecting information data transmitted by multiple users on a
common channel. Often, information retrieval at the receiver
must be undertaken under partial knowledge of the channel
state (the “channel state information,” CSI) and/or under
time-varying signal propagation conditions. For example, the
quality of uplink transmission in a Code-Division Multiple
Access (CDMA) wireless network may be severely limited
by cochannel interference among the users accessing the
channel, unless Multiuser Detection (MUD) is undertaken at
the base station [1]. On the other hand, the number and
the identities of active users, as well as the parameters of
the channel linking them to the base station, may vary with
time, a situation in which any multiuser receiver assuming
activity of all potential users falls short from offering the best
achievable performance. In such situation, one thing that can
be done to avoid working under the simplistic (and dangerous)
assumption that all users are simultaneously active is to sense
the channel first, detect active users, and then proceed to
information retrieval, thus splitting into two different phases
a detection/estimation procedure that should be in principle
performed in a single step. In a different context, a point-to-
point wide-band communication scheme, such as, e.g., one
employing a Single-Input Single-Output (SISO) Orthogonal
Frequency Division Multiplexing (OFDM) format, may be
faced with frequency-selective fading, whereby the receiver
observes a number of delayed and attenuated copies of the
transmitted signal, the number, the amplitudes, and the lo-
cations on the time axis of these replicas being themselves

time-varying. Further examples can also be found in Multiple-
Input Multiple-Output (MIMO) systems, where the impulse
response of the matrix channel linking each transmit antenna
to each receive antenna may be inaccurately known and/or
time-varying.

In all of the above situations, the resulting joint detec-
tion/estimation problem can be reduced to that of locating
and/or estimating the parameters of an unknown number of
objects based upon observations available at the receiver.
This makes such problem inherently analogous to that of
detecting and tracking an unknown and time-varying number
of targets: thus, for its solution it appears natural to borrow
analytical tools from Finite Random Set (FRS) and FInite Set
STatistics (FISST), which yield an appropriate methodology
for multitarget multisensor fusion [2], [3] and to adapt them to
wireless communications scenarios as those described above.

The aim of this paper is to illustrate how FRS theory
can be successfully applied to the solution of a number of
problems of relevant practical interest for communications.
We are especially interested in highlighting the peculiarities
of these problems vis-à-vis similar problems in multitarget
detection. Here we examine two problems, i.e., MUD in a
dynamic environment and channel estimation for an OFDM
SISO system: in both cases the nature of the problem suggests
the introduction of anad hoc random-set estimator, named
GMAP-III to recall the “classical” GMAP-I and GMAP-II
of [2], [3], which appears to offer distinctly better perfor-
mances than previously known estimators.

The rest of the paper is organized as follows: next section
briefly reviews some concepts of FRS, as well as the problem
of set estimation. Section III considers user identification and
parameter estimation in a dynamic CDMA network, while
Section IV is devoted to channel estimation and tracking for
an OFDM system. Concluding remarks and hints for further
developments form the object of Section V.

II. RANDOM-SET-THEORETIC MODELS

For the purpose of stipulating notational conventions, we
recall that an FRSX is the map

X : Ω −→ F(S) (1)

whereΩ is a sample space, andF(S) is the collection of all
closed finite subsets of a spaceS endowed with a suitable
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topology [2]. In our applications, the spaceS is product of
a discrete finite space, denotedU, and thed-dimensional
Euclidean spaceV = Rd, and is endowed with a product
probability measure1 The FRSX can be characterized through
its belief function, defined, for anyC ⊆ S, as:

βX(C) = Pr{X ⊆ C} (2)

whereC is the complement ofC in S. The belief density of
the random setX can thus be defined as the set derivative of
the belief measure, i.e.:

fX(Z) =
δβX(C)

δZ

∣∣∣∣
C=∅

(3)

The definition of set integrals yields the following relationship
between belief densities and belief functions:

βX(C) =

∫

C

fX(Z) δZ (4)

With these concepts in mind, consider a wireless commu-
nication system, where a single receiver collects observations
yt ∈ CN at the discrete epochst ∈ T = {1, . . . , T} ⊆ N. A
standard model for the observations is

yt = h(Xt) + wt , t ∈ T (5)

whereh(·) is a deterministic vector-valued set function, and
wt is a complex white Gaussian random vector with zero mean
and covariance2N0IN . As to Xt, it represents the random
set whose elements are the unknown system parameters and
data, whose time evolution must be tracked. For example, if
|Xt| = M , a realization ofXt is:

Xt =

{(
u

(1)
t

v
(1)
t

)
, . . . ,

(
u

(M)
t

v
(M)
t

)}
(6)

with u
(i)
t ∈ U andv

(i)
t ∈ V. It is important to observe that, in

our problems, each object of interest has its own and unique
identity, so thatu(i)

t 6= u
(j)
t ∀ i 6= j. This assumption, which

is crucial in the applications we are describing, does belong
in multitarget tracking, wherein the discrete elements typically
describe the target type and/or threat level and are assumed
independent and identically distributed. In the scenario we
consider, instead, the probability measure onU is not a product
measure. Moreover, denotingπ(Xt) the projection ofXt onto
U, and byπ′(Xt) its projection ontoV, we have:

|π(Xt)| = |Xt| (7)

which is generally not true in situations where the discrete
components of the objects of interest are allowed to coincide.
Notice finally that, under condition (7) the setXt can be
equivalently described through the set pairπ(Xt) andπ′(Xt).

The quantity allowing us to define a causal estimator of the
FRSXt is the posterior density

fXt|y1:t
(Xt|y1:t) (8)

1i.e., the measure onS is the product of a measure onU and a measure on
V.

where the shorthand notationy1:t has been adopted to denote
all of the observations available up to timet. If the FRS
Xt evolves as a Markov sequence, then (8) can be evaluated
through Bayes recursions, i.e.:

f(Xt|y1:t−1) =

∫
f(Xt−1|y1:t−1)f(Xt|Xt−1) δXt−1

fXt|y1:t
(Xt|y1:t) ∝ f(Xt|y1:t−1)f(yt|Xt) (9)

Once the posterior (8) is available, estimates ofXt could
be in principle obtained through the customary Bayesian FRS
estimators [3]

{
n̂t , argmaxn fnt|Y1:t

(n | y1:t)

X̂t , argmax:|X|=n̂t
fXt|Y1:t

(X|y1:t)
(10)

and

X̂t , arg max
X

fXt|Y1:t
(X | y1:t)

c|X|

|X|!
(11)

also known as GMAP-I and GMAP-II, respectively. In (10)
the posterior density of the cardinality of the random set is

fnt|Y1:t
(n | y1:t) =

∫

|X|=n

fXt|Y1:t
(X | y1:t) δX (12)

while, in (11),c represents a small constant.
If, as in this paper, condition (7) holds, a new class of set

estimators can be defined which, albeit not strictly Bayesian
(at least in a nonasymptotic regime), lead to a two-step
estimation procedure:π(Xt) is estimated first, and the result
is subsequently used to estimateπ′(Xt). The key point here
is that, under (7), we have:

f(Xt|y1:t) = f(π(Xt), π
′(Xt)|y1:t) (13)

Consider now the Bayes risk:

R =
T∑

t=1

E

[
C(Xt, X̂t)

]
(14)

where

C(Xt, X̂t) =

{
Q π(Xt) 6= π(X̂t)

g(π′(Xt), π
′(X̂t)) π(Xt) = π(X̂t)

(15)

The causal optimum estimator for the family (15) minimizes,
at each epocht, the conditional risk

Q Pr
{

π(Xt) 6= π(X̂t)
∣∣∣y1:t

}
+ Pr

{
π(Xt) = π(X̂t)

∣∣∣y1:t

}

E

[
g(π′(Xt), π

′(X̂t))
∣∣∣y1:t, π(Xt) = π(X̂t)

]

(16)
showing that the estimates ofπ(Xt) andπ′(Xt) are inherently
coupled. However, for largeQ (i.e., as errors on the discrete
part, containing the object identities, are weighted much more
than the errors on the continuous parts), the two estimates
tend to decouple. As a consequence, we have a family of two-
step estimators (referred to as GMAP-III in the sequel), which
minimize the two summands in (16) separately. Precisely,
defining

f(π(Xt)|y1:t) =

∫

V

f(Xt|y1:t) δπ′(Xt) (17)
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an estimate ofπ(Xt) can be obtained as:

π(X̂t) = arg max f(π(Xt)|y1:t) (18)

which minimizesPr
{

π(Xt) 6= π(X̂t)
∣∣∣y1:t

}
. We finally ob-

tain:

π′(X̂t) = argmin

∫
g(π′(Xt), π

′(X̂t))×

f(π(X̂t), π
′(Xt)|y1:t) δπ′(Xt)

(19)

Assume now that the evolution of the FRSXt follows a
death-and-birth law, i.e.:

Xt = St ∪ Bt (20)

whereSt contains the objects surviving fromt−1 into t, while
Bt contains the newly born objects. Assume also that objects
may persist, die, or be born independently of each other: for
persisting objects, the continuous parts are independent of each
other, and are modeled as Markov random processes with
known pdf.

With the above assumptions, it can be easily verified that:

(a) The FRS’sSt andBt are conditionally independent
of each other, givenXt−1.

(b) Since no object is allowed to migrate from the set
π(Xt−1) to the set of newly born users, the condition
π(Bt) ∩ π(Xt−1) = ∅ holds.

(c) The survivors are necessarily a subset of the objects
active att − 1.

The above conditions, once generalized convolution between
fSt|Xt−1

(·|·) and fBt|Xt−1
(·|·) is computed [2], yield the

required belief densityfXt|Xt−1
(·|·) to be used in Bayes

recursions (9).

III. M ULTIUSER DETECTION IN DYNAMIC ENVIRONMENT

The scenario considered here is, as presented in [4] and [5],
that of a multiple-access channel with an unknown and time-
varying number of active users, whose parameters may also be
time-varying. Each user is assigned a spreading code of length
N , which also represents the maximum number of users. A
(random) multiuser set can thus be defined as

Xt = ∪N
k=1X

(k)
t (21)

whereX
(k)
t is the singleton-or-empty set:

X
(k)
t =

{
[k, d

(k)
t ,v

(k)
t ]T If user k is active

∅ If user k is silent
(22)

In previous equation,k is a label associated with the user
identity, d

(k)
t is the symbol transmitted at epocht by userk,

taking on values in a given source alphabetM, while v
(k)
t is a

set ofd random parameters, depending on the prior uncertainty
on the propagation channel. We say that the system is in a
training phase when the datumd(k)

t is deterministic and known
to the receiver. From now on we assume prior knowledge of:

(a) The transition densityf
d
(k)
t |d

(k)
t−1

(·|·): notice that for
memoryless sources this coincides with the marginal
data density.

(b) The transition densityf
v

(k)
t |v

(k)
t−1

(·|·) of the Markov

processv(k)
t .

(c) The prior probabilityν that a user survives fromt−1
into t.

(d) The prior probabilityα that a new user is born att.

Notice that, with the above assumptions, the spaceV always
coincides withRd, while U coincides with{1, . . . , N} or
{1, . . . , N} × M, according to whether the system is in a
training phase or not, respectively.

Assume first that a training phase. The transition density of
Xt in the scenario outlined can be written as [5]:

fXt|Xt−1
(C|B) = ν|π(C)∩π(B)|(1 − ν)|π(B)|−|(π(C)∩π(B))|

α|π(C)\π(C)∩π(B)|(1 − α)N−|π(B)|−|π(C)\(π(C)∩π(B))|

∏
k∈π(C)∩π(B) f

v
(k)
t |v

(k)
t−1

(v
(k)
t |v

(k)
t−1)∏

k∈π(C)\(π(C)∩π(B)) f
v

(k)
t

(v
(k)
t )

(23)
The case of unknown user data can be dealt with similarly.
The above transition density applies to a number of cases of
relevant practical importance, i.e.,

(a) The case of a synchronous CDMA with perfect
power control, considered in [4]. Here the continuous
part is deterministic.

(b) The case of randomly varying user powers, consid-
ered in [5]. Hered = 1, andV = R+, ;

In this paper we restrict our attention to case [b], thus assuming
that only one continuous parameter, viz., the instantaneous
received power, is random. The observation model in (5)
becomes

yt = Sa(Xt) + wt ∈ R
N (24)

whereS is a N × N matrix containing as itsith column the
signature assigned to theith user,wt is real white Gaussian
noise with covarianceN0

2 IN , and a(Xt) is a vector whose
m−th entry is defined as:

{a(Xt)}m
2 =

{
d
(m)
t a

(m)
t if m ∈ π(Xt)

0 Otherwise
(25)

As for the evolution of the power levela(m)
t , we consider the

dynamic model introduced in [5], whereinP (m)
t = [a

(m)
t ]2 is

marginally exponential, with a transition density reflecting the
recursion

P
(m)
t = η

(m)
t P

(m)
t−1 (26)

where

f
η
(m)
t

(η) = (1 − λ)(1 − ρ2) 1+η

((1+η)2−4ρ2η)3/2 +

λ
2

ǫ(1−ρ2)(1+ǫη)

((1+ǫη)2−4ρ2ǫη)3/2 + λ
2ǫ

(1−ρ2)(1+η/ǫ)

((1+ η
ǫ )2−4ρ2η/ǫ)

3/2

(27)

In the above equation,ρ is the correlation coefficient between
the instantaneous powers in two consecutive epochs,ǫ ≥ 1,

2This notation is rigorous only if trained systems are considered. Indeed, in
the untrained case the elements ofπ(Xt) take on values in{1, . . . , N}×M,
wherebym ∈ π(Xt) is a slight notational abuse meaning that userm is
active.
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Figure 1. DSEP for an un-trained MUD

and λ is a parameter ruling the users mobility: a user is
stationary with probabilityλ, moves towards the receiver with
probability (1 − λ)/2 (in which case the average received
power increases by a factorǫ), and moves away from the
receiver with probability(1−λ)/2 (in which case the average
received power decreases by a factorǫ−1).

The FRSXt can thus be estimated by evaluating (numer-
ically) the Bayes recursions, and adopting any of the three
estimators considered in the previous section. In particular,
GMAP-III can adopt a quadratic cost functiong(·, ·) in (16),
which immediately yields, for the continuous part, the condi-
tional mean estimator:

â
(m)
t = E

[
a
(m)
t

∣∣∣y1:t

]
, m ∈ π(X̂t) (28)

For practical applications, the estimators can be compared
by evaluating their performance under two distinct measures,
viz.,

(a) The Discrete Set-Error Probability (DSEP), defined
as

Pr
{
π(X̂t) 6= π(Xt)

}

This measure obviously characterizes the system
ability of either identifying the set of active users (in
case of trained systems) or identifying the users and
correctly demodulating their data (in case of blind
systems).

(b) The standard root -mean-square error, defined as

RMS = 1
T

∑T
t=1

1

|π(X̂t) ∩ π(Xt)|

×

(
∑

k∈π(X̂t)∩π(Xt)

∣∣∣∣â
(k)
t − a

(k)
t

∣∣∣∣
2
) 1

2 (29)

which reflects the system ability to estimate the
power pertaining to those users which are estimated
as active.

Sample plots of the above measures are reported in Figs. 1
and 2 for DSEP and RMS, respectively, assuming a blind
system with binary symbol alphabet versus signal-to-noise
ratio (SNR). The system parameters areN = 7, T = 10,
ν = 0.8 and α = 0.2, while the fading parameters are
ρ = 0.9999, ǫ = 1.2 , λ = 0.5.
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Figure 2. RMS for an un-trained MUD

The plots, representing, for comparison purposes, also the
performance achievable under Complete Channel State In-
formation (CCSI), i.e. as the instantaneous powers of the
active users are known at each epoch, show that GMAP-I and
GMAP-III achieve nearly the same DSEP, and are definitely
superior to GMAP-II. On the other hand, (18) represents the
minimum-error-probability decision rule (in the ensemble of
all of the realizations of the continuous parts) for estimating
the user identities and demodulating their data, so that GMAP-
III is optimum as far as DSEP is concerned. The equivalent
performance of GMAP-I and GMAP-III is an indirect evidence
that DSEP is primarily influenced by errors on the set cardinal-
ity, and that, once cardinality is correctly estimated, errors on
the user identities and/or on the transmitted data are extremely
unlikely. Fig. 2, conversely, demonstrates that GMAP-I and
GMAP-II achieve the same RMS in estimating the targets
power, and are both outperformed by GMAP-III: we thus
can conclude that, for the considered scenario, the GMAP-
III estimator achieves the best global performance when the
figures of merit are DSEP and RMS.

IV. CHANNEL ESTIMATION IN OFDM SYSTEMS

Another application of FRS theory to wireless communi-
cations arises in the problem of estimating a SISO OFDM
channel, where a number of pilots are interleaved within
the transmitted frame. The modulation scheme is the one
represented in Fig. 3, whereN out of the K available
orthogonal subcarriers are used for transmission, while the
other K − N , on the boundaries of the allocated spectrum,
are set to zero to avoid out-of-band interference. Out of theN
used sub-carriers,Ninf are employed for data transmission,
while N − Ninf = Npt form a set of pilot tones. The signal
received at epocht can thus be written as [6]

yt = DtFtht + wt (30)

In the above equationyt = [yt,i1 , . . . , yt,iNpt
]T con-

tains the pilot subcarrier observations at timet, Dt =
diag(dt,i1 , . . . , dt,iNpt

) is the diagonal matrix containing the
training data on the pilot sub-carriers at timet, wt =
[wt,i1 , . . . , wt,iNpt

]T is complex white Gaussian noise with
covariance2N0INpt , ht = [h1(tTs), . . . , hL(tTs)(tTs)]

T con-
tains the complex gain of theℓth path at timet in its ℓth entry,
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Figure 3. Modulation format of OFDM.

and

{Ft}m,ℓ = e−j2πim
τℓ(tTs)

NT (31)

for m = 1, . . . , Npt, ℓ = 1, . . . , L(tTs), L(tTs) the number
of active paths, andτℓ(tTs) the delay of theℓth path during the
tth interval.T represents the sampling interval, whileTs the
time duration of an OFDM symbol. Notice thatTs = NT +Tg,
with Tg the guard time. If the multipath delay spread is smaller
than the guard time, thenth subcarrier at timet experiences
a frequency-flat fading with coefficientHt,n expressed as

Ht,n =

L(tTs)∑

ℓ=1

hℓ(tTs)e
−j2πn

τℓ(tTs)

NT (32)

The problem under consideration can now be formulated
as follows: Given the observations (30), and a model for
the channel response evolution with time, determine a causal
estimator forht which relies upon{y1:t}, the observations
available up to intervalt, and incorporates all of the prior
information on the channel behavior.

A traditional approach to solve this problem assumes
that the vector to be estimated has constant lengthLmax,
the maximum allowable number of paths, and implements
Bayes recursions to obtain estimates of the vector sequence
[h1(tTs), . . . , hLmax(tTs)]

T . Disappearance of a path yields a
zero in the corresponding vector entry. Kalman Filtering (KF)
can be applied, possibly in its extended form if the tap weights
do not evolve according to a linear Gaussian model [7]: the
main drawback of this approach is that path disappearance is
not immediately detected, which causes undesired transients
in the estimate.

A random-set-theoretic approach to the problem relies in-
stead on the application,mutatis mutandis, of the methods
described in previous section. In particular, the FRSXt,
containing now the paths active at epocht, is defined as the
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Figure 4. FMSE for the OFDM scheme of Figure 3

union of the singleton-or-empty FRS’s:

X
(k)
t =

{
∅ if path k is not present

{h
(k)
t } = {[k, a

(k)
t ]T } if path k is present

(33)
wherea

(k)
t ∈ C represents the complex path gain at epocht.

Notice that the FRSXt is now built onS = {1, . . . , Lmax}×C,
and we again denote byπ(Xt) andπ′(Xt) its projections onto
U = {1, . . . , Lmax} and V = C, respectively. We assume a
death-and-birth model ruling the dynamics ofXt similar to
that of the previous section, with the only simplification that
at most one new component is allowed to be born at each
epocht3. Retaining the symbols introduced in Sections II and
III, we thus have, for the setSt of the surviving paths:

fSt|Xt−1
(St | Xt−1) = (1 − ν)|Xt−1|−|St|ν|St|

×
∏

ℓ∈π(St)

f
a
(ℓ)
t |a

(ℓ)
t−1

(a
(ℓ)
t | a

(ℓ)
t−1) (34)

while Bt is now the singleton-or-empty set with conditional
density

fBt|Xt−1
(Bt | Xt−1)=





αf
a
(ℓ)
t

(a
(ℓ)
t ) if Bt={[ℓ, a

(ℓ)
t ]T }

1 − α if Bt=∅
0 if |Bt| > 1

(35)
whereℓ ∈ {1, . . . , Lmax} \ π(Xt−1).

At this point, everything proceeds as for MUD, since the
validity of condition (7) ensures applicability of the GMAP-
III estimator. The measure of interest here is the Frequency-
domain Mean-Square Error (FMSE), defined as [6]:

FMSE =
1

NinfT

∑

t

∑

n

|Ht,n − Ĥt,n|
2 (36)

whereT is the number of OFDM symbols transmitted through
the channel. To illustrate the merits of the FRS-based ap-

3This assumption is dictated by the need of limiting the computational
burden when evaluating the Bayes recursions, but can be easily removed.
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Figure 5. Evolution of the estimated real part of the active paths when
Kalman Filtering (KF) is employed.

proach, we consider an OFDM withK = 64, N = 53, Npt =
4, and a pilot spacingDf = 16 between the sub-carriers. A 4-
Quadrature-Amplitude-Modulation (QAM) is employed, and
uniform power is allocated on the different sub-carriers. As to
the channel dynamics, we assumeLmax = 3, ν = 0.95 and
α = 0.05, while the paths follow the Gauss-Markov model:

f(a
(k)
1 ) = Nc(a

(k)
1 ; 0, σ2

h) (37)

f(a
(k)
t |a

(k)
t−1) = Nc(a

(k)
t ; λa

(k)
t−1, (1 − λ2)σ2

h) (38)

whereσ2
h denotes the average energy of one path,λ = 0.999,

and the short-hand notationNc(β, σ2) has been used to denote
the pdf of a complex Gaussian variable with meanβ and vari-
anceσ2. The FMSE’s of several channel estimators, all based
on T = 100 OFDM symbols, versus SNR are represented in
Figure 4.

Results show that any FRS-based estimator largely out-
performs traditional KF procedures. Moreover, among FRS
estimators GMAP-III confirms its superiority compared to
GMAP-I and GMAP-II. Now, while this latter aspect is
not at all surprising—in the end, GMAP-III exploits certain
information, the validity of (7), which GMAP-I and GMAP-
II do not rely upon—the global superiority of random-set-
theoretic-based estimators onto KF calls for some additional
comments. To this end, it is convenient to represent the
evolutions with time of the estimated paths and contrast them
to the true evolution of the channel: a snapshot of the estimated
real parts of the paths is shown in Figs. 5 and 6 when KF
and GMAP-III is employed, respectively, for SNR= 10 dB.
These plots offer an intuitive justification of the superiority
of FRS-based techniques: indeed, path disappearances and
births are immediately detected by a FRS-based estimator,
while a KF designed aroundLmax paths has a much slower
adaptivity, which is reflected by the transient phases which
can be observed at each channel variation.
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Figure 6. Evolution of the estimated real part of the active paths when
GMAP-III is employed

V. CONCLUSIONS

In this paper, some applications to wireless communications
of Finite Random Set theory and Finite Set Statistics have
been illustrated. The results appear very promising, and quite
conducive to further investigations. In particular, the extension
to MIMO communication channels, to neighbor discovery in
wireless sensor networks, and to cognitive radio for efficient
spectrum exploitation are under study, as well as the design
of reduced-complexity receivers exploiting recent advances on
particle filtering [8].
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