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Abstract—This paper deals with the analysis of robustness for
bearings-only tracking. We focus on the case where the trajectory
of the target follows some assumed parametric model with an
unknown additive perturbation. We investigate the parametric
estimator obtained using least squares. We prove that the
difference between this estimator and the true parameter may be
expanded along directions with intensities that may be very large
due to the presence of the unknown perturbation. For a given
parametric trajectory, we are able to exhibit the perturbation that
leads to the highest intensities. We show through simulations that
other methods, like Extended Kalman Filter or Particles Filter,
present also the same lack of robustness.
Keywords: Bearings-only tracking, robustness, estimation.

I. INTRODUCTION

Bearings-only tracking (BOT) is the determination of the
trajectory of a target solely from bearing measurements. This
is a highly ill posed problem. At first, it requires the choice of
a trajectory model such that, with a perfect observation, one is
able to recover the trajectory. The need of ownship manoeuvre
and its impact on target state observability have been explored
extensively, see for example [1], [3], [4], [6], [7], [10], [8].
Many algorithms have been proposed to track the target :
Batch Least Squares (BLS) estimator [1], Extended Kalman
Filter (EKF) [1], [2], Unscented Kalman Filter [2], Interacting
Multiple Model (IMM) [1], [2], [5], and Particle Filters [2],
[9]. All these strategies are designed with respect to particular
classes of models. The performance of these algorithms have
been well studied when they operate in the model they have
been built for.

Even if the literature on BOT is very large, some basic
questions still remain unsolved. In practice, the trajectory of
the target could be very close to a known model but still not
in the model. The question of whether the algorithm will give
satisfying results in this context is a robustness question which,
to our knowledge, has never been investigated .

In this paper, we focus on the behavior of the BLS estimator
for a parametric trajectory model, such as e.g. uniform linear
motion, when the real trajectory of the target is not exactly in
the parametric model. It is commonly accepted that the BLS
estimator presents good performances for the estimation of the
parameter. We prove here that the BLS estimator can be highly
sensitive to small perturbations and show, using simulations
that other methods such as EKF or PF do not perform better
than the BLS estimator.

Let us now introduce some notation and definitions. Let
Xp(t) = (xp(t), yp(t)) be the position of the observer at
time t, which is assumed to be known at the observation
times {t1, . . . , tn}. For all x = (x, y) and for all integer
k ∈ {1, . . . , n}, we define the angle measure

Ψ(x, tk) = arctan[x − xp(tk)]/[y − yp(tk)] .

Let θ ∈ Θ be a finite dimensional parameter, where Θ stands
for a compact subset of Rd. We denote by Xθ a parametric
trajectory which is completely described by the parameter θ.
For example, if we assume a uniform linear motion, then we
set

Xθ(t) =
(

θ1 + θ3t
θ2 + θ4t

)
.

For a given parametric trajectory model, we define the asso-
ciated noiseless measure by

m(θ, t) = Ψ(Xθ(t), t) .

If X = {X1, . . . , Xn} is a sequence of positions of the target,
the bearing least squares criterion is

Cn(θ,X) =
n∑

k=1

[m(θ, tk) − Ψ(Xk, tk)]2 . (1)

As Θ is a compact set, we know that there exists a value in
Θ which minimizes the function θ �→ Cn(θ,X). Let us define
θ̃n(X) as a minimizer of the criterion :

θ̃n(X) = arg min
θ∈Θ

Cn(θ,X) .

The parametric trajectory Xθ∗ is said to be observable if the
sequence X = {Xθ∗(t1), . . . , Xθ∗(tn)} uniquely determines
the parameter θ∗. It then follows that the minimizer θ̃n(X) is
uniquely defined by θ̃n(X) = θ∗.

A natural question is the following : what happens when
we consider a general trajectory X close to an observable
parametric trajectory? Let us consider a case with a target
following a uniform circular motion with speed of 270m/s
and with low curvature. The platform has a constant speed of
250m/s and makes maneuvers with an acceleration of around
50m/s2. The trajectory of the target is close in the Euclidian
norm to a uniform linear trajectory with a maximum relative
distance of 260m. Nevertheless, the simulations show that for
such a situation, minimisation algorithms for (1) can give very

517



−10 −5 0 5 10 15
−6

−4

−2

0

2

4

6

8

km

km
Trajectories

 

 

Target
Platform
BLSE

Figure 1. Sensitivity of BLS estimation

bad results (see Figure 1). The real position and the estimate
position at final time are flagged by a circle.

The paper is organized as follows. In section II, we study the
behavior of local minimizers of (1) when the real trajectory
X is close to a parametric trajectory Xθ∗ , see Theorem 1.
This will allow to compute highly non robust situations. With
noisy measurements, we prove that the BLS estimator is
approximately Gaussian with mean θ̃n(X), see Proposition 4.
We prove similar results for continuous time observations, see
Theorem 2, and for noisy sampled observations, see Theorem
3. In Section III, we study the state space models, which
may be interpreted as adding a stochastic perturbation to a
parametric trajectory. In such cases, the BLS estimator is
asymptotically unbiased, see Propositions 7 and 12. In section
IV, we present realistic simulations to exhibit various non-
robust situations. We show that using EKF and PF does not
help in such cases.

II. SENSITIVITY TO DETERMINISTIC PERTURBATION

A. Perfect measurements

In the sequel, we shall denote the k-dim Euclidian space by
(Rk, 〈 〉Rk). We consider the space of sequence of trajectories
(R2)n endowed with the following norm :

‖X‖∞ ∆= sup
1≤k≤n

‖Xk‖R2 .

Let In(θ) be the matrix defined by

In(θ) ∆=
n∑

k=1

∇θm(θ, tk)∇θm(θ, tk)T ,

which is the usual Fisher information matrix for the classical
parametric regression model

Yk = m(θ, tk) + εk ,

where {ε1, . . . , εn} is a sequence of i.i.d standard Gaussian
variables.

Let us define Cn : Θ × (R2)n → R by

Cn(θ,X) ∆=
n∑

k=1

[m(θ, tk) − Ψ(Xk, tk)]2 .

In the sequel, DθCn will denote the first differential of Cn

in θ, Dθ,θCn the second differential of Cn in θ, DX,θCn the
second differential of Cn in θ and X and L(E,F ) the set
of continuous linear applications from E to F . It follows by
direct calculations that

Dθ,θCn(θ∗,Xθ∗) = In(θ∗) .

Recall that (Rd, 〈 〉Rd) and ((R2)n, ‖ ‖∞) are Banach spaces.
Then, for θ∗ ∈ Θ such that In(θ∗) is non-singular, applying
the implicit function theorem, there exist open subsets Vθ∗ ⊂
Rd, VXθ∗ ⊂ (R2)n with θ∗ ∈ Vθ∗ , Xθ∗ ∈ VXθ∗ , and a
continuously differentiable application θ̄n : VXθ∗ → Vθ∗ such
that, for all (θ,X) ∈ Vθ∗ × VXθ∗ ,

DθCn(θ,X) = 0 ⇐⇒ θ = θ̄n(X) .

Moreover, the differential DX θ̄n(X) ∈ L((R2)n,Rd) is given
by

DX θ̄n(X)(H) =

− Dθ,θCn(θ̄n(X),X)−1DX,θCn(θ̄n(X),X)(H) .

The need for non-singular Fisher information matrix is not
surprising since we know [10] that it guarantees local observ-
ability for the parameter.

Proposition 1: We can assume, by choosing a subset of
VXθ∗ that this set is connected. Then, for all X ∈ VXθ∗

θ̄n(X) = arg min
θ∈VXθ∗

Cn(θ,X) .

In practice, a minimizing algorithm can reach other local
minima than θ̄n(X). Also, the global arg min can be different
from θ̄n(X). But as we focus on robustness, the non robust
behavior of θ̄n(X) implies an even worse behavior for θ̃n(X).
Anyway, for small perturbations, we observe in simulations
that θ̄n(X) = θ̃n(X) almost ever.

It follows from the Taylor-Young formula that

θ̄n(Xθ∗ + H) = θ∗ + DX θ̄n(Xθ∗)(H) + o(‖H‖∞) .

Our goal is now to understand the role played by the differ-
ential term DX θ̄n(Xθ∗)(H).

Proposition 2: The differential DX θ̄n(Xθ∗)(H) is given by

DX θ̄n(Xθ∗)(H) =

In(θ∗)−1
n∑

k=1

∇θm(θ, tk)〈∇xΨ(Xθ∗(tk), tk),Hk〉R2 .

Since In(θ∗) is symmetric, there exists an orthonormal ba-
sis {e(1)

n (θ∗), . . . , e(d)
n (θ∗)} of eigenvectors with eigenvalues

{λ(1)
n (θ∗), . . . , λ(d)

n (θ∗)}. Let us define the operator Kn,θ∗ ∈
L(Rn) by

Kn,θ∗(v) ∆=
d∑

i=1

〈α(i)
n (θ∗), v〉Rn α(i)

n (θ∗) ,
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where the α
(i)
n (θ∗) ∈ Rn are defined by

α
(i)
n,k(θ∗) =

λ(i)
n (θ∗)−1〈∇θm(θ∗, tk), e(i)

n (θ∗)〉Rd‖∇xΨ(Xθ∗(tk), tk)‖R2 .

Proposition 3: The operator Kn,θ∗ is a positive self-adjoint
compact operator with d-dimensional range.

Let us denote by {f (1)
n (θ∗), . . . , f (d)

n (θ∗)} the eigenvectors
of the restriction of Kn,θ∗ to its range R(Kn,θ∗) and let Uθ(t)
be the normalized vector

Uθ(t) = ‖∇xΨ(Xθ(t), t)‖−1∇xΨ(Xθ(t), t) .

Let us define for all i ∈ {1, . . . , d}

D(i)
n (θ∗) ∆=

d∑
j=1

〈α(j)
n (θ∗), f (i)

n (θ∗)〉Rne(j)
n (θ∗) .

Notice that the vectors {D(1)
n (θ∗), . . . , D(d)

n (θ∗)} are orthog-
onal and that ‖D(i)

n (θ∗)‖Rd = µ
(i)
n (θ∗), i = 1, . . . , d are the

non null eigenvalues of the operator Kn,θ∗ .
Theorem 1: We have

θ̄n(Xθ∗ + H) = θ∗ +
d∑

i=1

hiD
(i)
n (θ∗) + o(‖H‖∞) ,

where the hi ∈ R are defined by

hi =
n∑

k=1

〈Hk, Uθ∗(tk)〉R2 f
(i)
n,k(θ∗) . (2)

Writing h = (h1, . . . , hd), we also have ‖h‖Rd ≤ ‖H̄‖Rn

with H̄ = (‖H1‖R2 , . . . , ‖Hn‖R2).
The proofs of Propositions 1, 2, 3 and Theorem 1 are given

in the Appendix.

The Gram-Schmidt algorithm allows us to compute the
eigenvectors and eigenvalues required in the theorem. Thus,
for a given parameter θ∗ and an intensity perturbation ‖H‖∞,
it is possible to compute the perturbation H that leads to
the worst BLS estimator θ̄n(Xθ∗ + H). Various realistic
simulations are given in section IV.

B. Noisy measurements

We now consider the case where the platform receives noisy
measurements. The sequence of observations is

Yk = Ψ(Xk, tk) + σεk ,

where {ε1, . . . , εn} is a sequence of i.i.d standard Gaussian
variables. Let us define the adjustment criterion by

Cσ
n(θ,X) ∆=

n∑
k=1

[m(θ, tk) − Yk]2 .

We assume that In(θ∗) is non-singular, so there exist open
sets Vθ∗ , VXθ∗ and an application θ̄n as before. Fix some
X ∈ VXθ∗ . It is clear that

Dθ,θC
σ
n(θ,X) → Dθ,θCn(θ,X) a.s.

as σ → 0. Then, applying the implicit function theorem,
almost surely there exist δ > 0 and an open set V ′

θ∗ ⊂ Vθ∗ , and
a continuously differentiable application (−δ, δ) → Vθ∗ , σ �→
θ̄σ(X) such that for all |σ| < δ, θ ∈ V ′

θ∗

DθC
σ
n(θ,X) = 0 ⇐⇒ θ = θ̄σ

n(X) .

The differential Dσ θ̄σ
n(X) is given by

Dσ θ̄σ
n(X) = −Dθ,θC

σ
n(θ̄σ

n(X),X)−1Dσ,θC
σ
n(θ̄σ

n(X),X) .

We can now describe the asymptotic behavior of θ̄σ
n(X).

Proposition 4: Let θ∗ be a parameter in Θ such that In(θ∗)
is non-singular and let X be a trajectory in VXθ∗ . Then, almost
surely, for σ small enough,

θ̄σ
n(X) − θ̄n(X) =

σDθ,θCn(θ̄n(X),X)−1
n∑

k=1

∇θm(θ̄n(X), tk)εk + o(σ) .

Thus, for σ small enough, θ̄σ
n(X) − θ̄n(X) is approximately

distributed as N(0, σ2In(θ̄n(X))−1).
We can also describe the simultaneous asymptotic devel-

opment in σ and H by considering the map (σ,X) �→
DθC

σ
n(θ,X). Indeed, we have Dθ,θC

0
n(θ∗,Xθ∗) = In(θ∗)

and then, we apply the implicit function theorem at the point
(0,Xθ∗).

Proposition 5:

θ̄n(X) − θ∗ = DX θ̄∗n(Xθ∗)(H)

+ σIn(θ∗)−1
n∑

k=1

∇θm(θ∗, tk)εk + o(σ, ‖H‖∞) a.s.

The proofs of Proposition 4 and 5 are direct consequences
of the implicit function theorem.

C. Continuous time problem

We shall prove similar results for continuous time observa-
tions. Let us define the space of trajectories E = C([0, 1],R2)
endowed with the uniform norm ‖f‖ = supt∈[0,1] ‖f(t)‖R2 .
Consider the stochastic differential equation

dYt = Φ(X, t)dt + εdWt ,

where (Wt)t∈[0,1] is a Wiener process. Let us denote by
PX the probability associated to this process. By Girsanov’s
theorem [13], the log likelihood ratio log dPXθ

dPX
is proportional

to

Cε(θ,X) ∆=
∫ 1

0

[m(θ, t) − Ψ(X(t), t)]2 dt

− 2ε

∫ 1

0

[m(θ, t) − Ψ(X(t), t)]dWt .

Let us define

C(θ,X) ∆= C0(θ,X) =
∫ 1

0

[m(θ, t) − Ψ(X(t), t)]2 dt ,
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and the Fisher information matrix I(θ) by

I(θ) ∆=
∫ 1

0

∇θm(θ, t)∇θm(θ, t)T dt .

By direct calculations, it is clear that

Dθ,θC(θ,Xθ) = I(θ) .

Recall that (E, ‖ ‖∞) is a Banach space. Then, for θ∗ ∈ Θ
such that I(θ∗) is non-singular, applying the implicit function
theorem, there exist open subsets Vθ∗ ⊂ Rd, VXθ∗ ⊂ E with
θ∗ ∈ Vθ∗ , Xθ∗ ∈ VXθ∗ , and a continuously differentiable
application θ̄ : VXθ∗ → Vθ∗ such that, for all (θ,X) ∈ Vθ∗ ×
VXθ∗

DθC(θ,X) = 0 ⇐⇒ θ = θ̄(X) .

Recall that the differential DX θ̄(Xθ∗) is a continuous linear
operator from E to Rd. We have :

Proposition 6:

DX θ̄(Xθ∗)(H) =

I(θ∗)−1

∫ 1

0

∇θm(θ∗, t)〈∇xΨ(Xθ∗(t), t),H(t)〉R2 dt . (3)

The integral form of the expression given by (3) allows us
to understand the robustness for a periodic function while the
period increases.

Proposition 7: Let HT be a periodic perturbation with
period T . Then

lim
T→0

DX θ̄(Xθ∗)(HT ) = 0 .

This proposition illustrates the fact that a high cyclic pertur-
bation does not affect the parametric estimation. A simulation
with such a perturbation is given in Section IV.

Proof of Proposition 7 : Let us write HT (t) = g(t/T )
where g denotes a periodic function with period 1. Then the
result follows by integration by parts.

Recall that L2([0, 1],Rk) denotes the set of functions f

such that
∫ 1

0
‖f(t)‖2

Rk dt < ∞ and L2([0, 1]) denotes the set
L2([0, 1],R). Let us define the operator Kθ∗ : L2([0, 1]) →
L2([0, 1]) by

Kθ∗(v) ∆=
d∑

i=1

〈αi(θ∗), v〉L2 αi(θ∗) ,

where the αi(θ∗) ∈ L2([0, 1]) are defined by

αi(θ∗)(t) =

λ(i)(θ∗)−1〈∇θm(θ∗, t), e(i)(θ∗)〉Rd‖∇xΨ(Xθ∗(t), t)‖R2 .

Proposition 8: The operator Kθ∗ is a positive self-adjoint
compact operator with d-dimensional range.
Let us define for all i ∈ {1, . . . , d}

D(i)(θ∗) ∆=
d∑

j=1

〈α(j)(θ∗), f (i)(θ∗)〉L2 e(j)(θ∗) .

Notice that {D(1)(θ∗), . . . , D(d)(θ∗)} are orthogonal and that
‖D(i)(θ∗)‖Rd = µ(i)(θ∗), i = 1, . . . , d are the non null
eigenvalues of the operator Kθ∗ .

Theorem 2: We have

θ̄(Xθ∗ + H) = θ∗ +
d∑

i=1

hiD
(i)(θ∗) + o(‖H‖∞) ,

where the hi ∈ R are defined by

hi =
〈
〈H, Uθ∗〉R2 , f

(i)
k (θ∗)

〉
L2

.

Writing h = (h1, . . . , hd), we also have ‖h‖Rd ≤ ‖H‖L2 .
In the same way as in Section II-B, we have
Proposition 9:

θ̄ε(X) − θ̄(X) =

εDθ,θC(θ̄(X),X)−1

∫ 1

0

∇θm(θ̄(X), t)dWt + o(ε) a.s.

Thus, for σ small enough, θ̄σ(X) − θ̄(X) is approximately
distributed as N(0, σ2I(θ̄(X))−1).

Remark: Notice that for X = Xθ∗ , we retrieve the well-
known development for classical parametric regression

θ̄ε(X)−θ∗ = εI(θ∗)−1

∫ 1

0

∇θm(θ∗, t)dWt +o(ε) a.s.

By applying the implicit function theorem to the map
(ε,X) �→ Cε(θ,X) at the point (0,X∗

θ ), we obtain
Proposition 10:

θ̄ε(X) − θ∗ = DX θ̄∗(Xθ∗)(H)

+ εI(θ∗)−1

∫ 1

0

∇θm(θ∗, t)dWt + o(ε, ‖H‖∞) a.s.

The proofs of Propositions 6, 8, 9, 10 and Theorem 2 are
the same as in Sections II-A and II-B.

D. Large sample results

We present here a slightly different approach than in Sec-
tion II-B. We now consider an increasing sample size. The
sequence of observations is

Yk = Ψ(X(tk), tk) + σεk ,

where tk = k/n and {εk}k≥0 is a sequence of i.i.d standard
Gaussian variables. Let us define the bearing adjustment
criterion by

Jn(θ,X) ∆= n−1
n∑

k=1

[m(θ, tk) − Yk]2 ,

and the minimizer in θ by

θ̂n(X) ∆= arg min
θ∈Θ

Jn(θ,X) .

As in section II-C, we write

C(θ,X) =
∫ 1

0

[m(θ, t) − Ψ(X(t), t)]2 dt ,
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and

θ̄(X) = arg min
θ∈Θ

C(θ,X) .

We have the following uniform convergence

sup
θ∈Θ

|Jn(θ,X) − σ2 − C(θ,X)| = oP(1) ,

and then apply the theory of M -estimators (see [14]) :
Theorem 3: We have

n1/2[θ̂n(X) − θ̄(X)] =

In(θ̄(X))−1n−1/2
n∑

k=1

εk∇θm(θ̄(X), tk) + oP(1) ,

so that ,as n → ∞,

n1/2[θ̂n(X) − θ̄(X)]� N(0, I(θ̄(X)−1)) .

III. SENSITIVITY TO STOCHASTIC PERTURBATIONS

A. Cyclostationary perturbation

To extend the result of the Proposition 7, we can consider
the case of cyclostationary perturbation. Recall that a Rk-
valued process (Zt)t∈I is said to be cyclostationary or periodi-
cally correlated with period T > 0 if T is the smallest real such
that for all t, t′ ∈ I , s �→ E(Zt+s) and s �→ E(Zt+sZ

T
t′+s) are

periodic functions with period T .
Proposition 11: We consider the continuous time model de-

scribed in section II-C. Let HT be a continuous cyclostationary
process with period T . Then

lim
T→0

VarDX θ̄(Xθ∗)(HT ) = 0 .

Proof of Proposition 11 For convenience, we write S(t) =
∇θm(θ∗, t)∇xΨ(Xθ∗(t), t). By Fubini’s theorem, we have

Var
(∫ 1

0

〈S(t),H(t)〉R2 dt

)
=

E
[∫ 1

0

〈S(t),H(t) − EH(t)〉R2 dt

]2
.

Applying Jensen’s inequality and once again Fubini’s theorem,
we obtain

E
[∫ 1

0

〈S(t),H(t) − EH(t)〉R2 dt

]2
≤∫ 1

0

‖S(t)‖2
R2E‖H(t) − EH(t)‖2

R2 dt .

The application t �→ E‖H(t) − EH(t)‖2
Rd is T -periodic and

we conclude like in Proposition 7.

B. Stochastic perturbation on a parametric trajectory

In this section, we consider the following model{
Xk = Xθ∗(tk) + b(h)Vk ,
Yk = Ψ(Xk, tk) + σεk ,

where {V1, . . . , Vn} are random variables in R2 independent
of {εk} and b is a differentiable real-valued function with
b(0) = 0. Let us define

Mσ
n (θ, h) =

n∑
k=1

[m(θ, tk) − Yk]2 .

It follows from direct calculations that Dθ,θM
0
n(θ∗, 0) =

In(θ∗). Then, by the implicit function theorem, almost surely
there exist η > 0, δ > 0 and Vθ∗ containing θ∗ such that

DθM
σ
n (θ) = 0 ⇐⇒ θ = θ̄σ

n(h) .

By the same way arguments as in Section II-B, we have
Proposition 12:

θ̄σ
n(h) − θ∗ = σIn(θ∗)−1

n∑
k=1

∇θm(θ∗, tk)εk

+ b′(h)In(θ∗)−1
n∑

k=1

∇θm(θ∗, tk)〈∇xΨ(Xθ∗(tk), tk), Vk〉R2

+ o(σ, h) a.s.

Hence, if {V1, . . . , Vn} are independent centered Gaussian
variable, for h and σ small enough, θ̄σ

n(h) − θ∗ is
approximately distributed as a centered Gaussian variable.
This explains that sequences of independent Gaussian additive
perturbations do not affect the robustness for BOT.

We could also fix h > 0, σ > 0 and study the asymptotic
behavior of θ̄σ

n(h) as n → ∞. If we assume that the variables
{Vk} are identically distributed with a density f and satisfy
some mixing property, then we have the convergence of
n−1Mσ

n (θ, h) to a function of θ and f . This approach is
different from the previous one because there is no asymptotic
on the level of perturbations. This question is actually studied
by Gassiat and Landelle (work in progress).

IV. SIMULATIONS

For all the simulations, the observation time is 20 s with
video frequency. The platform has constant speed of 250m/s
and makes maneuvers with accelerations of approximately
50m/s2. The assumed parametric model is the uniform linear
motion. We point out that the problem of robustness occurs
for other parametric models such as polynomial or uniform
circular. The measure is corrupted by a Gaussian noise with
level σ = 5 × 10−3 rad. To compare our results to those
obtained by different methods, we consider two cases : in
the first one, the target has a uniform circular motion with
speed of 270m/s and acceleration of 7m/s2 (see Figures 2,
5, 6); in the second one, the target follows a uniform linear
motion with a worst additive perturbation for a given intensity
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‖H‖∞ = 15m (see Figures 3, 7, 8). We also present a case
of a periodic perturbation which leads to good results for BLS
estimation (see Figure 9).

The EKF algorithm designed for uniform linear motion has
been implemented in modified polar coordinates [1]. The PF
algorithm we use here is the SIR particle filter [2] designed
for data issued from equation{

Ak = FAk−1 + βGVk

Yk = h(Ak, tk) + σεk
(4)

where the state vector is Ak =
(

xk yk ẋk ẏk

)T
,

{V1, . . . , Vn} are independent standard Gaussian vectors in
R4, {ε1, . . . , εn} are independent standard gaussian variables

independent of the sequence {Vk}, F =
(

∆T I2 I2

0 ∆T I2

)
,

where I2 is the 2× 2 matrix identity and ∆T > 0 is the sam-

pling step, G =

(
∆2

T

2 I2

∆T I2

)
, and h(Ak, tk) = Ψ((xk, yk), tk).

The initialisation for PF algorithm is uniform along the direc-
tion of first observation, which means that we have no a priori
on initial distance.

The accelerations made by the platform are high enough to
provide a good level of information for estimation or filtering,
as it can be seen through confidence area or Cramer-Rao
bound [2].

We choose θ∗ as the parameter minimizing the euclidian
norm for the distance between the target and a uniform linear
motion. For the first simulation (case of uniform circular mo-
tion, see figure 2), we present the trajectory described by the
BLS estimator (legend BLSE) and the trajectory corresponding
to first order development with parameter θ∗+DX θ̄(Xθ∗)(H)
(legend Taylor). We see that for such trajectory close to a
uniform linear one, the first order development is a good
approximation of the BLS estimator. It also illustrates that
the term DX θ̄(Xθ∗)(H) can be large for small perturbation
on a linear motion.
In the next simulation (see Figure 3), we present a case of
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Figure 2. First order development

the worst perturbation for a given intensity (much smaller than

for simulations with circular motion). We see that, although
the target is very close to a uniform linear motion, the BLS
estimation is bad. For such pathologic cases, it is clear that
the BLS estimation is a non-robust method and may lead to
misleading conclusions. The non conformity of target can be
more easily seen with trajectory speed (see Figure 4). These
speed fluctuations are not large, but are sufficient to produce
a very bad BLS estimation.
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Figure 3. Worst case of estimation
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Figure 4. Speeds of objects in a worst case

A natural question is the following : What will produce
other tracking algorithms for such cases?

When the target has the uniform linear motion described
above, the EKF algorithm presents first an instable behavior
(see Figure 5) and then converges to the BLS estimation. With
particle filter, we present the particles at final time (see Figure
6). We see that the cloud of particles is not concentrated. With
a more precise study, we see that the marginal densities of the
filter are spread out and do not give relevant informations.
When the target follows a parametric motion corrupted by
worst perturbation, the EKF algorithm seems to behave like
the BLS estimation. Bearings are very close to those generated
by the BLS estimation. So the EKF designed for uniform
linear motion presents the behavior we could expect and gives
a result coherent with BLS estimation. The particle filter
has more flexibility. The marginal densities of the particle
filter present a global maximum around the corresponding
coordinate of θ̄(X) and are quite spread out between this
value and the value of the true trajectory. As the algorithm is
designed for noisy uniform linear motion, it is coherent that
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Figure 5. EKF for a circular motion
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Figure 6. Particle Filter for a circular motion

the filter is quite concentrated around the BLS estimation for
same reasons as EKF and the flexibility given by state noise in
(4) allows the filter not to reject value between true trajectory
and BLS estimation. The last simulation (see Figure 9) is an
illustration of Proposition 7.

V. CONCLUSION

This paper presented theoretical and practical considerations
on robustness. We exhibited highly non robust situations where
various classical methods are unable to recover the target’s
position. As a consequence, one has to be careful with results
given by the usual algorithms used in BOT. We believe that
the best way to avoid extreme sensitivity of the tracking to
perturbations would be that the platform has a high maneuver
availability. Future developments could study the hard and
interesting problem of optimal maneuver for robustness.

VI. APPENDIX

Proof of Proposition 1 Since VXθ∗ is an open subset of
(R2)n, we can choose an open ball centered at Xθ∗ and
contained in VXθ∗ . This ball is clearly a connected set. So
we assume that VXθ∗ is connected. Let us consider the map
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Figure 7. EKF for a worst perturbation
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Figure 8. Particle Filter for a worst perturbation

ϕ : VXθ∗ → R defined by X �→ det Dθ,θCn(θ̄n(X),X).
This map is clearly continuous as composed from continuous
applications. So its image is a connected set in R. By
the implicit function theorem, we know that the matrix
Dθ,θCn(θ̄n(X),X) is non-singular for all X ∈ VXθ∗ . Since
In(θ∗) is a positive-definite matrix, then the range of ϕ is
an interval of (0,∞) which proves that θ̄n(X) is a local
minimum for Cn(θ,X).

Proof of Proposition 2 Direct calculations yield

Dθ,θCn(θ,X) = 2
n∑

k=1

Dθ,θm(θ, tk)[m(θ, tk) − Ψ(Xk, tk)]

+ 2
n∑

k=1

∇θm(θ, tk)∇θm(θ, tk)T ,

and for all H ∈ (R2)n

DX,θCn(θ,X)(H) = 2
n∑

k=1

∇θm(θ, tk)〈∇xΨ(Xk, tk),Hk〉R2 .

Proof of Proposition 3 It is immediate that Kn,θ∗ is self-
adjoint. Clearly R(Kn,θ∗) ⊂ span(α(1)

n , . . . , α
(d)
n ). Let us
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Figure 9. Effect of a periodic perturbation

check that this set is a linearly independent subset of Rn. Let
{c1, . . . , cd} be real numbers such that

∑d
i=1 ciα

(i)
n (θ∗) = 0.

By definition of α
(i)
n (θ∗), it follows that

d∑
i=1

ciα
(i)
n,k(θ∗) = ‖∇xΨ(X∗

θ (tk), tk)‖R2

×
〈
∇θm(θ∗, tk),

d∑
i=1

ciλ
(i)
n (θ∗)−1e(i)

n (θ∗)

〉
Rd

.

For convenience, let us write u =
∑d

i=1 ciλ
(i)
n (θ∗)−1e

(i)
n (θ∗).

Then
∑d

i=1 ciα
(i)
n (θ∗) = 0 implies that 〈∇θm(θ∗, tk), u〉Rd =

0 for all k ∈ {1, . . . , n}. The matrix In(θ∗) is a Gram
matrix. Since In(θ∗) is assumed to be non-singular, then
the set of coordinates of (∇θm(θ∗, t1), . . . ,∇θm(θ∗, tn)) is
linearly independent [12]. It gives that u = 0 and consequently
that c1 = . . . = cd = 0. It follows that R(Kn,θ∗) =
span(α(1)

n , . . . , α
(d)
n ) is a d-dimensional space.

The operator is non-negative since, for all v ∈ Rn,
〈Kn,θ∗(v), v〉Rn =

∑d
i=1〈α(i)

n , v〉2Rn ≥ 0. Applying the
Cauchy-Schwarz inequality and the triangle inequality, we
obtain that for all v ∈ Rn

‖Kn,θ∗(v)‖2
Rn ≤

n∑
i=1

‖α(i)
n ‖2

Rn ‖v‖2
Rn .

The operator Kn,θ∗ is bounded and takes value in a finite
dimensional linear space. Then it is a compact operator [11].

Proof of Theorem 1 By definition of α
(i)
n (θ∗) and e

(i)
n (θ∗),

we have

DX θ̄n(Xθ∗)(H) =
d∑

i=1

(
n∑

k=1

α
(i)
n,k(θ∗)〈Hk, Uθ∗(tk)〉R2

)
e(i)

n (θ∗) . (5)

Let vH be the vector of Rn defined by vH,k =

〈Hk, Uθ∗(tk)〉R2 . Then by Pythagorean Theorem

‖DX θ̄n(X)(H)‖2
Rd =

d∑
i=1

〈αi, vH〉2Rn , (6)

which can also be interpreted as

‖DX θ̄n(Xθ∗)(H)‖2
Rd = 〈Kn,θ∗(vH), vH〉Rn .

Since Kn,θ∗ is a self-adjoint compact operator, we have the
decomposition

Rn = R(Kn,θ∗)
⊥⊕ N (Kn,θ∗) ,

and there exists an orthonormal basis of eigenvectors
{f (1)

n (θ∗), . . . , f (d)
n (θ∗)} of the restriction of Kn,θ∗ to

R(Kn,θ∗) with eigenvalues 0 < µ
(1)
n (θ∗) ≤ . . . ≤ µ

(d)
n (θ∗).

Then, by (5) and by definition of {hi} (2), we obtain

DX θ̄n(X∗
θ )(H) =

d∑
i=1

hiD
(i)
n (θ∗) .

Let us write V = (V1, . . . , Vn) ∈ Rn with Vk =
〈Hk, Uθ∗(tk)〉R2 . Then

d∑
i=1

h2
i =

d∑
i=1

〈V, f (i)
n (θ∗)〉2Rn = ‖ΠR(Kn,θ∗ )(V )‖2

Rn ,

where ΠR(Kn,θ∗ ) denotes the orthogonal projection on

R(Kn,θ∗). This implies that
∑d

i=1 h2
i ≤ ‖V ‖2

Rn and the result
follows.
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