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Abstract— Wireless sensor networks are valid candidate to
monitor environmental parameters in dangerous areas. In many
such applications, the sensors first sense the environment and
then average their measurements to compute the final estimator
in a completely distributed fashion. Usually, there is no meaning-
ful way to decide when the sensing stage should be terminated
to start the average procedure. What happens if the network
is impaired before that the distributed estimator is computed?
Oppositely, what happens if the sensing stage is too short (i.e.,
the network has collected only a small amount of data when the
averaging step starts)?

We propose a scheme – and call it running consensus – where
the sensing and the averaging stages are simultaneous: The
network continues collecting data while computing on-the-fly the
distributed estimator. The asymptotic behavior of the running
consensus is investigated and compared with that of the classical
consensus algorithms, the impact of the network topology is
discussed, and examples of applications are presented.

Keywords: Wireless sensor networks, running consensus, gossip
algorithms, pairwise averaging.

I. INTRODUCTION

In many typical applications of sensor networks, the system
is deployed in dangerous areas, subject to some kind of risk,
geomorphological, chemical, radioactive, and so forth. In these
cases the wireless architecture is usually preferred to the wired
one for the absence of hardware infrastructures connecting
the sensors. A typical task of the network is that of measur-
ing some environmental parameter such as moisture degree,
presence of contaminants, temperature, pressure, and so on.
The different nodes of the network independently measure
such parameter and the final estimate of the desired quantity
is usually obtained in a fully decentralized fashion. Instead
of delivering the locally measured data to a common fusion
center, the nodes exchange their data by performing multiple
pairwise averaging thus converging, after a sufficiently large
interval of time, to a common value for all the nodes (we say
that consensus is reached). Since the event that many sensors
of the network can be suddenly impaired or destroyed must
be accounted for, such a fully decentralized scheme does offer
undoubt advantages: the final global estimate is recorded at
each node of the network and thus can be recovered from any
of the (surviving) nodes.

However, in the above analysis, an important scheduling
aspect is ignored. Usually, the instant of time when the
network is impaired cannot be predicted, implying that the
system designer is not able to decide when the sensing stage
should be terminated to start with the pairwise averaging

algorithm that leads to the final consensus. If the sensing stage
is prematurely terminated, many potentially useful observa-
tions are lost. On the other hand, prolonging too much the
sensing stage in the attempt of collecting as more samples as
we can, entails the risk that many nodes may be destroyed
before that their observations can be communicated to the
rest of the network. In this paper we propose a consensus
algorithm where the stages of sensing and of averaging are
not separated as assumed in the available literature [1]–[9],
but they evolve simultaneously. We make explicit reference
to the so-called gossip algorithms [1], where the final aim
is that of making available, to any node, the arithmetic
mean of all the observations globally collected by the entire
network. Our interest, once that the new measurements are
incorporate in the consensus procedure, is to investigate how
two opposite tendencies trade off: averaging the observations
cuts down the differences between the sensors (consensus),
but the occurrences of new observations represent a form of
diversity among the nodes.

The addressed problem is formalized in Sect. II, where the
running consensus scheme is also presented. The main results
are given in Sect. III, followed by examples and applications
in Sect. IV. Sect. V summarizes the paper.

II. PROBLEM FORMALIZATION

Let t = 1, 2, . . ., be the discrete time index. For each
time slot t, the generic sensor of the network collects k
measurements that are independent and identically distributed
(iid) realizations of a random variable with mean µ and with
variance σ2. These observations are iid over time and across
the sensors. The k measurements collected by a single node are
averaged to compute their arithmetic mean, which is a random
variable with mean µ and with variance σ2/k: the only effect
of having k measurements per time slot is this variance scale
factor. Also, there is no essential loss of generality in setting
µ = 0, as always assumed hereafter.

Let s(t) be the column vector whose entries are the states
(current “values” of the nodes) of the n sensors in the network.
The classic gossip scheme, known as pairwise algorithm,
prescribes that the various sensors of the network exchange
data in a pairwise fashion, thus updating their state as follows
(see e.g., [1])

s(t) = Wij s(t − 1), (1)

where at each time t a different pair (i, j) is randomly and
independently selected. The random matrices {Wij} can be
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Fig. 1. State evolution of the sensors in a network made of n = 3 nodes, with v = 10 pairwise averages per single time slot. Here ηctr(t) is the arithmetic
mean of all processed measurements in the network, up to time t. The zoom emphasizes the behavior in the first five time slots.

expressed as

Wij = I − (ei − ej)(ei − ej)T

2
, (2)

where ei denotes a vector of zeros with only the ith entry
equal to 1 and, accordingly, the product Wijs(t− 1) amounts
to replace the entries i and j of the vector with their arithmetic
mean, which is just the pairwise averaging.

As a generalization we propose the following protocol with
simultaneous data gathering/data exchange:

s(t) =
t − 1

t
W (t)s(t − 1) +

x(t)
t

, (3)

where x(t) is the vector of the new measurements made by
the n sensors at time t. In the above W (t) = Wi1j1 Wi2j2

. . .Wivjv , reflecting our assumption that in the single tth time
slot there are v pairwise averages, each involving the pairs of
nodes (i1, j1), . . .,(iv, jv). The basic modification with respect
to formulation (1) is to incorporate the new measurements
x(t) in the iterative update of the states s(t), whose evolution
is schematically depicted in Fig. 1. Two remarks are in now
order.

Note that the first term on the right-hand side (RHS) of
eq. (3) enforces consensus among the nodes, while the second
accounts for the new measurements. These two terms are
weighted by (t − 1)/t and 1/t, respectively, and this choice
ensures that the states converge to the arithmetic mean of the
observations, as we shall see soon.

Second, the state of each sensor at time t encompasses the
current measurement made in that time slot. On the other hand,
note that the v pairwise averages performed within the tth

time slot involve the state of the node at the previous time
slot. In these regards, different formalizations are possible,

leading to minor modifications of our formulas while leaving
substantially unchanged the physical insights.

The matrix Wij is doubly stochastic (hence its maximum
eigenvalue is 1), positive semidefinite, symmetric and idem-
potent. Its statistical average is key for our development and
will be denoted by E[W ], since it does not depend upon the
pair (i, j). Let 1, λU , . . . , λL, be the n eigenvalues of E[W ],
arranged in non increasing order. The basic assumption made
throughout the paper is that 1, the largest eigenvalue of E[W ],
has algebraic multiplicity 1. This can be in fact the case if
the adjacency matrix of the network (the matrix whose entry
(i, j) equals 1 if the pair (i, j) can exchange data and is zero
otherwise) is irreducible or, that is the same, if the associated
graph is connected (see, e.g., [10]). In this hypothesis random
connection rules exist such that the largest eigenvalue of E[W ]
has algebraic multiplicity 1. One example is the rule that
assigns a positive probability of being selected to any pair
of nodes in the network.

Let us now introduce the concept of consensus that must
be specifically tailored to our setup where the observations
are realizations of random variables. Let C(t) = E[s(t)sT (t)]
be the covariance matrix of the state vector, and let us denote
by Cij(t) its entries. We measure the degree of consensus
between the nodes i and j by the following quantity:

ρ(t) =
2 Cij(t)

Cii(t) + Cjj(t)
. (4)

Note that the dependence upon (i, j) is omitted for notational
convenience.

To understand the rationale behind eq. (4) let us rewrite the
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Fig. 2. The left panel represents a network made of n = 50 sensors randomly
deployed over a square region. Each pair of sensors connected by a straight
line has one and the same probability of being involved in a pairwise averaging
step, and there are v = 5 such averages per time slot. The right panel shows
the system performances ε(t) = γ(t)− 1 and ε(t) = 1− ρ(t), both in terms
of theoretical bounds and in terms of simulated data.

above as

ρ(t) =
Cij(t)√

Cii(t) Cjj(t)

√
Cii(t)Cjj(t)

Cii(t) + Cjj(t)
2

. (5)

The first factor on the RHS is the standard statistical corre-
lation coefficient, and attains its maximum value of 1 only if
the variables are linearly dependent almost everywhere (a.e.).
The second factor on the RHS of eq. (5) is the ratio between
the geometric and the arithmetic mean of two diagonal entries
of the matrix C(t), which are non negative numbers. Thus,
it takes the value 1 only when these numbers are equal.
Consequently, −1 ≤ ρ(t) ≤ 1 attains its maximum value 1
only when the two random variables coincide a.e.: having zero-
mean and being linearly related (correlation coefficient = 1)
they can only differ for a scale factor, which must by unitary
because the variables have the same variance (due to equality
between geometric and arithmetic mean).

We want that, as time elapses, ρ(t) → 1, which means
that consensus is asymptotically reached. On the other hand
we must also impose that the state of the system converges
towards some meaningful quantity.

To elaborate, note that if a single device would possess all
the observations collected by the n nodes up to time t, then
the following arithmetic mean could be computed

ηctr(t) =
1T s(t)

n
, (6)

which represents the state of an ideal centralized system. Thus,
we want that the state of all the nodes in the network will ap-
proach exactly this ideal value. The practical relevance is that
in many inference problems the optimal decision/estimation
statistics are obtained, either exactly or approximately, by
averaging the observations, or functions thereof, see, e.g., [9].

In particular, accounting for the random nature of ηctr(t),
we want that the first two moments of the network state will
coincide with those of ηctr(t). Clearly, the mean of each node
is constant with time and does coincide with µ = E[ηctr(t)]
(zero, we have assumed for simplicity). Accordingly, our
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Fig. 3. Here we have the same realization of sensor deployment as in
Fig. 2. The difference is that the network is less connected: there are less
pairs of nodes that may perform pairwise averages. This impact on the system
performances, which are shown in the right panel.

requirement reduces to imposing that the variance of the nodes
will approach that of the ideal centralized system σ2

ctr(t) =
σ2/(t n k). Formally, we want γ(t) → 1, where

γ(t) =
Cii(t)
σ2

ctr(t)
. (7)

The above performance index depends upon i, but such
dependence is not made explicit in our notation.

III. MAIN RESULTS

In an extended version of this paper [11] we are able to
prove the following result, that is here given without proof for
space reasons. Recall that the largest eigenvalue of E[W ] is 1,
the second largest is λU , and the smallest is denoted by λL.
Let us combine such eigenvalues by defining the following
quantities

ψU (t) =
1
t

1 − λvt
U

1 − λv
U

,

ψL(t) =
1
t

1 − λvt
L

1 − λv
L

.

THEOREM. We have

(n − 1)ψL(t) ≤ γ(t) − 1 ≤ (n − 1) ψU (t),
n ψL(t)

1 + (n − 1)ψU (t)
≤ 1 − ρ(t) ≤ nψU (t)

1 + (n − 1)ψL(t)
.

•
Note that ρ(t) and γ(t) depend upon the sensor indices i

and j, while the bounds do not: the above relationships hold
for any choice of i and j. Note also that in the following we
occasionally use the symbol ε(t) as compact notation for both
the error figures γ(t) − 1 and 1 − ρ(t). Some comments are
now in order.

First, as time elapses, t → ∞, we have ψU,L(t) → 0
implying that, asymptotically, consensus is reached (ρ(t) →
1), and the performance of the optimal centralized system
is attained (γ(t) → 1). The scaling behavior for both the
performance indices is essentially the hyperbolic law t−1.

154



10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
−6

10
−4

10
−2

10
0

 t

V
ar

ia
nc

e

 

 

Σ
i=1
n  C

ii
(t)/n

σ2
ctr

(t)

Bounds

Fig. 4. The same network topology and connection of Fig. 3 are considered.
The only difference with the previous figure is that we here show the variance
of the nodes (actually the arithmetic mean thereof) instead of the normalized
performance figures ε(t). The dashed lines describe the theoretical bounds
and the solid line is the variance of an ideal centralized system.

Second, for large t, we have λvt
U,L ¿ 1. The approximate

bounds for both the error indices immediately follow
n

t

1
1 − λv

L

≤ ε(t) ≤ n

t

1
1 − λv

U

. (8)

Useful interpretation hints can be also gained by assuming
large v, i.e., assuming that the number of pairwise averaging
per single time slot is large enough. In this case:

γ(t) ≈ 1 + n/t, (9)

ρ(t) ≈ 1
1 + n/t

. (10)

Note that n/t seems like the rate at which the new observations
become negligible to the average made up to time t, and the
system performance seems hence to be dominated by such
rate.

Furthermore, we emphasize that in our running consen-
sus scheme the speed of convergence of the performance
figures is basically t−1, and this should be faced with the
exponential laws that govern the classic consensus algo-
rithms [1]. One consequence is that the specific properties of
topology/connectivity (i.e., the system eigenvalues) are less
crucial for the running consensus with respect to the classical
gossip schemes where larger eigenvalues imply exponentially
faster convergences with respect to a system with smaller
eigenvalues. In our case, only the value of the rate coefficient
can be tuned by the eigenvalues of the system, while the rate
itself cannot.

IV. EXAMPLES OF APPLICATIONS

For concreteness, let us think to a sensor network deployed
to monitor an environmental parameter, like the temperature or
the presence of a given contaminant. The nodes make their iid
measurements and, at the same time, the network implements
the data-exchange algorithm to end up with the final estimate
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Fig. 5. The left panel represents a network made of two sub-systems each
containing 10 sensors organized as rings. The sensors belonging to each ring
are fully connected (any sensor is connected with any sensor), and a single pair
joins the two subnetworks. The right panel shows the system performances
ε(t) = γ(t) − 1 and ε(t) = 1 − ρ(t), both in terms of theoretical bounds
and in terms of simulated data.

of the monitored parameter, in the form of the arithmetic mean
of all the available observations. In this section, we show
the evolution of the system towards the consensus, and we
compare the theoretical analysis and bounds with the results
of computer experiments.

Let us consider first a very simple network made of only
n = 3 nodes. Assuming that there are v = 10 pairwise
averages per single time slot, Fig. 1 depicts the state evolution
of the system. It is also shown the arithmetic mean of all the
measurements in the network, ηctr(t), that represents the state
of an ideal centralized system, see eq. (6). It is seen that, at
each pairwise average, the state of the two nodes involved is
replaced with their arithmetic mean, and this is the mechanism
by which the three states tend to converge to their mean value.
At the end of each time slot, however, new measurements
become available to the sensors and the states of the three
nodes change accordingly. As time elapses, the figure clearly
shows that the consensus is approached and the performance
of an ideal centralized system is attained. Thus, while the new
measurements do contribute to the final estimate, the state
diversity enforced by these observations is overcome by the
smoothing effect of the averages.

Larger networks are considered in Figs. 2 and 3, which refer
to n = 50 nodes with v = 5 pairwise averages per time slot.
The network topologies are illustrated in the left panels and
result from a random and uniform deployment of the sensors
over a square region, say (0, 1) × (0, 1). After the random
deployment, a threshold value is chosen and all the pairs of
nodes whose distance is less than that threshold are connected
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Fig. 6. The same scenario of Fig.5 is addressed but the variance of the nodes
is depicted, instead of the normalized performance indices. The curve labeled
as “subnet” represents the variance of an isolated single ring with completely
connected sensors. The curve marked with stars is instead the actual variance
(averaged over all the nodes) of the topology consisting of the two completely
connected rings joint by a single pair of nodes. The theoretical bounds and
the variance pertaining to an ideal centralized system are also shown.

with uniform probability. The two threshold values used in
Figs. 2 and 3 are 0.4 and 0.2, respectively, and result obviously
in different connection degrees for the same realization of the
random deployment. The right panels of Figs. 2 and 3 depict
the performance of the networks, in terms of the theoretical
bounds given in the Theorem of Sect. III (recall that ε(t) is a
shortcut for both γ(t) − 1 and 1 − ρ(t)).

In addition, points obtained by computer simulations are
also shown to corroborate the theoretical analysis. Instead of
simulating the system according to the updating equation (3),
we use the more reliable approach of estimating, by means of
standard Monte Carlo procedure involving 100 runs, directly
the entries Cij(t) of the covariance matrix. The desired values
of γ(t) − 1 and 1 − ρ(t) are then obtained by averaging
the pertinent entries of this covariance matrix (see eqs. (4)
and (7)). The reader is referred to [11] for further details on
the numerical procedure.

We note that the theoretical bounds are closer each other
in the case of a more connected network (Fig. 2) with respect
to what happens in Fig. 3; this clearly allows for more
accurate theoretical provisions. In Fig. 2 we have λU = 0.9983
and λL = 0.9704, while the system eigenvalue of the less
connected network depicted in Fig. 3 are λU = 0.9998 and
λL = 0.9566.

One of the peculiar aspects of the running consensus scheme
is that of allowing efficient information retrieval from the few
surviving nodes in the case that the network is destroyed at
some instant of time. To better illustrate such a scenario, in
Fig. 4 we reconsider exactly the same network of Fig. 3 but
we depict directly the variance of the nodes, averaged over
all the n sensors. This averaged parameter is a proxy of the
amount of information that can be recovered from one sensor
of the network, picked at random, at the end of the time slot
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Fig. 7. Two topologies are compared. Panel (a) depicts a fully connected
network whose 10 sensors are organized as a ring. In panel (b) we have again
10 sensors but with star topology, where the central node is connected to all
the others. The performances are depicted in panel (c), where CG stems for
the fully connected graph (ring). The acronym SG refers to the star-graph
topology, whose peripheral nodes have unit degree (number of connections)
and the central node has degree n − 1; also shown are the pertinent bounds
of the star topology.

shown in the abscissa. Also shown are the theoretical bounds
and the ideal variance of the centralized system.

Some further insights can be obtained by considering the
topology shown in Fig. 5 made of two completely connected
rings joint by a single pair of nodes. In the absence of
any connection between the two sub-graphs, we would have
two completely connected separate networks. For completely
connected networks it is easily shown that λU = λL =
(n−2)/(n−1), and the equality of the two eigenvalues implies
that the bounds derived in the Theorem of Sect. III coincide: in
this case the Theorem gives the exact performance values. Let
us consider Fig. 6, where the variances of the two-ring network
topology proposed in Fig. 5 are depicted. The sensor variance
of one isolated subnetwork is represented by the line marked
with dots, while the line marked with stars represents the
actual variance of the two-ring network. We see that the system
behavior is highly influenced by the presence of the branch
joining the two subsystems: for small t, the behavior of these
two variances is similar and this is symptomatic of a system
evolving as two separate sub-systems. However, as t becomes
sufficiently large, even the single connection considered in this
example implies that the observations collected by the first
subnetwork are eventually made available to the other part of
the system, thus giving an asymptotic variance lower that that
pertaining to a single ring of sensors.

As a last example, let us consider Fig. 7. There, we compare
one single ring of n = 10 nodes (one subsystem of Fig. 5),
see Fig. 7(a) with a star topology with the same number of

156



sensors, see see Fig. 7(b). The central node of the star topology
is connected to all the other nodes so that it takes part to each
pairwise average. Therefore, we would expect that the central
node reaches its asymptotic state faster than the peripheral
sensors. In addition, the performance of any node in the ring
topology (for symmetry, all the nodes share the same behavior)
is expected to be intermediate between the above two. This is
exactly what happens, as witnessed by Fig. 7(c). Note that,
in this case, the pertinent eigenvalues are ordered as follows:
λL,star ≤ λL,ring = λU,ring ≤ λU,star. In connection to
the star topology we should note that it lacks of robustness
since any damage to the central node inhibits any further data
exchange.

V. SUMMARY

In certain wireless sensor network applications, the sensors
of the system collect data about a phenomenon to be monitored
and then exchange their data in order to compute, in a fully
decentralized fashion, the final estimate. The longer is the
sensing stage, the more data are globally collected by the
network. However, some networks are deployed in dangerous
environments and the event of a partial network impairment,
at some unknown instant of time, is to be accounted for. This
suggests to limit the sensing stage and to interleave it with
the data-exchange step, thus obtaining a two-step sequence
that can be then repeated indefinitely. This approach adds
robustness to the system against possible node impairments
as it combines the two needs of collecting as many data as we
can and, simultaneously, of sharing the observations made by
any single sensor with all the other nodes as soon as we can.

This paper proposes an approach for implementing the
said interleaved scheme – called running consensus – by
elaborating on the classical gossip algorithm known as pair-
wise averaging. The main result of the paper is a theorem
where performance bounds are derived, in terms of the system
eigenvalues that depend upon the topology and connection
structure of the network.

It turns out that the number v of pairwise exchanges per unit
time, which is related to the energy expense of the network,
rules the weight of the system eigenvalues on the system
performances. The larger is v the less is the impact of the
network topology on the running consensus performances.
Asymptotically with time, we found that the rate at which the
system reaches consensus and attains the same performance
of an ideal centralized system is hyperbolic, rather than
exponential as in the classical pairwise averaging scheme.

This can be explained by recalling that the simple consensus
is exponentially fast, so that the running consensus is essen-
tially dominated by the rate at which the new measurements
are fused in the overall running average. In this regards, it
should be also noted that the unavoidable residual error of the
pairwise averaging stage, when summed over infinitely many
times, does not prevent the system from reaching consensus.

Examples of applications are provided to confirm the tight-
ness of the derived bounds and their practical usefulness. In
addition, these examples emphasize the robustness of the de-
signed consensus scheme against node impairments, showing
as the newly collected data are uniformly spread over the
whole network in a decentralized and random-like fashion.
In this respect, an enlightening example is that of a system
consisting of two fully connected sub-networks, which are
weakly coupled by a single pair of nodes.

The proposed scheme can be certainly adapted to different
classic consensus paradigms, other than the pairwise averaging
here considered. This is in part addressed in an extended
version of this paper [11].
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