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Abstract—We consider the placement of sensors with circular
sensing regions for q-coverage of planar regions. We first consider
the placement of sensors of multiple types and costs over a
specified set of locations to minimize the total sensors’ cost.
We present two approximate solutions to this problem with
multiplicative factors of 3 and 1+1/l of the optimal cost, where
l is a tunable parameter. We then present a method to transform
a region coverage instance into an equivalent point coverage
instance and show a relationship between the cost of the optimal
coverage of the two instances. This transformation enables us to
use better studied approximation algorithms for point coverage
to derive good sensor deployments for region coverage.
Keywords: Minimum cost sensor deployment, region cover-
age, approximation algorithms.

I. INTRODUCTION

There has been a rapid proliferation of sensor network
deployments in a variety of areas such as environmental
and habitat monitoring, industrial sensing and diagnostics,
critical infrastructure monitoring and protection, and situa-
tional awareness of battlefield environments. It is possible in
some cases to randomly scatter sensor nodes to monitor a
region, particularly when the sensor nodes are inexpensive.
There are cases, however, where the deployment costs and
domain-specific considerations such as population density,
would require a more strategic approach to sensor placement.
In general, the objectives of sensor placement could be quite
varied due to the considerations of geometric coverage, net-
work connectivity, probability of detection, affects on popula-
tion, precision of localization and others. One of the basic
formulations deals with placing sensors with limited range
to monitor a region. We consider the particular problem of
placing sensors with circular sensing regions to ensure that
each point inside a planar region is covered by at least q
sensors. This formulation captures the essence of detection
by sensor networks wherein detection is assured even if q− 1
sensors fail.

Among the geometric coverage problems addressed in
the sensor networks area, there are two basic formulations,
namely, point-set coverage and region coverage. In the former,
the objective is to ensure that a set of discrete points lie
within a suitable union of the sensing regions of the sensors.
For the region coverage, the objective is to ensure that the
entire specified region is contained within the union of sens-
ing regions. In the sensor networks area, more results have
been reported on the point-set coverage than region coverage

problems. Despite apparent similarities these two classes of
problems often require significantly different approaches [4].
Also, region coverage problems are closely related to tiling and
packing problems, and yet require subtly different approaches,
often leading to computationally hard problems [3].

In this paper, we consider the minimum cost deployment
problem: given multiple sensor types with different sensing
ranges and costs, the objective is to q-cover the region at
minimum cost by placing sensors only at a subset of the
specified locations. We present two approximation methods
with multiplicative factors of 3 and 1+1/l, where l is a tunable
parameter that determines the computational complexity. Since
checking for q-coverage of a region is quite a bit harder
than for a collection of points, we show how to transform
a region coverage problem into an equivalent point coverage
problem so that known point-coverage algorithms may be used
to construct good region coverage deployments.

The organization of this paper is as follows. In Section II we
briefly describe works related to our formulation. We present
our approximation algorithms for minimum cost deployment
problem in Section III. In Section IV we develop a transfor-
mation from region coverage to point coverage. We present
computational results in Section V.

II. RELATED WORK

The literature on sensor coverage problems is quite exten-
sive due to the vast variability in sensor characteristics, regions
to be monitored, sensor placement locations, and objectives
of sensor deployment. See [8], [13] for a review of sensor
coverage problems. Our minimum cost deployment problem
is closely related to the circle covering problem studied by
Kershner [10] in 1939. The following results from [10] are
relevant to our work.

Theorem 1: [10] Let r be the sensing range and let A be the
area of the planar region that is to be 1-covered. The minimum
number, N(r) of sensors needed for 1-coverage satisfies:

lim
r→0

πr2N(r) = (2π
√

3/9)A (1)

As noted in [10], the constant (2π
√

3/9) = 1.209 gives
the “unavoidable overlapping” that must occur in every sensor
deployment that achieves 1-coverage.
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Theorem 2: [10] For a rectangular region with area A and
perimeter P ,

(2π
√

3/9)(A−2πr2) < πr2N(r) < (2π
√

3/9)(A+2Pr+16r2)
(2)

A heuristic method for covering a convex region using
circles has been proposed by Das et al [5], [4], wherein the
centers of the circles can be arbitrarily located. Guo and Qu
[6] claim optimal algorithms for 1-coverage of rectangles and
planar regions. However, neither their rectangle coverage nor
their planar region coverage algorithm actually 1-covers with
the fewest number of circles. For example, their rectangle
covering algorithm uses 6 circles to cover a square with side
length

√
2r when 1 circle suffices.

III. MINIMUM COST DEPLOYMENT

Consider that we have a sufficient supply of sensors of t
different types. Let ri > 0 and ci > 0, respectively, be the
sensing range and cost of a sensor of type i. In the unrestricted
minimum cost deployment (UMCD) problem, we wish to q-
cover a specified planar region R at minimum cost. This
problem is NP-hard.

Theorem 3: UMCD is NP-hard even when the region R is
a straight line.

Proof: Consider an instance I of the (simplified) integer
knapsack problem which is known to be NP-hard [12]. I
is described by integer item sizes s1, · · · , sn and a positive
integer B. The objective is to determine whether or not there
exist non-negative integers ai such that

∑
aisi = B.

From I , we construct the UMCD instance I ′ in which we
have n sensor types. The cost and range of a sensor of type
i is si and the length of the line R that is to be covered is
B. It is easy to see that the line R can be 1-covered at a cost
≤ B iff there is a solution to the restricted integer knapsack
instance I . Hence, UMCD is NP-hard.

Without loss of generality, in the following, we assume that
no two sensor types have the same range or the same cost
and that ri < rj iff ci < cj . Further, we assume that we are
given a set S of sites where it is feasible to place a sensor. R
denotes the region in Euclidean space that is to be monitored.
We are interested in deploying sensors, at most 1 sensor at
each location of S, so as to provide q-coverage, q ≥ 1, for
region R at minimum cost. We may refer to this problem
as the restricted MCD problem. We propose two algorithms.
The first is a 3-approximation algorithm and the second is an
approximation scheme.

A. 3-Approximation

Let tMax = argmax1≤i≤t{ri}, rMax = rtMax, and
L = 2rMax + ε, where ε is a positive constant. Our 3-
approximation algorithm, 3-approx (Figure 1), begins by tiling
R with regular hexagons whose sides have length L; some of
the hexagons that overlap the boundary of R may contain
portions of the Euclidean space that are not in R. Next, for
each hexagon, Hi, of the tiling, we find an optimal (i.e., least
cost) sensor deployment that q-covers Hi ∩ R. Finally, the
optimal sensor deployments for the hexagons in the tiling

Step 1: Tile R with regular hexagons whose side length is
L = 2rMax + ε.

Step 2: For each hexagon Hi of the tiling find an optimal
deployment of sensors to sites in S so as to q-cover
Hi ∩ R.

Step 3: Combine the optimal deployments found in Step 2
for all of the hexagons in the tiling. In case a site of
S has two or more sensors assigned to it, discard all
but the sensor with maximum range.

Fig. 1. Algorithm 3-approx

are combined by ensuring that no site in S has two or
more sensors. To the algorithm of Figure 1, we may add an
optional pruning step in which redundant sensors (i.e., sensors
whose omission doesn’t affect the q-coverage property) are
eliminated.

It is easy to see that 3-approx constructs a q-cover for R with
at most one sensor per site in S provided such a q-cover exists.
In the following, we establish that the cost of the constructed
q-cover is at most 3 times that of an optimal q-cover and we
analyze the complexity of 3-approx.

Lemma 1: A sensor at a site s ∈ S can cover points in at
most three of the hexagons of the tiling of Step 1 of 3-approx.

Proof: We consider only the case when s is located within
one of the hexagons (say H1) of the tiling (see Figure 2).
The proof for the case when s is in no H i (this may happen
when S has locations outside of R) is similar. Let d(p1, p2)
be the Euclidean distance between two points p1 and p2 and
let d(Hi, Hj) be the smallest distance between two points one
of which is in Hi and the other is in Hj . Since, d(p1, s) ≥
L > rMax for points outside of the 7 hexagons shown in
Figure 2, the sensor at s cannot cover points outside of the
7 hexagons. Notice that d(Hi, Hj) = L for i, j ∈ {2, 4, 6}
as well as for i, j ∈ {3, 5, 7}. From this observation, L =
2rMax + ε > 2rMax, and the triangle inequality, it follows
that for any point p1 in Hi and p2 in Hj , i, j ∈ {2, 4, 6} or
i, j ∈ {3, 5, 7}, d(p1, s) + d(p2, s) > 2rMax. Hence, either
d(p1, s) > rMax or d(p2, s) > rMax or both. So, the sensor
at s can cover points in at most one of H2, H4, and H6 and
at most one of H3, H5, and H7. This sensor may cover also
points in H1. Hence, points in at most 3 of the hexagons of
the tiling may be covered.

Theorem 4: 3-approx is a 3-approximation algorithm.
Proof: Consider any instance of the q-cover problem for

which there is a feasible solution (i.e., a selection of sensors,
at most one per site in S, that q-covers R). Start with an
optimal solution O for this instance. Let cost(O) be the cost
of sensors deployed in O. To each hexagon H i in the tiling of
Step 1, assign the subset of sensors of O that cover points in
Hi. Let cost(Hi) be the cost of the sensors assigned to Hi.
From Lemma 1, it follows that the assignment of sensors to
hexagons, assigns each sensor of O to at most 3 hexagons.
Hence,

∑
cost(Hi) ≤ 3cost(O). Since the sensors assigned

to Hi q-cover Hi ∩ R, their cost must be at least that of the
deployment computed in Step 2. So, the sensor deployment
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Fig. 2. Sensor at s ∈ S can cover points in at most 3 hexagons

following Step 3 has a cost that is at most 3cost(O).
The complexity of algorithm 3-approx is governed by the

time to determine the optimal q-cover for each of the hexagons
in the tiling. When computing the optimal q-cover for a
hexagon H , we need consider only those sites in S that line
in the shaded region shown in Figure 3. The area A of this
region is area(H) + perimeter(H) ∗ rMax + πrMax2. =
1.5

√
3L2 + 6L ∗ rMax + πrMax2. Under the assumption

that the site density (i.e., number of sites in any region of
area A) is bounded (this is the case, for instance, when there
is a fixed lower bound on the distance between two sites) by
fixed constant and the number of sensor types t is bounded, the
size of the state space for each Hi is bounded by a (potentially
very large) constant. The optimal deployment for each H i may,
therefore, be found in constant time by simply searching the
state space of Hi. Under these assumptions, the complexity of
3-approx is linear in the number of hexagons in the tiling.

H

ε+rMax2

rMax

Fig. 3. Location of sites that can cover points in H

B. An Approximation Scheme

We employ the shifting strategy of [1], [7] to arrive at an
approximation scheme for the q-cover problem. Let l ≥ 1
be an integer shifting parameter. The cost of the sensor
deployments computed by our approximation scheme will be
within a multiplicative factor of 1 + 1/l of the cost of an
optimal deployment. By making l suitably large, we can obtain
deployments as close to optimal as desired. Figure 4 gives our
approximation scheme AS.

Step 1: Let U be the smallest bounding rectangle for the
region R. Let Vi be a tile whose height equals that
of U and whose width is i ∗ L, 1 ≤ i ≤ l. Let Ti

be the tiling of U in which the first tile is Vi. This
tile is followed by zero or more tiles of type V l. An
additional tile is used at the right end (if necessary) to
cover the remainder of U . The width of this last tile
is < l ∗ L and is chosen so as to cover the remaining
uncovered width of U .

Step 2: Do Steps 3 and 4 for 1 ≤ i ≤ l.
Step 3: For each tile T in the tiling Ti, find an optimal

deployment of sensors to sites in S so as to q-cover
T ∩ R.

Step 4: Combine the optimal deployments found in Step 3
for the tiles in Ti. In case a site of S has two or more
sensors assigned to it, discard all but the sensor with
maximum range.

Step 5: From the constructed deployments for T1, · · ·, Tl,
select the deployment that has least cost.

Fig. 4. Algorithm AS

Unlike algorithm 3-approx, which considers a single tiling
of the region R that is to be q-covered, algorithm AS considers
a family, T1, · · ·, Tl, of tilings. To obtain a tiling in this family,
we begin by determining the smallest bounding rectangle U
of R. Next, this bounding rectangle is tiled using tiles whose
height equals that of U but whose width is l ∗ L, where L =
2rMax+ ε and ε is a positive constant. The first and last tiles
in the tiling are exceptions. In Ti, the width of the first tile is
i ∗L. In case tiling with a tile of width i ∗L followed by tiles
of width l ∗L doesn’t exactly cover U , a last tile whose width
is less than l ∗ L is used in Ti.

In Steps 2 through 4, we compute an optimal deployment
for each of the tilings Ti using a strategy similar to that used
for the hexagonal tiling used in 3-approx (i.e., find an optimal
deployment to q-cover the sub-region of R included in each
tile of Ti and then combine these optimal deployments to
obtain a q-cover for R). Finally, in Step 5, the best of the q-
covers over all l tilings T1, · · ·, Tl is selected as the deployment
to use.

As in the case of algorithm 3-approx, we may add an
optional pruning step in which redundant sensors (i.e., sensors
whose omission doesn’t affect the q-coverage property) are
eliminated.

It is easy to see that AS finds a q-cover for every instance
for which there is a q-cover. The following theorem establishes
that AS is, in fact, an approximation scheme for the q-cover
problem.

Theorem 5: Algorithm AS is an approximation scheme for
the q-cover problem. Specifically, the computed q-cover has a
cost that is within a multiplicative factor (1+ 1/l) of the cost
of an optimal q-cover.

Proof: Consider any instance of the q-cover problem for
which there is a feasible solution. Let O be an optimal solution
for this instance, let cost(O) be the cost of sensors deployed
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in O, and let cost(Ti) be the cost of the sensor deployment
computed in Step 4 of AS for the tiling T i. Since each tile
in Ti, except possibly the first and last, has a width l ∗ L >
2rMax, no sensor can cover points in 3 or more consecutive
tiles. Let Oi be the sensors deployed in O that cover points in
2 tiles of Ti. Using a distribution scheme similar to that used
in the proof of Theorem 4, we obtain

cost(Ti) ≤ cost(O) + cost(Oi)

Suppose that a sensor of O that lies in the first tile of Ti

covers a point in the second tile of Ti. Since L > 2rMax,
this sensor is part of the second tile of Tj , j < i and does not
cover a point in any tile of Tj that is not part of this second
tile. For j > i, this sensor remains in the first tile for Tj and
is unable to cover points that are not in the first tile of T j .
Hence, this sensor, which is in Oi, is not in any Oj , j �= i.
By reasoning in a similar fashion, we may show that all O is
are disjoint and so

∑l
i=1 cost(Oi) ≤ cost(O). Hence,

min
1≤i≤l

{cost(Ti)}

≤ 1
l

l∑

i=1

cost(Ti) ≤ 1
l

l∑

i=1

(cost(O) + cost(Oi))

= cost(O) +
1
l

l∑

i=1

cost(Oi) ≤ (1 +
1
l
)cost(O)

Under assumptions similar to those made in the analysis of
3-approx, the complexity of AS is linear in the product of l
and the number of rectangles in a tiling T i.

IV. REGION COVERAGE VIA POINT COVERAGE

Known algorithms [2], [9], [14], [17] to verify q-coverage
of a region are rather cumbersome, while algorithms for point
coverage are rather straightforward. Thus, we are motivated
to transform a region coverage instance into an equivalent
point coverage instance. We assume a single sensor type with
sensing range r, and that at most 1 sensor may be placed at
each location in S. The objective is to find the minimum cost
deployment or equivalently minimum number of sensors for q-
coverage of the region R. Such a sensor deployment, denoted
by OPTR(r), is called an optimal deployment and its cost is
cost(OPTR(r)).

The transformation from region coverage to point coverage
may be accomplished by superimposing a grid of points over
R such that every point of R is within a distance d√

2
of at

least one grid point that is inside R. Here, d <
√

2r is the
distance between adjacent grid points and is an optimization
parameter. Let G(d) denote those grid points that are in (or
on the boundary of) R. Note that locations in S may not be
points of G(d) and may not even be in R. Figure 5 shows
G(d) for the case when R is a rectangle. G(d) is composed
of the small circles (both shaded and unshaded) in this figure;
the outermost grid points are a distance d/2 from the boundary
of R. Let r′ = r − d√

2
> 0.

d

r

s

Fig. 5. G(d) for a rectangular region R. The 16 shaded grid points are
within a disk of radius r centered at the location s.

Lemma 2: Let D(r′) be a deployment of sensors whose
range is r′. If D(r′) q-covers G(d), then D(r′ + d√

2
) q-covers

the region R.
Proof: Consider any point P in the region R. Let P ′ ∈

G(d) be the grid point closest to P . From the definition of
G(d), it follows that d(P, P ′) ≤ d√

2
. Since D(r′) q-covers

G(d), there are at least q sensors in D(r′) that are within a
distance r′ of P ′. From the triangular inequality, it follows
that these q sensors are within a distance r′ +d(P, P ′) ≤ r of
P . Hence, D(r) q-covers P .

Corollary 1: Let OPTG(d, r′) be an optimal deploy-
ment of sensors, whose range is r ′, that q-covers G(d).
cost(OPTG(d, r′)) ≥ cost(OPTR(r)).

Note that when G(d) cannot be q-covered using sensors
whose range is r′, cost(OPTG(d)) = ∞. Note also that
sensors may be deployed only to locations in S.

Lemma 3: Consider an infinite grid of points with point
separation d. Let MAX(r) and MIN(r), respectively, be the
maximum and minimum number of grid points covered by a
sensor whose range is r. MAX(r) ≤ π( r

d)2 + 2
2 r
d�+ 1 and

MIN(r) ≥ π( r
d)2 − 2 r

d − 
2 r
d� .

Proof: Without loss of generality, assume that the sensor
is located at (0, 0) and that Pi, i = 1, 2, 3, 4 are the 4 grid
points closest to the sensor (Figure 6). We may further assume
that P1 = (x ∗ d, y ∗ d) is closer to the sensor than are Pi,
i = 2, 3, 4. Clearly, 0 ≤ x ≤ 1

2 and 0 ≤ y ≤ 1
2 . Label the

row in which P1 lies row 0, the row right above (below) P1

is row 1 (−1), and so on. Let maxrow be the row number
of the highest row that is partially covered by the sensor and
let minrow be corresponding lowest row. Note that 
2 r

d� ≤
maxrow − minrow + 1 ≤ 
2 r

d� + 1.
Let row(i) be the number of grid points in row i that

are covered by the sensor. Clearly, 
2√
( r

d)2 − (y1 + i)2� ≤
row(i) ≤ 
2√

( r
d )2 − (y1 + i)2� + 1.

MAX(r) =
maxrow∑

i=minrow

row(i)

≤
maxrow∑

i=minrow

(
2
√

(
r

d
)2 − (y1 + i)2� + 1)
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≤
maxrow∑

i=minrow

(
2
√

(
r

d
)2 − (y1 + i)2�) + 
2 r

d
� + 1

≤
−1∑

i=minrow

(2
√

(
r

d
)2 − (y1 + i)2) + 
2 r

d
�

+
maxrow∑

i=1

(2
√

(
r

d
)2 − (y1 + i)2) + 
2 r

d
� + 1

≤ 2
∫ r

d

− r
d

√

(
r

d
)2 − y2dy + 2
2 r

d
� + 1

≤ π(
r

d
)2 + 2
2 r

d
� + 1

MIN(r) =
maxrow∑

i=minrow

row(i)

≥
maxrow∑

i=minrow


2
√

(
r

d
)2 − (y1 + i)2�

>

maxrow∑

i=minrow

(2
√

(
r

d
)2 − (y1 + i)2 − 1)

≥
maxrow∑

i=minrow

(2
√

(
r

d
)2 − (y1 + i)2) − 
2 r

d
�

≥ π(
r

d
)2 − 2

r

d
− 
2 r

d
�

d

s x

y

P1P2

P3 P4

Fig. 6. The sensor s is located inside the square formed by four grid points
Pi, i = 1, 2, 3, 4, and covers MAX(r) grid points, shown in dark color.
W.l.o.g, assume the grid point P1 = (x1, y1) is closer to s′ than is Pi,
i = 2, 3, 4.

Lemma 4: When D(r′) as in Lemma 2 exists,
cost(OPTG(d, r′)) ≤ F ∗ cost(OPTR(r)), where
F ≤ MAX(r) − MIN(r′) + 1.

Proof: The optimal deployment OPTR(r) q-covers every
point in R and hence q-covers every point in G(d). When
the sensing range of the sensors in the deployment OPTR(r)
is reduced to r′, this deployment may no longer q-cover
every point in G(d). For each sensor s in OPTR(r), the
difference between the number of grid points covered by
s before and after the sensing range reduction is at most
MAX(r) − MIN(r′). Note that even though MAX(r) and

MIN(r′) are defined with respect to infinite grids, the bound
MAX(r)−MIN(r′) applies to G(d), which is a finite grid.
This is so because the stated bound may overestimate (but
not underestimate) the difference. Since the deployment D(r ′)
exists, by placing a sensor whose range is r ′ at at most
MAX(r)−MIN(r′) points of S at which there is no sensor,
we can cover all points of G(d) covered by s when its sensing
range was r. Repeating this process for each s ∈ OPTR(r),
we obtain a deployment that has at most F ∗ size(OPTR(r))
sensors with sensing range r′ that q-covers G(d).

Lemma 5: F ≤ 12.443 r
d − 2.399.

Proof:

MAX(r) − MIN(r′)

≤ π(
r

d
)2 + 2
2 r

d
� + 1

−(π(
r − d√

2

d
)2 − 2

r − d√
2

d
− 
2

r − d√
2

d
�)

≤ π(
r

d
)2 + 2
2 r

d
� + 1 − (π(

r

d
− 1√

2
)2

−2(
r

d
− 1√

2
) − 
2r

d
−
√

2�)

≤ π(
r

d
)2 + 4

r

d
+ 1 − π(

r

d
− 1√

2
)2

+2(
r

d
− 1√

2
) + 2

r

d
−
√

2

≤ (8 +
√

2π)
r

d
+ 1 − 2

√
2 − π

2
≤ 12.443

r

d
− 3.399

Hence, F ≤ MAX(r) − MIN(r′) + 1 ≤ 12.443 r
d − 2.399.

Theorem 6: Let R be a region for which the deployment
D(r− d√

2
) exists. Then, cost(OPTR(r)) ≤ cost(OPTG(d, r−

d√
2
)) ≤ (12.443 r

d − 2.399)cost(OPTR(r)).
Proof: Follows from Corollary 1 and Lemma 5.

Notice that the use of a finer grid (i.e., smaller d) results
in a larger approximation factor. This would argue in favor
of using the maximum possible d; that is d =

√
2r. For this

value of d, the approximation factor is

(12.443
r

d
− 2.399) = 12.443/

√
2 − 2.399 = 6.4

Of course, while the approximation factor is minimized when
d =

√
2r, it is entirely possible, and intuitively, we expect

so, that on some instances, better deployments are obtained
using a smaller d. Our somewhat nonintuitive result that the
approximation factor is smaller when d is larger is an artifact
of the proof method used to establish the approximation factor.
Further, it may be necessary to use a smaller d to ensure the
existence of the deployment D(r − d√

2
).

V. EXPERIMENTAL RESULTS

In Section III. we presented several strategies to q-cover
a region when the sensor locations are limited to a specified
set S. We believe that all but the region coverage via point
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Fig. 7. Total sensor cost required v.s. various δs, where q=1.

coverage method of Section IV are too compute intensive to
be used on large deployment instances. This is because each of
the other methods requires us to find optimal deployments for
several small hexagons or tiles. While an optimal deployment
for a hexagon or tile may be found in O(1) time, the required
constant time is expected to be large as the optimal solution
is found by searching a potentially large though constant size
space of possible solutions. This search will perform many
explicit tests for region rather than point coverage are time
consuming and region coverage tests are compute intensive.
As a result, our experiments focus on the method of Section IV
adapted to instances with multiple sensor types.

We programmed the region coverage via point coverage
scheme of Section IV on a Dell Dimension PC with a 2.13
GHz dual-core processor and 2GB memory. To cover the
resulting grid G(d), we used an ILP (integer linear program-
ming) relaxation method as well the greedy algorithm of Xu
and Sahni [16]. For the ILP relaxation, we started with the
ILP formulated in [16] for point coverage, relaxed it to a
linear program, solved the linear program using lp-solver 5.0

[11], and then converted the solution to the linear program
to a feasible integer solution to the original ILP using the
rounding method proposed by Wang and Zhang [15]. Since
both the ILP formulation and greedy method of [16] are
for heterogeneous sensor deployment, we experimented with
heterogeneous instances with up to 4 sensor types.

For test data, we used a 35×35 region R. To construct G(d)
for any given d, we tiled R with d×d squares and considered
the centers of these tiles. Centers that were outside R were
relocated to their nearest point on the boundary of R. The
resulting center locations define G(d). To construct the set S
of permissible sensor locations, we tiled R with 7rmax/12×
7rmax/12 squares and included the center of each square in
S, where rmax is the maximum range of a sensor. Next, S was
augmented by adding �3area(R)/(πr2

max) randomly chosen
points from R. For each value of q, 1 ≤ q ≤ 3 (q is the
desired coverage degree), we experimented with the following
9 test cases. The sensor set T specifies the sensor types as
pairs (r, c), where r is the sensor range and c is the cost of
the sensor.
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Fig. 8. Total sensor cost required v.s. various δs, where q=2.

1. |S| = 362 T = {(4,5)}; 2. |S| = 242 T = {(5,6)}
3. |S| = 242 T = {(3.5,4),(5,6)}
4. |S| = 313 T = {(3,4),(4.5,5.5)}
5. |S| = 242 T = {(3,3.5),(4,4),(5,6)}
6. |S| = 207 T = {(3.5,4),(4.5,5),(5.5,6)}
7. |S| = 242 T = {(3.5,4),(4.5,5),(5,6)}
8. |S| = 242 T = {(3,3.5),(4,4),(4.5,5),(5,6)}
9. |S| = 207 T = {(3,3),(3.5,4),(4,5),(5.5,6)}

For each test case and each q, we experimented with
different d values and for each combination of test case, d,
and q, we generated 10 random instances (these differed only
in the set S of allowable locations). Figures 7-9 plot the
average of the cost of the deployments obtained for these
10 random instances using the ILP and greedy methods. The
figures show also the lower bound for the cost of an optimal
deployment for G(d) as determined by the solution to the
linear programming relaxation for the ILP. Note that when
determining a deployment to q-cover G(d), sensor ranges
were reduced from r as specified in the test case to r ′.
Our experiments show that the relaxed ILP method generally

produces lower cost deployments than does the greedy method.
Further, the cost of the deployment is not well correlated with
d. Often, though, a smaller d resulted in a smaller deployment
cost. The use of a smaller d does, however, increase the time
needed to find a deployment. Each of the instances used by
us was solved in a few seconds when d was large and in a
little under 15 minutes when d was small.

VI. CONCLUSIONS

We presented two approximate solutions to the problem of
minimizing the cost of placing sensors with multiple costs
at certain locations to ensure q-coverage of a planar region.
We then developed a transformation from region coverage to
point coverage. Several natural extensions of the problems
studied here are possible. It would be interesting to incorporate
costs associated with the region such as population within
sensor regions in addition to the sensor costs. It would also
be interesting to consider non-circular and probabilistically
specified sensor regions.
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Fig. 9. Total sensor cost required v.s. various δs, where q=3.
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