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Abstract—Overcoming the computational complexity of Demp-
ster’s rule of combination for fusing data and information
continues to be an actively researched problem within Dempster-
Shafer theory. Previous efforts to reduce the computational
complexity have employed a variety of strategies. However, most
have avoided directly evaluating the expression for combining
two belief potentials because this involves calculating all possible
intersections of the focal elements of one belief potential with
those of the other. For a frame of discernment Ω of size n,
the typical way of representing the focal elements (subsets of
Ω) is as binary strings of length n. Set operations such as the
intersection of two focal elements are then performed bitwise and
so algorithms for set operations generally have complexity O(n).
In this paper, the effect of reducing the computational complexity
of the set operations is investigated to see what impact this may
have on the overall effectiveness of the direct computation of
Dempster’s rule of combination. First finite field theory is used
to determine a representation of focal elements for which set
operations can be performed with complexity O(1). Using this
representation, Monte Carlo simulations are then employed to
compare the direct calculation of Dempster’s rule of combination
against arguably the fastest known approach which is that based
on the use of the commonalities of the belief potentials in
conjunction with the fast Mőbius transform. The paper concludes
with some discussion on the efficacy of the technique and some
ideas for future research.
Keywords: Dempster-Shafer theory, Dempster’s rule of
combination, finite field theory, finite set representation,
computational complexity.

I. INTRODUCTION

In the class of formalisms which are collectively known
as Dempster-Shafer theory, the fundamental means of rep-
resenting evidence which is to be fused for the purposes of
decision-making is in terms of beliefs. Mathematically, there
are several equivalent means of expressing this general notion
of belief namely as basic belief masses, beliefs, plausibilities
and commonalities, so following Shafer [1] and Lehmann and
Haenni [2], if no specific representation is mentioned, then
the term belief potential will be used to describe the general
notion of belief and will be denoted by φ. The more specific
representations will then be denoted by [φ]m, [φ]b, [φ]p and
[φ]q respectively. Within Dempster-Shafer theory, a number
of means have been proposed for combining belief potentials
from independent sources, but the main technique for doing
so is Dempster’s rule of combination. Since the computational
complexity of Dempster’s rule is exponential in nature, this

has motivated the development of a variety of techniques for
alleviating this complexity. Accordingly, the aim of this paper
is to introduce, test and evaluate a new means of reducing
the computational expense. However, in order to make the
specific aims clearer, it is first necessary to describe Dempster-
Shafer theory in slightly more detail. For a fuller account of
the theory, refer to Ref. [3, Appendix A].

Let Ω = {x1, x2, . . . , xn} be a finite set, which shall be
referred to as the frame of discernment. For a given belief
potential φ, a basic belief (mass) assignment on Ω is a function
[φ]m defined on the power set 2Ω of Ω as follows:

[φ]m : 2Ω → [0, 1] (1)

A �→ [φ(A)]m

subject to the constraint that
∑

A⊆Ω[φ(A)]m = 1. Subsets of
Ω assigned a non-zero basic belief mass are referred to as focal
elements. While the basic belief mass assigned to the empty
set does not need to be 0, for the purposes of this paper it
will be assumed that this is the case, that is the closed world
assumption for reasoning applies. The other stated means of
representing the belief potential φ are related to the basic belief
assignment [φ]m as follows:

[φ(A)]b =
∑

B⊆A

[φ(B)]m, (2)

[φ(A)]p =
∑

B∩A �=∅

[φ(B)]m, (3)

and
[φ(A)]q =

∑

A⊆B

[φ(B)]m. (4)

The basic belief assignment [φ]m may be uniquely recovered
from each of the other representations, but the only one
of relevance here is the means of recovering it from the
commonality [φ]q, namely

[φ(A)]m =
∑

A⊆B

(−1)|B|−|A|[φ(B)]q. (5)

Dempster’s rule of combination for fusing two independent
belief potentials φ1 and φ2 is usually expressed in terms of
basic belief masses such that for each A ⊆ Ω

[φ1 ⊕ φ2(A)]m =
1

(1 − K)

∑

B∩C=A

[φ1(B)]m.[φ2(C)]m (6)
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where

K =
∑

B∩C=∅

[φ1(B)]m.[φ2(C)]m. (7)

and the summation is evaluated over all subsets B and C
of Ω (although in practice it is only the focal elements which
need considering since all other sets will contribute zero to the
sum). It can be seen from Eq. 6 that the direct calculation of
Dempster’s rule of combination generally has computational
complexity O(k1k2n) where k1 and k2 are the numbers of
focal elements of φ1 and φ2 since there are k1k2 pairs of
focal elements to intersect and the cost of determining each
intersection is generally O(n). For small numbers of focal
elements this complexity is negligible, but given that each
belief potential could in principle have up to 2n focal elements,
the complexity in the worst case is O(n22n). This has led to
various strategies for trying to reduce the complexity.

Examples of approaches taken in previous treatments of
the problem have involved the use of (i) graphical techniques
such as valuation-based systems which assist in decomposing
the overall decision-making problem into more manageable
parts and enable the exploitation of local computations [4]–
[7], (ii) parallel processing schemes [8], (iii) algorithms for
reducing the number of focal elements via the removal of
focal elements associated with insignificant basic belief masses
or transforming the belief potential into a Bayesian belief
potential [9], (iv) coarsening the frame of discernment to
approximate the original belief potentials [10] and most re-
cently (v) representations of finite sets which facilitate the
efficient representation and manipulation of the focal elements
[2]. However, for frames of discernment of cardinalities up
to about 15 elements, Dempster’s rule of combination can be
efficiently calculated by transforming [φ1]m and [φ2]m to their
associated commonalities [φ1]q and [φ2]q, combining them
into the fused commonality using the fact that

[φ1 ⊕ φ2(A)]q =
1

(1 − K)
[φ1(A)]q.[φ2(A)]q (8)

(where K is the same constant as in Eq. 7), and then trans-
forming this back to the fused belief mass [11]. An algorithm
called the fast Mőbius transform (FMT) provides the means
of performing each of these transformations efficiently [11].
Nonetheless, for the situations in which there are far fewer
than the maximum possible number of focal elements and the
cardinality of the frame of discernment is less than 15 inclu-
sive, it is still of interest to investigate whether Dempster’s
rule of combination may be calculated more efficiently than
the technique above which shall be referred to herein as the
commonality approach. This is the focus of this paper.

The technique introduced here for trying to improve the
efficiency of the direct evaluation of Dempster’s rule of com-
bination is based on a novel means of representing finite sets
using results from finite field theory. The theory underpinning
the commonality technique represents subsets as binary strings
such as 〈011 . . . 0〉 of length n where the ith bit of the
string is 1 if the ith element of Ω is in the subset and is

0 otherwise. To assist in managing the strings, each one may
be assigned a label equal to the decimal value of the binary
string regarded as a binary number. For example, 〈11001〉
would have the Boolean label 1 + 8 + 16 = 25. Under
this representation, set operations are performed bitwise on
the strings and so have complexity O(n). Using the novel
representation, set operations may be performed solely using
the set labels themselves and so have complexity O(1).

The rest of the paper is laid out as follows. In Section
II the theory of finite fields is outlined in order to establish
necessary terminology, concepts and mathematical tools. In
Section III, the results of Section II are used to establish (i)
the new representation and labelling of finite sets and (ii)
how set operations may be performed using just the labels
of the subsets. In Section IV, the new finite set representation
is employed in the direct calculation of Dempster’s rule of
combination, and the performance of the resulting algorithm
is compared against the performance of the commonality
approach using Monte Carlo simulations. Finally, in Section
V, some concluding remarks are made summarising the paper
and proposing possible future directions for research.

II. BACKGROUND ON FINITE FIELDS

In order to formulate the proposed “abbreviated” represen-
tation of finite sets, a number of algebraic concepts and the
relevant theories need to be outlined. This material is mainly
drawn from Refs. [12]–[15].

Definition 1: [13, p. 18] A group (G, ◦) consists of a set G
endowed with a binary operation ◦ such that:

1) G is closed under ◦;
2) (Identity) There exists an element e ∈ G such that e◦g =

g = g ◦ e for every g ∈ G;
3) (Inverse) For every g ∈ G there exists an element g−1 ∈

G such that g ◦ g−1 = e = g−1 ◦ g; and
4) (Associativity) (g1 ◦g2)◦g3 = g1 ◦(g2 ◦g3) for all g1, g2

and g3 ∈ G.

�
When it doesn’t lead to confusion, g1 ◦ g2 is often written

simply as g1g2 with juxtaposition indicating the operation.
Similarly, gn denotes g ◦ g . . . ◦ g where n copies of g are
combined. The order of an element g is the smallest positive
integer n such that gn = e if such an n exists, otherwise g
is said to be of infinite order. A group (G, ◦) is said to be
cyclic if and only if there exists an element g ∈ G such that
G = {gn | n ∈ Z}. Such a g is referred to as a generator
of the group. A group is said to be Abelian if and only if the
operator ◦ is commutative, that is if and only if g1◦g2 = g2◦g1

for all g1 and g2 ∈ G. In particular, cyclic groups are Abelian
(although the converse is generally not true).

Definition 2: [12]–[14] A field (F,+,×) is a set F endowed
with two binary operations + and × such that:

1) F is closed under + and ×;
2) (F,+) is an Abelian group (with identity element 0);
3) (F \ {0},×) is an Abelian group (with identity 1);
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4) (Distributivity) f1 × (f2 + f3) = (f1 × f2) + (f1 × f3)
and (f1 +f2)× f3 = (f1 × f3)+ (f2 ×f3) for all f1, f2

and f3 ∈ F .

�
Examples of fields include the sets of rational Q, real

R and complex C numbers under ordinary addition and
multiplication. Such fields are referred to as infinite fields
because they each possess an infinite number of elements.
Accordingly, fields with a finite number of elements are
referred to as finite fields. An example of a finite field is
the set of integers Z reduced to {0, 1, 2, . . . , p − 1} modulo
p under addition and multiplication for any prime p. Such
a finite field is denoted by (Zp,+,×). The characteristic of
a finite field is the smallest positive integer p such that the
multiplicative identity 1 summed with itself p times is 0, that
is 1 + 1 + . . . + 1 = 0. Such a p must exist because the field
has only a finite number of elements; furthermore it can be
easily shown that p is necessarily prime. In fact, the subset of
elements {0, 1, 2, . . . , p−1} under addition and multiplication
constitute a subfield (that is a subset of the field which is itself
a field) of a finite field of characteristic p and is isomorphic1

to (Zp,+,×). It is called the prime subfield of the field. Every
finite field of characteristic p may also be regarded as a vector
space of dimension n (for some n) over its prime subfield, so
that every element of the field can be represented in the form:

λ1v1 + λ2v2 + . . . λnvn (9)

where {v1, v2, . . . , vn} is a basis for the vector space and each
λi is an element of the prime subfield. Hence, since each λi

may assume p possible values, it is immediate that the number
of elements in a finite field (the size of the field) of dimension
n and characteristic p is always of the form pn. It can also be
shown that any two finite fields of size pn are necessarily
isomorphic. Finally, finite fields are usually referred to as
Galois fields after their discoverer Évariste Galois and are
denoted by GF (pn).

A. Construction of Finite Fields

Having established the terminology and notation for finite
fields, it is necessary to dig deeper into their construction from
polynomials to reveal how they may be used to represent and
operate on finite sets.

Definition 3: A polynomial “f(x)” of degree m over GF (pn)
is a polynomial of degree m whose coefficients belong to
GF (pn). Such a polynomial is said to be irreducible over
GF (pn) if it cannot be written as the product f(x) = g(x)×
h(x) of non-constant polynomials g(x) and h(x) of degrees
less than m. Furthermore, an irreducible monic polynomial
f(x) of degree m (that is one whose coefficient of xm is 1) is
said to be primitive if and only if the smallest positive integer
k for which f(x) divides (xk − 1) is k = pm − 1. �

1Two fields (or more generally two algebraic structures) are said to be
isomorphic if and only if there exists a structure-preserving mapping from
one to the other.

For example, consider the monic polynomial f(x) = x2 +
x + 1 over GF (2). In this case k = 22 − 1 = 3. That f(x)
is irreducible is immediate because neither f(0) nor f(1) is 0
and the only elements of GF (2) are 0 and 1. Furthermore, it
is easily checked that f(x) divides neither x − 1 nor x2 − 1
while it does divide x3 − 1 (in fact (x3 − 1) = (x − 1)(x2 +
x+1)). Hence, x2 +x+1 is primitive over GF (2). Similarly
it can be shown that x3 + x + 1 is primitive over GF (2) and
x3 + 2x + 1 is primitive over GF (3). It can be shown that
primitive polynomials exist for all primes p and all dimensions
n. For more information on primitive polynomials including
lists of them over fields of small characteristic and various
dimensions, refer to Refs. [15] and [16]. �

A fundamental result in the theory of finite fields is that
every finite field may be constructed from primitive polyno-
mials; this is explained in detail below. However, to motivate
the result and the construction, it is first noted that it can be
shown that the set of non-zero elements of GF (pn) (denoted
by GF (pn)∗) is always a cyclic group under the multiplicative
operation ×. Each generator of (GF (pn)∗,×) is referred to
as a primitive element of the group. In the construction of
a finite field GF (pn) from a primitive polynomial of degree
n over GF (p), it turns out that the zeros of the primitive
polynomial over GF (pn) are exactly the primitive elements
of (GF (pn)∗,×) and so the non-zero elements of the field
are simply the powers of the primitive elements. The general
construction follows:

Construction of GF(pn): Let f(x) be a primitive polynomial
of degree n over GF (p) with equation

f(x) = xn − cn−1x
n−1 − cn−2x

n−2 − . . . − c1x − c0. (10)

Since f(x) is primitive, it is irreducible by definition and so it
has no zeros in GF (p). Introduce an abstract element α and
impose on it the condition that2

f(α) = αn − cn−1α
n−1 − cn−2α

n−2 − . . . − c1α − c0 = 0,
(11)

so that

αn = c0 + c1α + . . . + cn−2α
n−2 + cn−1α

n−1. (12)

Now because f(x) is a primitive polynomial, it can be shown
that α, α2, α3, . . . , αpn−1 = 1 are all distinct. Furthermore,
they can all be written in terms of 1, α, α2, α3, . . . , αn−1 as

2This is analogous to introducing the abstract symbol i (or j) which satisfies
i2 + 1 = 0 in the construction of the complex numbers C from the reals R.
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Table I
SUBSETS OF Ω = {x1, x2, x3} REPRESENTED BY ELEMENTS OF GF (23)

Label Element Corresponding Subset in Binary Format

-∞ 0 = 0 + 0α + 0α2 (0,0,0)
0 1 = 1 + 0α + 0α2 (1,0,0)
1 α = 0 + 1α + 0α2 (0,1,0)
2 α2 = 0 + 0α + 1α2 (0,0,1)
3 α3 = 1 + 1α + 0α2 (1,1,0)
4 α4 = 0 + 1α + 1α2 (0,1,1)
5 α5 = 1 + 1α + 1α2 (1,1,1)
6 α6 = 1 + 0α + 1α2 (1,0,1)

follows:

α0 = 1 + 0α + 0α2 + . . . + 0αn−2 + 0αn−1

α1 = 0 + 1α + 0α2 + . . . + 0αn−2 + 0αn−1

α2 = 0 + 0α + 1α2 + . . . + 0αn−2 + 0αn−1

...
...

...

αn−1 = 0 + 0α + 0α2 + . . . + 0αn−2 + 1αn−1

αn = c0 + c1α + . . . + cn−2α
n−2 + cn−1α

n−1

αn+1 = α × αn

= c0α + c1α
2 + . . . + cn−2α

n−1 + cn−1α
n

= cn−1(c0 + c1α + . . . + cn−2α
n−2 + cn−1α

n−1)
+(c0α + c1α

2 + . . . + cn−2α
n−1)

= (cn−1c0) + (cn−1c1 + c0)α + (cn−1c2 + c1)α2

+ . . . + (cn−1cn−2 + cn−3)αn−2

+(c2
n−1 + cn−2)αn−1

αn+2 = α × αn+1

...
...

...

and so on. Appending the additional element α−∞ and defin-
ing it to be

α−∞ = 0 + 0α1 + 0α2 + . . . + 0αn−2 + 0αn−1,

it is straightforward to show that what has been constructed
from the primitive polynomial is a vector representation
of a finite field of dimension n and characteristic p with
the operations of addition + and multiplication × inher-
ited from GF (p). The basis of the vector space is the set
{1, α, α2, . . . , αn−1} and the scalars of the vector space are
the elements of GF (p). Finally, it is noted that, as in vector
spaces of dimension n over R, it is customary to express the
vector λ0+λ1α+λ2α

2 . . .+λn−2α
n−2+λn−1α

n−1 simply as
the ordered n-tuple (λ0, λ1, λ2, . . . , λn−2, λn−1). Examples of
the constructions of GF (23) and GF (33) based respectively
on the primitive polynomials x3 + x + 1 over GF (2) and
x3 + 2x + 1 over GF (3) appear in Tables I and II. The
exponents of α appear in column one, the linear combinations
of the basis vectors appear in column two and the n-tuples
appear in column three.

B. Zech Logarithms

As a by-product of the construction, there are essentially
two alternative means of representing the elements of GF (pn),

Table II
ELEMENTS OF GF (33) REPRESENTED AS VECTORS

Label Element Ternary Vector Format

-∞ 0 = 0 + 0α + 0α2 (0,0,0)
0 1 = 1 + 0α + 0α2 (1,0,0)
1 α = 0 + 1α + 0α2 (0,1,0)
2 α2 = 0 + 0α + 1α2 (0,0,1)
3 α3 = 2 + 1α + 0α2 (2,1,0)
4 α4 = 0 + 2α + 1α2 (0,2,1)
5 α5 = 2 + 1α + 2α2 (2,1,2)
6 α6 = 1 + 1α + 1α2 (1,1,1)
7 α7 = 2 + 2α + 1α2 (2,2,1)
8 α8 = 2 + 0α + 2α2 (2,0,2)
9 α9 = 1 + 1α + 0α2 (1,1,0)
10 α10 = 0 + 1α + 1α2 (0,1,1)
11 α11 = 2 + 1α + 1α2 (2,1,1)
12 α12 = 2 + 0α + 1α2 (2,0,1)
13 α13 = 2 + 0α + 0α2 (2,0,0)
14 α14 = 0 + 2α + 0α2 (0,2,0)
15 α15 = 0 + 0α + 2α2 (0,0,2)
16 α16 = 1 + 2α + 0α2 (1,2,0)
17 α17 = 0 + 1α + 2α2 (0,1,2)
18 α18 = 1 + 2α + 1α2 (1,2,1)
19 α19 = 2 + 2α + 2α2 (2,2,2)
20 α20 = 1 + 1α + 2α2 (1,1,2)
21 α21 = 1 + 0α + 1α2 (1,0,1)
22 α22 = 2 + 2α + 0α2 (2,2,0)
23 α23 = 0 + 2α + 2α2 (0,2,2)
24 α24 = 1 + 2α + 2α2 (1,2,2)
25 α25 = 1 + 0α + 2α2 (1,0,2)

namely in polar form as a power of α or in vector form as
an ordered n-tuple over GF (p). When performing operations
on the elements of the field, either representation may be
used. However, when multiplying two non-zero elements it
is more convenient to express them in polar form because
αm1 × αm2 = αm1+m2 where the exponents are reduced
modulo (pn − 1) to an element in the set {0, 1, 2, . . . , pn−2}.
On the other hand, when adding two elements, the vector form
is more convenient because the sum can be found by simply
summing each of the components of the vector modulo p. To
avoid having to switch between the two representations, it is
desirable to be able to perform both operations conveniently
using a single representation. In order to make this possible,
the notion of Zech logarithms was developed3.

Definition 4: [17] Let α be a primitive element of GF (pn) and
set Npn = {0, 1, . . . , pn−2}∪{−∞}. Then, for each n ∈ Npn ,
the Zech logarithm of n is the unique element Z(n) ∈ Npn

such that
αZ(n) = 1 + αn. (13)

�
For example, the Zech logarithm tables of the fields GF (23)

and GF (33) in Tables I and II are displayed in Tables III and
IV respectively. Using Zech logarithms it is now straightfor-
ward to add two elements αm1 and αm2 in polar form together;

3Historically, these logarithms were first discovered by Jacobi and so
sometimes rightfully bear his name in the literature. Nonetheless, they are
more commonly referred to as Zech logarithms [17].
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Table III
ZECH LOGARITHMS FOR GF (23)

Element Label Element + 1 Zech Logarithm

0 -∞ 1 0
α0 = 1 0 0 -∞

α 1 α + 1 3
α2 2 α2 + 1 6
α3 3 α3 + 1 1
α4 4 α4 + 1 5
α5 5 α5 + 1 4
α6 6 α6 + 1 2

assuming without loss of generality that m1 ≤ m2, it follows
that

αm1 + αm2 = αm1(1 + αm2−m1) (14)

= αm1αZ(m2−m1)

= αm1+Z(m2−m1),

where the exponent m1 + Z(m2 − m1) is reduced modulo
(pn − 1) to an element in the set Npn (note that −∞ + m =
m + −∞ = −∞ for every m ∈ Npn ). For example, using
Table IV and Eq. 14, in GF (33)

α9 + α15 = α9+Z(15−9) = α9+11 = α20, (15)

which is easily verified by using their vector forms in Table
II, that is

α9 + α15 ≡ (1, 1, 0) + (0, 0, 2) = (1, 1, 2) ≡ α20. (16)

Finally, it can be seen that the role of the primitive element
α is now redundant as addition and multiplication in GF (pn)
can be performed solely by manipulating the exponents of α.
Thus, for two elements of the field αm1 and αm2 , m1⊕m2 will
be written to represent the equivalent calculation αm1 + αm2 .
Likewise, m1 ⊗ m2 will be written in place of αm1 × αm2 .

III. REPRESENTING AND OPERATING ON FINITE SETS

USING FINITE FIELD CONCEPTS

All the concepts, terminology, results and tools are now in
place to introduce the new means of representing and operating
on subsets of finite sets.

In Section I, the usual binary string representation of the
subsets of a finite set of size n was described in which each of
the 2n subsets is represented by one of the 2n possible binary
strings. Each binary string is equivalent to an ordered n-tuple
of zeros and ones and so may equally be represented by one
of the 2n elements of the finite field GF (2n). For example,
the binary string 〈011〉 ≡ (0, 1, 1) ∈ GF (23). This is the
key to the new labelling of the subsets. Instead of using the
Boolean labelling of the string representation, the exponents
of the primitive element α in the polar form of the binary n-
tuples may be used as alternative labels for the subsets. For
example, the Boolean label of 〈011〉 is 3, while the “polar”
label of (0, 1, 1) is 4. This is more than just a cosmetic change.
It is shown below that the new labelling, referred to henceforth
as the Zech labelling, makes it possible to perform operations
on the subsets using only the labels themselves.

Table IV
ZECH LOGARITHMS FOR GF (33)

Element Label Element + 1 Zech Logarithm

0 -∞ 1 0
α0 = 1 0 0 13

α 1 α + 1 9
α2 2 α2 + 1 21
α3 3 α3 + 1 1
α4 4 α4 + 1 18
α5 5 α5 + 1 17
α6 6 α6 + 1 11
α7 7 α7 + 1 4
α8 8 α8 + 1 15
α9 9 α9 + 1 3
α10 10 α10 + 1 6
α11 11 α11 + 1 10
α12 12 α12 + 1 2
α13 13 α13 + 1 -∞
α14 14 α14 + 1 16
α15 15 α15 + 1 25
α16 16 α16 + 1 22
α17 17 α17 + 1 20
α18 18 α18 + 1 7
α19 19 α19 + 1 23
α20 20 α20 + 1 5
α21 21 α21 + 1 12
α22 22 α22 + 1 14
α23 23 α23 + 1 24
α24 24 α24 + 1 19
α25 25 α25 + 1 8

To see how set operations may be performed by manipu-
lating the Zech labels of the subsets, consider first how set
operations are performed with respect to the binary string
representation. Typically, for the binary string representation,
set operations are performed bitwise using logical operators.
For example conjunction ∧, disjunction ∨ and negation ¬ are
used to perform set intersection, set union and set complemen-
tation respectively. From these logical connectives, all other
logical connectives can be constructed and so all other possible
bitwise set operations may also be performed. Furthermore,
the binary string representation has a top element � in the
form of the string of all ones which represents the frame of
discernment, and a bottom element ⊥ in the form of the string
of all zeros which represents the empty set.

It is immediate that many of these concepts and properties
have counterparts in the n-tuple representation with the Zech
labelling. The n-tuples of all ones and zeros represent the
top � and bottom ⊥ elements. Also set complementation can
be performed by summing the subset in question with the
top element � via the addition operation +2 of GF (2n). For
example, the complement of the set (1, 0, 1) in Ω ≡ (1, 1, 1) is
(0, 1, 0) = (1, 0, 1) +2 (1, 1, 1). It follows then that set com-
plementation can also be performed solely by manipulating
the Zech labels because +2 can be performed using Zech
logarithms. However, it is a well known result in propositional
logic that the set {�,⊥,¬,+2} is insufficient to completely
recover all other logical operators, in particular conjunction ∧
(refer to [18, ex.5, p.52]). Hence, more is required to recover
the set intersection operation. While it is desirable to use
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Table V
THE MAPPING ρ23 FROM GF (23) TO GF (33)†

Element in Vector Form Label in GF (23) Label in GF (33)

(0,0,0) -∞ -∞
(1,0,0) 0 0
(0,1,0) 1 1
(0,0,1) 2 2
(1,1,0) 3 9
(0,1,1) 4 10
(1,1,1) 5 6
(1,0,1) 6 21

addition in GF (2n) via Zech logarithms in some way to
achieve set intersection, the problem is basically that this fails
to distinguish between the cases when the components of two
n-tuples in the same respective position are both 0 or both
1. For set intersection, when both elements are 0, combining
them should result in 0, while when both are 1, combining
them should result in 1. However, 0 +2 0 = 1 +2 1 = 0.
In GF (3n), this is not the case because 0 +3 0 = 0 while
1 +3 1 = 2. This fact can be exploited to recover the set
intersection (and so all other set operations) by combining the
use of Zech logarithms in GF (3n) with those of GF (2n).

To do so, define the mapping ρ23 which maps the Zech label
of each n-tuple of GF (2n) to the exponent in the polar form
of that same element in GF (3n). For example, the Zech label
of (1, 1, 0) in GF (2n) is 3 and the exponent of the polar form
of (1, 1, 0) in GF (3n) is 9, so ρ23(3) = 9. Let the inverse of
this mapping be ρ32. These mappings are displayed in Tables
V and VI for the fields GF (23) and GF (33) in Tables I and II
(note that GF (33)† denotes the image of GF (23) in GF (33)
under ρ23). The following theorem then holds.

Theorem 1: Let Ω be a finite set of cardinality n and let the
Zech labels (with respect to GF (2n)) of two arbitrary subsets
of Ω be m1 and m2. Then the Zech label of the intersection
of the two subsets is given by the expression

ρ32(ρ23(m1⊕2 m2)⊕3 [(3n−1)/2⊗3 [ρ23(m1)⊕3 ρ23(m2)]])
(17)

where the subscripts on the ⊕ and ⊗ operations indicate over
which field they are to be performed. �

Despite the awkward looking nature of this expression, it
can be evaluated quite efficiently with the use of lookup tables
such as Tables III to VI. It is noted that the number of steps
required to evaluate Expr. 17 is also independent of n and so
the computational complexity of calculating the intersection
of the two subsets via this technique is O(1).

In Section IV the Zech labelling approach in conjunction
with Expr. 17 is used to evaluate Dempster’s rule of combi-
nation directly.

IV. TESTING AND EVALUATION

To test the performance of the proposed Zech logarithm-
based technique for evaluating Dempster’s rule of combina-
tion, lookup tables for the Zech logarithms of the finite fields
GF (2n) and GF (3n) and the corresponding mappings ρ23

Table VI
THE MAPPING ρ32 FROM GF (33)† TO GF (23)

Element in Vector Form Label in GF (23) Label in GF (33)

(0,0,0) -∞ -∞
(1,0,0) 0 0
(0,1,0) 1 1
(0,0,1) 2 2
(1,1,1) 6 5
(1,1,0) 9 3
(0,1,1) 10 4
(1,0,1) 21 6

and ρ32 were first constructed for each n = 2, . . . , 15. For
each such n, 100 pairs of combinable normalised basic belief
masses with 1, . . . , min{2n, 50} elements4 were randomly
generated and combined using both the commonality approach
and the Zech logarithm approach. In order to ensure that the
test was fair, the code used for the FMT-based commonality
approach was that which is available from Philippe Smets’
website [19]. The results of the testing appear in Table VII;
the entries in columns one to four are respectively: the size of
the frame of discernment Ω; the maximum number Nmax

Z faster than C

of focal elements in each belief potential for which the
Zech logarithm approach is faster or approximately as fast
as the commonality approach; the average CPU time for the
commonality approach and the minimum CPU time for the
Zech logarithm approach. The results also appear in Figs.
1-3 for representative values of n. The algorithms were all
implemented in MATLAB and the computer used for the
testing was a standard desktop PC with a 3.40 GHz processor
and 1.98 GB of RAM.

A. Quantitative Results

For n = 2 and 3, the average performance of the Zech log-
arithm approach is far faster than the commonality approach
regardless of the number of focal elements. For n = 4, . . . , 10,
the relative behaviours of the two approaches are quite similar
and appear to depend only on the number of focal elements,
rather than on n. In particular, the Zech logarithm approach
is faster on average than the commonality approach when
each belief potential has 13 or fewer focal elements (when
n = 4, this accounts for almost the whole power set). Since
the average execution time for the commonality approach was
reasonably constant across these values of n (about 0.002
seconds), this behaviour is to be expected because the Zech
logarithm approach is O(k1k2) which is independent of n
(where k1 and k2 are the numbers of focal elements in each
belief potential). Beyond n = 11, the commonality approach
starts to become more computationally expensive with n,
with the outcome that the Zech approach outperforms it for
increasingly larger numbers of focal elements. At the extreme
value considered ie n = 15, the Zech approach is faster on
average for belief potentials with up to 40 focal elements.

4The reason for not considering more than 50 focal elements for each n was
simply to keep the computation to manageable levels. The particular value of
50 was chosen based on trial and error.
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Table VII
RESULTS OF THE PERFORMANCE ASSESSMENT

Size of Ω Nmax
Z faster than C CPU ave

C CPUmin
Z

2 3 0.002 0.0002
3 7 0.002 0.0002
4 13 0.002 0.0002
5 13 0.002 0.0002
6 13 0.002 0.0002
7 13 0.003 0.0002
8 13 0.003 0.0002
9 13 0.003 0.0002
10 13 0.003 0.0002
11 15 0.004 0.0003
12 19 0.006 0.0003
13 23 0.0096 0.0003
14 30 0.016 0.0003
15 40 0.03 0.0004

B. Qualitative Assessment and Discussion

The results generally confirm the expected performance
of the Zech logarithm approach against the commonality
approach. That is, with the exception of n = 2, 3 and 4
(substantially), the Zech logarithm approach out-performs the
commonality approach for small numbers of focal elements
(relative to the value of 2n), but as n increases the situa-
tion reverses. Therefore, for the Zech logarithm approach to
provide general enhanced performance over the commonality
approach, it would need to be used in conjunction with a
pruning or simplification strategy to ensure that the number
of focal elements in the combined belief potential remained
below the empirical limits obtained above.

Various strategies for reducing the complexity of belief
potentials are discussed by Bauer in Ref. [9], although most
of them cannot guarantee that the simplified belief potential
will possess fewer than a prescribed number of focal ele-
ments. The one approach mentioned in Ref. [9] that does
is Voorbraak’s Bayesian approximation (also known as the
plausibility transformation [20]), but this reduces the belief
potential to a probability distribution (with therefore at most
n focal elements, all of which are singletons), so that the
complexity of Dempster’s rule of combination is no longer
a relevant issue. However, the results of Bauer [9] suggest
that this simplification can reduce the complexity too much,
so that poorer decisions may result from this approach. A
further alternative that may overcome this is the following.
If the number of focal elements of the belief potential φ
in question exceeds the established limits, then calculate its
pignistic probability distribution and construct the unique
inverse pignistic belief potential φinv of this (refer to Ref. [3]
for details). The resulting belief potential φinv, which is iso-
pignistic to the original belief potential φ, is guaranteed to
have at most n focal elements, while preserving more of the
complexity of the original belief potential and so potentially
improving the decision-making performance of the system.
Since the maximum number of focal elements for which the
Zech logarithm approach was faster than the commonality
approach for each n considered was always in excess of n,

this would be an appropriate strategy to apply.
Finally, it is noted that even when it is implemented using

the FMT, the performance of the commonality approach - in
terms of the elapsed CPU time - begins to seriously degrade
for frames of discernment of sizes around n = 15 to 20. This is
because it calculates the commonality of each of the 2n subsets
of Ω for the belief potentials being fused, then multiplies them
all and converts them back to belief masses. Thus, to evaluate
Dempster’s rule of combination for frames of discernment
with more than 20 elements different techniques are required.
Provided the numbers of focal elements are not too high,
the Zech logarithm approach may be modified to furnish a
potentially efficient means of representing the focal elements
and fusing the belief potentials in such instances. This would
be achieved by taking the binary string representation of each
focal element, partitioning it into smaller strings and then
representing each of these smaller strings by Zech labels.
Set operations such as intersection could then be performed
efficiently on the original focal elements by performing them
on the labels of the individual smaller elements. To support
this approach, a slightly different strategy would be required
for “labelling” the sets though since the focal elements would
contain more than one individual Zech label. One viable
strategy would be to order the fused focal elements (and
their corresponding basic belief masses) by using a multiple-
key sorting approach on their Zech labels and then checking
for and removing repeated focal elements (and appropriately
updating the basic belief masses). The complexity of the
resulting algorithm would be O(k1k2k3 log2(k1k2)), where k1

and k2 are as before and k3 is the number of Zech labels
used to represent each focal set, and so would enable efficient
handling of the fused focal elements and generation of the
overall fused belief potential.
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Figure 1. - Processing times for the commonality and Zech logarithm-
based approaches for evaluating Dempster’s rule of combination for a frame
of discernment of size 2.

V. CONCLUSION

In this paper, the idea of using abbreviated representations
of finite sets to assist in improving the efficiency of evaluating
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Figure 2. - Processing times for the commonality and Zech logarithm-
based approaches for evaluating Dempster’s rule of combination for a frame
of discernment of size 7.
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Figure 3. - Processing times for the commonality and Zech logarithm-
based approaches for evaluating Dempster’s rule of combination for a frame
of discernment of size 15.

Dempster’s rule of combination has been investigated. In par-
ticular, aspects of the theory of finite fields have been exploited
to establish a means of labelling the subsets of a finite set
in such a way that set operations may be performed on the
subsets by simply manipulating the labels. The motivation
for doing so was that such a representation might potentially
reduce the amount of computation required to perform set
operations. This is particularly important in problems in which
large numbers of set operations are required, such as in the
evaluation of Dempster’s rule of combination for Dempster-
Shafer theory. The ideas have been tested by representing
and operating on the focal elements of belief potentials for
frames of discernment of various sizes during the evaluation
of Dempster’s rule of combination. The results established
are encouraging, but indicate that for the technique to be
universally beneficial it needs to be used in conjunction with a
pruning or simplification strategy to constrain the sizes of the

belief potentials produced during processing. Future work will
examine other means of representing and manipulating finite
sets in the context of Dempster-Shafer theory and compare
the results with those obtained herein. Testing of the pignistic
probability pruning strategy and the modification of the Zech
logarithm approach for large frames of discernment suggested
in Section IV-B will also be conducted.
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