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Abstract— The problem of tracking targets, where measure-
ments may occasionally be masked by the Doppler blind zone of
the sensor, arises in Ground Moving Target Indicator tracking
and aerial surveillance. For such problems, no target return
is registered when the range rate (Doppler) of the target falls
below a sensor-specific threshold in magnitude. For this reason,
possible missed detections provide kinematic information about
the target, and it is of interest how to incorporate this information
in tracker design. In this paper, we introduce a new methodology
for tracking under Doppler blind zone constraints, based on
Gaussian mixture approximations to the conditional density.
The filter equations are based on analytic calculations of the
posterior density, while the Gaussian mixture approximation step
is carried out over a scalar variable and involves exact moment
matching. The presence of clutter and the employment of jump
Markov models to describe target motion are naturally covered
by the new paradigm. Simulation results indicate performance
improvements over other analytic techniques and comparable
accuracy of estimation with high-order particle filters.
Keywords: Target tracking, Bayesian methods, minimum
detectable velocity, blind Doppler, clutter.

I. INTRODUCTION

Since the development of Ground Moving Target Indicator
(GMTI) sensors, there has been increased interest in how
to process ‘negative’ information that can arise during the
tracking process. The term negative information is used to
describe a physical limitation of the sensor, namely that it
cannot discern the existence of a target when the range-rate
of the target from the sensor falls below some physically
defined threshold in magnitude. This is an additional source
of missed detections to those arising from pre-processing
of sensor outputs to suppress low intensity returns; missed
detections of the latter kind can be accounted for in tracking
algorithms by specifying a probability of detection Pd that is
less than one.

The presence of the Doppler blind zone in effect imposes a
hard (windowing) constraint on the state-space. Consequently,
a possible missed detection actually provides useful infor-
mation to the tracker, in situations where a track has been
established and maintained, yet the target fails to appear in
the expected region. Disappearance of the target could be the
result of the target coming to a halt, moving in a direction
perpendicular to the line of sight, or moving very slowly in
any direction. We mention also that taking account of the

Doppler blind zone, apart from improving estimation accuracy,
is important for maintaining track continuity and for improved
gating.

Particle filter solutions ( [1], [9]) are a natural choice for
tracking in the presence of the ‘blind Doppler region’, as
hard constraints and non-linear measurements can be easily
brought into this framework. However, the reduced computa-
tional demands of analytic approaches, based on Gaussian or
Gaussian mixture approximations of the conditional density,
renders them attractive alternatives. It is therefore of interest
to examine to what extent these techniques can be effectively
employed in high-performance tracking algorithms.

In this paper, we present a new analytic method for tracking
under blind Doppler constraints, which takes account of both
the less than unity probability of detection and the blind
Doppler region in a natural fashion. Algorithms constructed
according to the new method benefit from increased design
flexibility. Specifically, the proposed method allows target
motion to be modeled by a jump Markov linear process, as
well as enabling the practitioner to employ any nonlinear
filtering algorithm to process the sensor measurements. The
possibility of clutter is also accommodated. To construct the
filter algorithm, we derive exact formulae for the updated
filtering density, under the assumption of a Gaussian mixture
prior. The updated density has the form of a weighted sum
of truncated Gaussian densities, each of which is approx-
imated by low-order Gaussian mixtures. A key feature of
the algorithm is that the calculations involve construction of
low-order Gaussian mixture approximation of densities in a
scalar variable; for this reason the algorithm is scalable.
Indeed its modest computational demands make it suitable
for incorporation in larger scale algorithms, involving, for
example, multiple targets, road constraints, etc..

Other proposed schemes attribute missed detections to
move-stop-move manoeuvres of the target, within a multiple
model framework for describing target motion ( [3], [6]).
These approaches involve modifying the target model, to take
account of missed detections, rather than attributing them to
limitations of the sensing process.

Among available algorithms, the proposed class of filters
has closest affinity to the analytic filter proposed by Koch et
al. ( [4], [5]); in both cases, a missed measurement is accom-
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modated within the model of the measurement process. The
algorithm of Koch et al., in common with our filter, propagates
Gaussian mixture approximations to the conditional density
of the target state; but it does so in a different way. Here,
the Doppler blind zone is accounted for by a state-dependent
probability of detection, Pd(xt), which takes low values inside
the blind zone. The algorithm, however, introduces a fictitious
measurement to represent a missed detection, which has the
effect of ‘softening’ the Doppler blind zone constraint. What
is more, the resulting Gaussian mixture approximations may
employ negative weights, which may give rise to numerical
instability.

The simulations reported in Section V demonstrate a uni-
form improvement over other analytic methods based on
Gaussian or Gaussian mixture approximation (the EKF and
the method of Koch et al. [4]). The new algorithm achieves,
furthermore, the accuracy of a high order SIR particle filter
at greatly reduced computational cost. The improvements in
performance over the algorithm of [4] are attributable to the
fact that the construction of the new filter is based, not on a
softening of the Doppler blind zone constraint to fit the track-
ing problem to a more conventional filtering framework, but
on the calculation of the true conditional densities involved,
and their direct approximation.

The paper is organized as follows. The tracking problem is
defined in Section II. In Section III, we describe in detail the
proposed methodology, including the analytical steps on which
it is based. Section IV provides a precise description of an
algorithm based on this methodology. In Section V, we report
on simulations involving the use of the proposed algorithm and
earlier trackers. Concluding remarks appear in Section VI.

Some points of notation: N (m,Σ)(x) denotes the density
of a normally distributed random vector x, with mean m
and covariance Σ. χA(y) is used to denote the membership
function, so that χA(y) = 0, if y /∈ A, and χA(y) = 1,
if y ∈ A. Given a 2−vector d = (dx, dy)T , arctan(d) is
interpreted as arctan(dy/dx) in the four quadrant sense.

II. PROBLEM FORMULATION

A. State and Measurement Process

The time-dependent n-dimensional state vector xt, describ-
ing motion of a target, evolves according to a jump-Markov
linear model

xt = F (qt)xt + us
t (qt) + wt(qt), t = 1, 2, . . . (1)

in which F (qt) is an n × n matrix and, for each t, us
t (qt)

is an n-vector. {wt(qt)}, the ‘system noise’ process, is a se-
quence of independent Gaussian random variables (wt(qt) ∼

N (0, Qs
t (qt))).

The components of the state vector xt will, in some
cases, comprise the Cartesian coordinates and the velocity
components of the target. But, in other cases, the state might
incorporate additional components to take account of coloured
noise effects, motion of the sensor platform, etc. There are no
restrictions on the dimension n of the state vector.

{qt} is a discrete stationary Markov process taking values
in the set of possible modes S = {1, . . . ,M}, and whose
transition probabilities are given by

νij = p(qt = j|qt−1 = i), i, j ∈ S (2)

To develop a model for the observations, we introduce a
2-dimensional time-varying displacement vector dt according
to

dt = Hdxt + um
t

Here, for each t, um
t is a 2-vector, and Hd is a 2 × n

matrix. dt has the interpretation of the Cartesian coordinates
of the position of the target in the plane relative to the sensor
platform position, in the absence of measurement noise. We
also introduce a partition of the state vector, to separate the
‘velocity’ states, as

xt = (sT
t ,vT

t )T

vt = (ẋt, ẏt)T = Hvxt

st = Hsxt t = 1, 2, . . .

Here, vt is a 2-dimensional ‘velocity’ vector and st is a (n−2)-
dimensional vector , consisting of all but the ‘velocity states’
of xt. Hv and Hs are 2 × n and (n − 2) × n matrices,
respectivelly.

At each time step t, a collection of nt noisy measurements1

of the target’s range, angle and range-rate2, relative to the
sensor platform, is obtained, zt = {zt,1, . . . , zt,nt

}, containing
spurious (non-target originated, independent) measurements,
termed clutter, as well as, possibly, a single target-originated
measurement. If the k’th measurement at time t is target-
originated, zt,k is of the form

zt,k = (zt,k[1], zt,k[2], zt,k[3])T = (rt, θt, ṙt)T + nt

rt = ‖dt‖
θt = arctan(dt)
bt = (0, . . . , 0︸ ︷︷ ︸

n−2

, cosθt, sinθt)T

ṙt = bT
t xt.

Here bt is interpreted as the bearing vector (zero padded
vector of direction cosines). {nt}, the ‘measurement noise’
process, is a sequence of independent Gaussian random vari-
ables (nt ∼ N (0, Qm)). Qm is a diagonal matrix, Qm =
diag(σ2

r , σ2
θ , σ2

ṙ), whose elements comprise the measurement
noise variance in the range, angle and range-rate, respectivelly.
It is assumed that {wt}, {qt}, {nt} and x0 are independent.

B. Sensor characteristics and missed measurements

The sensor is assumed to have a probability of detection
equal to Pd. In addition, due to physical limitations of the
sensor, the target cannot be detected if the magnitude of
the range-rate, |ṙt|, falls below a certain (sensor-dependent)

1Note that nt may also be equal to zero.
2The range-rate is compensated for platform motion.
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threshold, termed the Minimum Detectable Velocity and de-
noted by MDV . According to our model, a missed detection
will also occur if

|bT
t xt| ≤ MDV ⇔ −MDV ≤ bT

t xt ≤ MDV.

C. Clutter description

The clutter is assumed to be independent of the measure-
ments and uniformly distributed in the measurement space.
Furthermore, the number of clutter returns follows a Poisson
distribution with mean parameter ρVt. Here, Vt denotes the
volume of the measurement space at time t, and ρ is the
false alarm density per unit volume in the measurement space
(clutter spatial density). We allow for the sensor returns to be
subject to a gating procedure, with gate probability Pg . Note
that the case Pg = 1 corresponds to no gating.

The goal of the tracking problem is to calculate the condi-
tional mean and covariance of xt, given measurements (or
absence of measurements) up to time t, or at least good
approximations to these moments.

III. THE BDMF ALGORITHM: A NEW METHODOLOGY

FOR BLIND DOPPLER TRACKING

As our aim is to develop Gaussian mixture approximations
to the posterior (filtering) density, we assume that the con-
ditional density of the target’s state vector at time t − 1 is
expressible as a Gaussian mixture

p(xt−1, qt−1|z1:t−1) =
N∑

i=1

αi
t−1δ(qt−1 − qi

t−1)

N (x̂i
t−1|t−1, P

i
t−1)(xt−1)(3)

for some integer N , positive numbers αi
t−1, such that∑

i αi
t−1 = 1, and, for i = 1, . . . , N , x̂i

t−1|t−1 ∈ R
n and

P i
t−1 ∈ R

n×n. δ(·) denotes the Kronecker delta function; the
variable qi

t−1, taking integer values in the set S = {1, . . . , M},
is the mode of the ith component of the prior mixture at time
t − 1. At each measurement time, the algorithm proceeds by
performing the following steps, for each component of the
Gaussian mixture prior, i = 1, . . . , N , and each kinematic
model j = 1, . . . ,M :

A. Prediction

The mode-dependent means and covariances of the state xt,
given all measurements up to time t− 1, are calculated using
the formulae

x̂ij
t|t−1 = F (j)x̂i

t−1|t−1 + us
t (j) (4)

P ij
t|t−1 = F (j)P i

t−1|t−1F (j)T + Qs(j). (5)

B. Nonlinear filtering step

If at least one measurement has been returned by the sensor
at time t, i.e. nt > 0, use any appropriate nonlinear moment
matching algorithm to process the new measurement set zt, for
all measurements zt,k, k = 1, . . . , nt. The algorithm used in
this step needs to process GMTI measurements (noisy range,
bearing and range rate data), in the absence of Doppler blind

zone effects (there is a wide range of possible choices; see
[8]).

In what follows, we assume that the extended Kalman filter
of [9], based on the unbiased conversion of [7], is used in this
step. This generates a collection of means and covariances
{x̂ijk

t|t } and {P ijk
t|t } according to the following equations:

Define z̃t,k and Rt,k to be

z̃t,k = (λ−1zt,k[1]coszt,k[2],
λ−1zt,k[1]sinzt,k[2], zt,k[3])T (6)

Rt,k =


 σ2

x σ2
xy 0

σ2
xy σ2

y 0
0 0 σ2

ṙ


 , (7)

where

σ2
x = (λ−2 − 2)zt,k[1]2cos2zt,k[2]

+(zt,k[1]2 + σ2
r)(1 + λ4cos2zt,k[2])/2 (8)

σ2
y = (λ−2 − 2)zt,k[1]2sin2zt,k[2]

+(zt,k[1]2 + σ2
r)(1 − λ4cos2zt,k[2])/2 (9)

σ2
xy = (λ−2 − 2)zt,k[1]2coszt,k[2]sinzt,k[2]

+(zt,k[1]2 + σ2
r)λ4sin2zt,k[2]/2 (10)

λ = exp(−σ2
θ/2). (11)

Let

θij
t|t−1 = arctan(Hdx̂

ij
t|t−1 + um

t ) (12)

bij
t|t−1 = (0, . . . , 0︸ ︷︷ ︸

n−2

, cosθij
t|t−1, sinθij

t|t−1)
T (13)

Hij
t =

[
Hd

∇xt
ṙt(xt)

∣∣
x̂ij

t|t−1

]
(14)

ẑij
t|t−1 =

[
Hdx̂

ij
t|t−1 + um

t

(bij
t|t−1)

T x̂ij
t|t−1

]
(15)

Sijk
t = Hij

t P ij
t|t−1(H

ij
t )T + Rt,k (16)

Kijk
t = P ij

t|t−1(H
ij
t )T (Sijk

t )−1 (17)

Then, for k = 1, . . . , nt, x̂ijk
t|t and P ijk

t|t are obtained as

x̂ijk
t|t = x̂ij

t|t−1 + Kijk
t (z̃t,k − ẑij

t|t−1) (18)

P ijk
t|t = (I − Kijk

t Hij
t )P ij

t|t−1, (19)

while, for the case k = 0, set

x̂ij0
t|t = x̂ij

t|t−1 and P ij0
t|t = P ij

t|t−1. (20)

Note that in the case of no registered measurements (nt =
0), we use only the formula (20).

C. Incorporating the Doppler blind zone constraints

To take account of the Doppler blind zone constraint, we
partition the n-dimensional state space into the sets

M1 = {x ∈ R
n|bT x > MDV }

M2 = {x ∈ R
n|bT x < −MDV }

M3 = R
n\(M1 ∪ M2).
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Now, noting that the bearing vector bt is a nonlinear
function of the state vector, and that it is the inner product
of bt with the state vector that defines the range-rate of the
target, ṙt, we propose to approximate bt with the fixed vector
bijk

t|t , where

bijk
t|t = (0, . . . , 0︸ ︷︷ ︸

n−2

, cosθijk
t|t , sinθijk

t|t )T (21)

θijk
t|t = arctan(Hdx̂

ijk
t|t + um

t ) (22)

for each prior component i, model index j, and association
event k.

This has the simplifying effect of rendering the range-
rate measurement linear in the state vector xt. This allows
for easy incorporation of the Blind Doppler constraint in the
posterior density. Justification of this key approximation will
be provided in a forthcoming paper. More specifically, it can
be shown that, with this approximation, the conditional density
at time t is a mixture of truncated Gaussian densities of the
form

p(xt|z1:t) =
N,M∑
i,j=1

(
nt∑

k=0

2∑
l=1

αijkl
t pijkl

t|t (xt) + αij03
t pij03

t|t (xt)

)
.

(23)
Here, for all i = 1, . . . , N and j = 1, . . . ,M ,

αijkl
t = c−1νqi

t−1,jα
i
t−1 × (24)


[
1 − (γij01

t|t + γij02
t|t )

]
ρ for k = 0, l = 3

γijkl
t|t (1 − PdPg)ρ for k = 0, l = 1, 2

γijkl
t|t Pdπ

ijk
t for k > 0

In the above, c is a normalization constant, such that the
weights {αijkl

t } sum to 1. The pijkl
t|t (xt) are truncated

Gaussian densities, defined as

pijkl
t|t (xt) = (γijkl

t|t )−1N (x̂ijk
t|t , P ijk

t|t )(xt)χMl
(xt)

for all i, j, k, and l = 1, 2, while pij03
t|t (xt) is explicitly defined

as

pij03
t|t (xt) = (1 − (γij01

t|t + γij02
t|t ))−1

×N (x̂ij0
t|t , P ij0

t|t )(xt)χM3(xt).

The γijkl
t|t are normalization constants

γijk1
t|t =

∫
M1

N (x̂ijk
t|t , P ijk

t|t )(xt)dxt

=
∫ +∞

MDV

f ijk
t|t (s)ds (25)

γijk2
t|t =

∫
M2

N (x̂ijk
t|t , P ijk

t|t )(xt)dxt

=
∫ −MDV

−∞
f ijk

t|t (s)ds (26)

f ijk
t|t (s) = N

(
(bijk

t|t )T x̂ijk
t|t , (bijk

t|t )T P ijk
t|t bijk

t|t
)

(s), (27)

while the πijk
t are given by

πijk
t = N (ẑij

t|t−1, S
ijk
t )(z̃t,k), (28)

for k = 1, . . . , nt only.
Note that the normalizing constants γijkl

t|t can be easily
calculated using standard computer library functions. An ef-
ficient scheme to obtain Gaussian mixture approximations
to the truncated Gaussian densities is described in the next
subsection.

D. Gaussian mixture approximation step

In all cases, i.e. for all values of the indices i = 1, . . . , N ,
j = 1, . . . ,M and k = 0, . . . , nt, Gaussian mixture approxi-
mations to the densities

qijk(xt) =
3∑

l=1

wlcl
−1χMl

(xt)N (µ,Σ)(xt) (29)

are required, in which

wl = αijkl
t , l = 1, 2

w3 =
{

αij03 , k = 0
0 , k > 0

cl = γijkl
t|t , l = 1, 2

c3 = (1 − (γij01
t|t + γij02

t|t ))

µ = x̂ijk
t|t

Σ = P ijk
t|t . (30)

In the rest of this section, we will use the shorthand notation

b = bijk
t|t

for each i, j and k. Also note that the indices i,j,k have
been dropped for notational simplicity – they are implied
throughout.

The desired Gaussian mixture approximation can be
achieved by considering a change of variable of the form

yt =
[

y1

Y

]
= T−1(xt − µ) (31)

for each i, j and k, where y1 ∈ R, Y ∈ R
n−1. T is

an orthogonal matrix, i.e. T−1 = TT , obtained via a QR-
decomposition of the vector b.

The transformed vector yt, then, admits a normal distribu-
tion, with parameters

yt =
[

y1

Y

]
∼ N (0, T−1ΣT )

= N
(

0,

[
Pyy PyY

PY y PY Y

])
. (32)

In addition, in the new coordinate system, the state-space
partition becomes

xt ∈ M1 ⇔ bT xt > MDV ⇔ y1 ∈ I1

xt ∈ M2 ⇔ bT xt < −MDV ⇔ y1 ∈ I2 (33)

xt ∈ M3 ⇔ |bT xt| ≤ MDV ⇔ y1 ∈ I3,
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where Il are the intervals of the real line

I1 = (MDV − bT µ,+∞)
I2 = (−∞,−MDV − bT µ) (34)

I3 = [−MDV − bT µ,MDV − bT µ],

resulting in

qijk(yt) =
3∑

l=1

wlc
−1
l χIl

(y1)N (0, Pyy)(y1)p(Y |y1).

The idea behind our Gaussian mixture approximation
scheme is to replace each of the (scalar) truncated Gaussian
densities c−1

l χIl
(y1)N (0, Pyy)(y1), for l = 1, 2 and 3, with

moment-matched Gaussian densities of the form N (E[y1|y1 ∈
Il], var[y1|y1 ∈ Il])(y1). Here, E[y1|y1 ∈ Il] and var[y1|y1 ∈
Il] correspond to the mean and covariance of the truncated
Gaussian random variable y1 in the interval Il; closed form
expressions for these are available, see the Appendix. It can
be shown that this procedure results in a Gaussian mixture
approximation q̃ijk(yt) to qijk(yt),

q̃ijk(yt) =
3∑

l=1

wlN (ml, Pl)(yt), (35)

where the means ml and covariances Pl of the Gaussian
densities comprising q̃ijk(yt) are given by

ml =
[

1
PY yP−1

yy

]
E[y1|y1 ∈ Il]

Pl =
[

var[y1|y1 ∈ Il] QT
l

Ql Sl

]
Ql = PY yP−1

yy var[y1|y1 ∈ Il]

Sl = PY Y − PY yP−1
yy

(I − var[y1|y1 ∈ Il]P−1
yy )PyY . (36)

The weighting factors, wl, in (35) are as in (30).
As a last step, we apply the inverse tranformation to obtain

a Gaussian mixture approximation q̃ijk(xt) to the original
density qijk(xt), namely

q̃ijk(xt) =
3∑

l=1

wlN (Tml + µ, TPlT
T )(xt), (37)

Other types of Gaussian mixture approximation are also
possible but are not discussed here.

E. Mixture reduction step

From the previous sections, it is clear that an N -fold prior
mixture density gives rise to an NM(2nt + 3)-fold posterior
density; it is, thus, apparent that any practical implementa-
tion of the algorithm must limit the number of components
comprising the posterior mixture density.

The flexibility of modeling the target’s motion by a jump-
Markov linear system, however, renders the process of mix-
ture reduction slightly more complicated than in the ‘single-
kinematic model’ case. Allowing for multiple target motion
models is essentially equivalent to extending the state space of

the system to include a discrete variable describing the (active)
model index j; storing this variable is necessary in order to be
able to calculate the relevant model transition probability in
the next iteration of the algorithm. Thus, in the spirit of IMM
methods, we propose to merge components that belong to the
same model class as time t. Other mixture reduction methods
are also compatible, for example the deterministic/random
sampling technique proposed by Fearnhead et al. ( [2]).

As a sidenote, we point out that, if a single model describing
target motion is assumed, mixture reduction can be easily
performed using any of the standard methods [10], [11].

IV. ALGORITHM OUTLINE

The steps executed in one iteration of the proposed algo-
rithm are precisely summarized below:

• For each i = 1, . . . , N and j = 1, . . . , M :

– Calculate x̂ij
t|t−1 and P ij

t|t−1 from equations (4) and
(5)

– Perform gating according to some gate probability
Pg — set Pg = 1 if no gating is performed. Let nt

denote the number of (validated) measurements.
– For each k = 0, 1, . . . , nt:

1) Calculate x̂ijk
t|t and P ijk

t|t from equations (6)-
(20), or using any appropriate nonlinear filtering
scheme.

2) Evaluate vectors bijk
t|t using (21) and (22).

3) Evaluate the normalizing constants γijk1
t|t and

γijk2
t|t from equations (25)–(26).

4) Calculate the likelihoods πijk
t (for k = 1, . . . , nt

only) using (28).
5) Evaluate αijkl

t from (24), ignoring the normaliz-
ing constant c−1 for the moment.

6) Calculate wijkl, cijkl, µijkl, Σijk from (30).
7) Perform QR decomposition on the vector bijk

t|t to
obtain the orthogonal matrix Tijk.

8) Use equations (31)-(37) to calculate
x̂ijkl

t = Tijkmijkl + µijk and
P ijkl

t = TijkPijklT
T
ijk for l = 1, 2 (l = 1, 2, 3 in

case k = 0).

• Replace the weights αijkl
t by the normalized weights

α̃ijkl
t =

αijkl
t∑N

i=1

∑M
j=1(

∑nt

k=0

∑2
l=1 αijkl

t + αij03
t )

• Replace the truncated Gaussian densities pijkl
t|t (xt) in (23)

by Gaussian densities p̃ijkl
t|t (xt) = N (x̂ijkl

t , P ijkl
t )(xt),

and the weights αijkl
t by α̃ijkl

t , to obtain a Gaussian
mixture approximation p̃(xt|z1:t) to the posterior density.

• Calculate the overall mean and covariance of the posterior
density Gaussian mixture for output.

• Perform mixture reduction and formulate the resulting
Gaussian mixture as a sum over a single indexing vari-
able, in preparation for the next iteration.
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V. RESULTS

In this section, we report on simulations of the proposed
algorithm in a scenario of military significance; namely, we
consider the problem of tracking a ground-moving vehicle
from an airborne platform carrying a GMTI sensor. The algo-
rithms that will be compared are the proposed Blind Doppler
Mixture Filter (BDMF), the state-dependent probability of
detection filter (SDPD-GM) from [4], a standard first-order
Extended Kalman Filter (EKF), as well as an SIR particle
filter, which is included as a benchmark for comparisons.

We choose a simple scenario, which nonetheless brings out
the benefits of algorithms that take account of the Doppler
blind zone and which permits us to compare their performance.
The BDMF algorithm is based on a single kinematic model
(specified below) and the spatial density of the clutter, ρ, is set
so low, as to play no role in the simulations. Specific details
of the scenario are outlined below.
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The target, moving eastbound, starts at a constant speed of
10m/s, which it maintains for 180s, before it accelerates at a
rate of 1m/s2 up to a speed of 25m/s. After traveling at this
constant speed for 180s, the target starts to decelerate for 25s
until it comes to a standstill. No measurements are received
while the target is stopped. The target remains stationary for
60s, before accelerating again to a speed of 15m/s. The
target’s speed as a function of time is plotted in Figure 1.
Target motion is modeled using a standard constant velocity

model, with a process noise intensity of σ2
v = (0.8)2(m/s2)2,

to take account of the target’s random acceleration.
Notice that a scenario has been chosen in which the target is

stationary over a significant time period, to assess the perfor-
mance of trackers that exploit blind Doppler zone information.

We also consider a sensor platform, travelling northbound
at a constant speed of 120m/s and at an altitude of approxi-
mately 10km, which takes noisy measurements of the ground-
moving target every h = 5 seconds. The sensor inaccuracies
are characterized by standard deviations of σr = 20m, σθ =
2mrad and σṙ = 1m/s, while the probability of detection
Pd and the minimum detectable velocity MDV are varied
and shown collectively in Table I. A plot of the trajectories is
given in Figure 2.

At the end of each iteration of the proposed algorithm, a
standard mixture reduction technique [10] was employed to
avoid the exponential growth of components in the Gaussian
mixture approximation to the posterior density. Specifically,
the posterior mixture of both the BDMF and SDPD-GM
algorithms was reduced to 2 components at each time step.

A standard EKF, which, in the absence of a measurement
at time t, produces the predictive estimates x̂t|t−1, Pt|t−1

as the time-updated posterior mean and covariance, is also
included in the comparison, so as to demonstrate the benefits
of incorporating the blind Doppler constraints of the sensors
in the tracker.

Finally, the particle filter employed in this example is a
standard 20000-particle SIR implementation, with the Doppler
blindness constraint incorporated in the measurement update.
It is used here as a performance benchmark, as the CRLB cal-
culation for the problem is intractable. Of course, employing
such high-order particle filter would be impractical in typical
real-time applications.

The time-averaged Root Mean Squared Error of the x-
coordinate is calculated in Table I, for the time interval of
the target stop. The relevant time interval of the x-coordinate
RMSE is also plotted in Figure 3, for all values of the Pd and
MDV parameters. Notice that we tabulate estimation errors
associated with the ‘x-coordinate’; these are most relevant here
for comparison purposes, as all methods produce estimates of
the ‘y-coordinate’ (which, being perpendicular to the line of
sight, is unobservable) that are nearly indistinguishable.

The results indicate that the proposed BDMF algorithm is
capable of achieving comparable levels of performance to the
particle filter, while maintaining a significantly lower level
of computational complexity. The performance improvements
upon the rival moment matching technique vary up to 36.2%,
depending on scenario-specific circumstances, while all meth-
ods that exploit the information on the minimum detectable
velocity constraint perform significantly better than the EKF.

All four algorithms exhibit similar performance over the
rest of the track (when the target is detected by the sensor).
Finally, both the BDMF and SDPD-GM algorithms impose
comparable computational demands; the CPU runtime for a
single trial of the scenario presented was approximately 1sec.
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Scenario I Scenario II Scenario III Scenario IV Scenario V Scenario VI

Pd 0.6 0.7 0.8 0.9 0.7 0.9
MDV 3m/s 3m/s 3m/s 3m/s 1.5m/s 1.5m/s

EKF 436.64 372.36 249.94 223.42 297.25 225.50
SDPD-GM 166.57 86.08 27.76 18.73 114.13 19.39

BDMF 106.29 56.35 18.45 15.83 85.71 15.04
SIR-PF 108.52 56.59 19.40 16.13 81.05 15.46

TABLE I

BLIND PERIOD PERFORMANCE ASSESSMENT: TIME-AVERAGED RMSE, IN METERS (x-COORDINATE)
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(a) Scenario I RMS x-coordinate error
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(b) Scenario II RMS x-coordinate error
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(c) Scenario III RMS x-coordinate error
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(d) Scenario IV RMS x-coordinate error
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(e) Scenario V RMS x-coordinate error
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(f) Scenario VI RMS x-coordinate error

Fig. 3. 100-trial average x-coordinate position errors

VI. CONCLUSIONS

A new framework for target tracking under blind Doppler
constraints has been described, based on Gaussian mixture

density approximations. A distinctive feature of the resulting
algorithm is that Gaussian mixture approximations are per-
formed over a scalar variable, rendering the algorithm scalable
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and suitable for use equally when the state-space is of high
dimension, e.g. in cases where higher order kinematic models
are preferred. Multiple models describing target motion, as
well as the presence of clutter, are naturally treated under the
new methodology.

The method presented is very versatile, leaving the practi-
tioner free to choose any moment matching nonlinear filtering
scheme (e.g. EKF, modified KF, UKF) to process the nonlinear
measurements, while the resulting algorithm exhibits modest
computational cost. This makes the filter suitable for incor-
poration into larger-scale algorithms, designed for multiple
targets and terrain obscuration, road constraints, etc., while
it could also be of interest in designing better proposal distri-
butions for trackers based on the particle filtering framework.

Simulation results indicate that algorithms based on the
new methodology exhibit a uniform improvement in esti-
mation accuracy, as compared with earlier Gaussian mixture
techniques, while they compare favourably to particle filters.
Furthermore, the resulting Gaussian mixture representations
have strictly positive weights, in contrast to earlier approaches,
which makes the process of mixture reduction numerically
robust. We mention that the methods presented in this paper
have also been applied in situations where the target’s state
vector is expressed in polar coordinates (which is the case in
[4] and [5]), producing results that are nearly indistinguishable
from Cartesian space implementations, implying that it is not
the choice of coordinate frame that differentiates the results
of the proposed method from rival ones.

APPENDIX

Lemma (Moment calculations of a truncated Gaussian scalar
random variable)

Let x be a scalar Gaussian random variable with mean
µ and variance σ2. Take an interval I = (a, b) (a or b
can be infinite). Then the variable, conditional on its value
lying in I , has density x ∼

1
cN (µ, σ2)(x)χI(x), where

c =
∫

R
χI(x)N (µ, σ2)(x)dx. The first two moments of the

conditional density are given by

E[x|x ∈ I] =
σ2

c
[N (µ, σ2)(a) −N (µ, σ2)(b)]

+µ

var[x|x ∈ I] =
σ2

c
[(a + µ)N (µ, σ2)(a)

−(b + µ)N (µ, σ2)(b)]
+(µ2 + σ2) − (E[x|x ∈ I])2

The proof is an exercise in integration by parts.
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