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Abstract—The problem of decentralized changepoint detection
in a distributed multisensor setting with binary quantization (BQ)
is addressed. Attention is drawn to the case of composite post-
change hypotheses when the post-change parameter is unknown.
A multichart CUSUM detection procedure with binary quanti-
zation, called the M-BQ-CUSUM test, is proposed. The method-
ology is based on using M > 2 putative values of the parameter
as “reference” points. The data are optimally quantized at these
points and then sent to the fusion center for making a final
decision by running M BQ-CUSUM statistics in parallel. The
M-BQ-CUSUM procedure is shown to be asymptotically optimal
at the reference points and rather efficient elsewhere.

Index Terms—Quickest changepoint detection, distributed
multisensor decisions, decentralized detection, optimal fusion,
CUSUM test, binary quantization.

I. INTRODUCTION

The problem of detecting anomalies or changes in stochas-
tic systems and time series arises across various branches
of science and engineering and has an enormous spectrum
of important applications. Changepoint problems deal with
detecting changes in patterns, which may be identified with
changes in the state of a process. In the sequential setting
as long as the behavior of the observations is consistent
with the initial “in-control” state one is content to let the
process continue. If the state changes, then one is interested
in detecting a change preferably as soon as possible after its
occurrence. Any detection procedure may raise false alarms,
and attempting to avoid false alarms too strenuously will lead
to a long delay of detection of a true change. The end goal
of the changepoint problem is to produce a detection policy
that minimizes the average delay to detection (AD2D) subject
to a bound on the false alarm rate (FAR). The constitution of
a good policy depends crucially on what is known about the
stochastic behavior of the observations, both pre- and post-
change.

In this paper, we are interested in a multisensor scenario
where the information available for decision-making is dis-
tributed, as shown in Figure 1. There is a set of L > 1 dis-
tributed (e.g., geographically separated) sensors, S1, . . . , SL,
observing a phenomenon (event) that leads to a change in
statistical properties of the observations X1(n), . . . , XL(n),
n > 1. The change occurs at an unknown point in time
λ > 1 for all sensors simultaneously. There are two possible

scenarios: centralized and decentralized. In the centralized
setting, original (non-compressed) data Xl(n), l = 1, . . . , L
are sent to a fusion center for making a final decision. In the
decentralized setting, compressed data Ul(n), l = 1, . . . , L
are sent to the fusion center. For example, the sensors may
send either quantized versions of their observations or binary
local decisions to the fusion center where a final decision
is made based on all sensor messages. The objective is to
detect the change as quickly as possible, subject to false alarm
constraints. The decentralized scenario is usually more prac-
tical due to communication bandwidth constraints. Optimal
centralized solutions serve as a benchmark to understand what
is the best performance possible.

Note that we do not allow feedback between the fusion
center and sensors. Feedback does not usually help when
relatively low false alarm rate is required. For a more general
set-up see Veeravalli [20].

Figure 1. Change Detection in a Distributed Setup.

In the special case when the observations are independent
and identically distributed (i.i.d.) before and after the change
with known (but different) distributions and are also inde-
pendent across the sensors, asymptotically optimal solutions
(for low FAR) to both centralized and decentralized scenarios
have been obtained for minimax and Bayesian problems
by Tartakovsky and Kim [15], Tartakovsky and Veeravalli
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[17, 18, 19], Mei [6]. See also Moustakides [8] for the
Brownian motion model. In particular, in the decentralized
setting with quantization at sensors the following results
have been established: (1) It is asymptotically optimal for
sensors to use stationary monotone likelihood ratio quantizers
to maximize the Kullback-Leibler information, and (2) It is
asymptotically optimal for the fusion center to use CUSUM or
the Shiryaev-Roberts test based on log-likelihood ratios (LLR-
s) for quantized data.

In practice, however, the assumption of completely known
post-change distribution is too restrictive. Often the form of
the post-change distribution is known, but its parameters are
not. The aforementioned results cannot be trivially generalized
to this case of composite post-change hypotheses, and it is this
niche that we broach in the present paper. The methodology
is based on the idea of using several putative values of the
post-change parameter as “reference” points at which the
quantization is performed to further construct a LLR-based
multichart extension of CUSUM. The proposed approach is
computationally feasible and statistically efficient.

II. CENTRALIZED DETECTION POLICIES

This section outlines the conventional centralized CUSUM
test and the multichart version of the centralized CUSUM
test henceforth referred to as C-CUSUM and M-C-CUSUM
respectively. It is known [3, 4, 7, 9, 12] that C-CUSUM is
“globally” optimal (in a certain minimax sense) provided,
however, that both the pre- and post-change distributions are
completely known. This test is used as a building block for
the M-C-CUSUM.

Suppose an L-component (L > 1) vector sequence X(n) =
(X1(n), . . . , XL(n)), n > 1 is observed sequentially in a one-
at-a-time fashion. At every time moment, the l-th component,
Xl(n), is the output of the l-th sensor, Sl, as shown in Figure 1.
Initially, the sequence is “in control”, i.e., the l-th component
follows pre-change density fl(x). At an unknown point λ > 1
something happens and all the components simultaneously and
abruptly change their statistical properties so that thereafter the
l-th component is distributed according to post-change density
gl(x) 6≡ fl(x). After a change occurs it is desirable to raise
an alarm as quickly as possible so that an appropriate action
can be taken. It is assumed that given the change point, the
observations are independent both in time and mutually.

Throughout, let Pk (Ek) and P∞ (E∞) be the probabilities
(expectations) respectively when a change occurs at time mo-
ment 1 6 λ = k <∞ and when there is never a change (λ =
∞). Furthermore, let LC

l (n) = log[gl(Xl(n))/fl(Xl(n))] be
the LLR between the change and the no-change hypotheses
for the n-th observation from the l-th sensor, and denote

IC
l = E1 LC

l (1) =
∫

log
gl(x)
fl(x)

gl(x)µ(dx)

the Kullback-Leibler (K-L) information divergence between
the densities gl(x) and fl(x) (l = 1, . . . , L).

We will be interested in a minimax problem setting with
Pollak’s measure of the detection speed expressed via the

supremum average (conditional) delay to detection

SAD2D(τ) = sup
16k<∞

Ek(τ − k|τ > k)

and in the class of procedures

∆T = {τ : ARL2FA(τ) > T} , (1)

for which the average run length to false alarm ARL2FA(τ) =
E∞τ exceeds a number T > 1 selected before the surveil-
lance begins. The optimal detection procedure is the one
that minimizes SAD2D(τ) over detection procedures with
ARL2FA(τ) > T .

A. C-CUSUM for Known Parameter Values

Under the notation introduced above, the centralized
CUSUM (detection) statistic is defined recursively as

WC(0) = 0, WC(n) = max

{
0,WC(n− 1) +

L∑
l=1

LC
l (n)

}
and the centralized CUSUM (C-CUSUM) test is identified
with the stopping time

τC(h) = min {n > 1: WC(n) > h} ,

where h > 0 is a detection threshold which controls the FAR.
If h = hT is chosen so that ARL2FA(τC(h)) ≈ T , then C-

CUSUM is known to be asymptotically (as T →∞) optimal
in the class ∆T defined in (1) in the sense of minimizing
SAD2D(τ). See, e.g., [3, 9, 12].

Lorden [4] has proven that ARL2FA(τC(h)) > eh for any
h > 0. This implies that letting h = log T is sufficient
to ensure that ARL2FA(τC(h)) > T . Even though this
choice of the threshold is usually conservative, it is useful
as a preliminary estimate. Substantial improvements can be
obtained using corrected Brownian motion approximations and
the renewal-theoretic argument (cf. [11, 12]). In particular, it
follows from [12] that, as h→∞,

ARL2FA(τC(h)) =
eh

IC
tot γ

2
(1 + o(1)), (2)

where IC
tot =

∑L
l=1 I

C
l and γ is a constant (depending

on the model) subject to the renewal theory. Although this
approximation is not especially accurate for high FAR, it is
satisfactory for moderate FAR (cf. [10, 14]).

If the threshold is selected using (2), i.e., hT =
log(T IC

tot γ
2), then ARL2FA(τC(h)) ∼ T and, as T →∞,

inf
τ∈∆T

SAD2D(τ) >
log T
IC

tot

(1 + o(1)), (3)

SAD2D(τC(hT )) = E1(τC(hT )− 1) =
hT

IC
tot

+O(1), (4)

which means that the C-CUSUM test is asymptotically
minimax-optimal.
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B. M-C-CUSUM for Unknown Parameter Values

Consider a parametric model with pre-change and post-
change densities fµl

l (x) and gθl

l (x), respectively. In many
applications the pre-change parameter values µl can be es-
timated quite accurately in advance and, therefore, can be
assumed to be known. However, the post-change parameters
are seldom known in advance, and the putative value θl is
merely a representation of a meaningful change.

If the true post-change parameter value is not equal to the
putative value θl, then the C-CUSUM detection procedure that
is tuned to θl is not optimal anymore. For simplicity’s sake
consider a symmetric case where θl = θ for all l = 1, . . . , L.
In the asymmetric case, the argument is essentially the same
but the notation becomes cumbersome. Write

Wn(θ) = max
16k6n

n∑
j=k

L∑
l=1

log
gθ

l (Xl(j))
fµl

l (Xl(j))

for the CUSUM statistic tuned to the value θ. There are
several approaches for composite post-change hypotheses:
(a) A generalized likelihood ratio approach based on the gen-
eralized CUSUM statistic supθ Wn(θ) [1, 4]; (b) A mixture-
based CUSUM (or Shiryaev-Roberts) statistic

∫
Wn(θ) dΠ(θ)

averaged over a prior distribution Π(θ) [9]; and (c) Adaptive
CUSUM and Shiryaev-Roberts procedures where the parame-
ter θ is replaced with one stage delayed estimators [2, 5, 13].

All the above methods have pros and cons. The gener-
alized likelihood ratio approach is second-order optimal [1]
but computationally not feasible. The mixture-based approach
is also second-order optimal [9], but may be difficult to
implement since it is not always possible to find a conjugate
prior distribution to avoid computational problems. Lorden
and Pollak’s approach [5] gives almost optimal performance,
but also computationally demanding. The adaptive approaches
of Dragalin [2] and Tartakovsky [13] are very simple in
implementation (recursive) but are not second-order optimal
– the performance degrades dramatically for detecting small
changes.

For this reason, we propose to attack this problem from
a different standpoint – using a multichart detection test.
Namely, in most applications it is usually possible to define an
interval [θ, θ] for the post-change parameter (either using prior
information or designing two values θ and θ). For example, the
point θ can be selected in such a way that the average detection
delay for the values θ > θ is small, so that further optimization
is unnecessary. The value of θ, in turn, can be selected so that
for smaller values it would be rather difficult to detect the
change with a reasonable detection delay (indifference zone).
Once the interval is set, M > 2 “reference” points are picked
from that interval to run M C-CUSUM tests in parallel, each
tuned to the respective point.

To be specific, let θm ∈ [θ, θ], m = 1, . . . ,M be
M reference points, such that θm < θm+1. The M-C-
CUSUM statistic is then defined as follows. Let Ll,m(n) =
log[gθm

l (Xl(n))/fµl

l (Xl(n))] be the LLR tuned to θm. First,
we define the C-CUSUM statistics for each of the reference

points

WC,m(n) = max

{
0,WC,m(n) +

L∑
l=1

Ll,m(n)

}
,

where WC,m(0) = 0, and the corresponding stopping times
for each of the latter statistics

τC,m(hm) = min {n > 1: WC,m(n) > hm} .

The M-C-CUSUM stopping time is

τMC(h) = min
16m6M

τC,m(hm),

where h = (h1, . . . , hM ), hm > 0.
Clearly, the solution is not unique, since in general there

are M different threshold values and only one constraint
E∞τMC(h) = T . Therefore, additional constraints are needed.
We will use two approaches. In the first approach, we use a
common threshold by setting hm = h for all m = 1, . . . ,M .
Obviously, in this case the values of E∞τC,m(h) are different
for different m. In the second approach, we balance the values
of E∞τC,m(hm), in which case the thresholds are found from
the equations

E∞τC,m(hm) = MT, m = 1, . . . ,M. (5)

In fact, it is possible to show that hm can be selected so
that equations (5) hold for sufficiently large T , and this
approximation is asymptotically accurate as T → ∞. In
this balanced case, the following approximate equality for
ARL2FA(τMC(h)) holds

ARL2FA(τMC(h)) ≈

(
M∑

m=1

e−hm Im γ2
m

)−1

,

where Im =
∑L

l=1 Eθm
1 Ll,m(1) is the corresponding K-L

divergence and 0 < γm < 1 is a computable constant related
to the limiting “exponential overshoot” in the one-sided test,
which is the subject of a renewal-theoretic argument (cf.
[11, 12]).

The following theorem establishes asymptotic performance
of the M-C-CUSUM detection procedure in these two scenar-
ios. We will need the following additional notation: Jm(θ) =∑L

l=1 Eθ
1 Ll,m(1), SAD2Dθ(τC(h)) = supk Eθ

k(τ − k|τ > k),
where Eθ

k is the expectation when the post-change parameter
value is θ.

Theorem 1. Assume that Jm(θ) is monotonically nondecreas-
ing in θ for θ > θm and Jm(θ) <∞ for all θ.

(i) For every hm > 0,

ARL2FA(τMC(h)) >
1∑M

m=1 e
−hm

.

In particular, if h1 = · · · = hM = h, then for every h > 0

ARL2FA(τMC(h)) > eh/M,

and moreover, the limit limh→∞[e−h ARL2FA(τMC(h))] is
bounded.
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If, in addition, the LLR is non-arithmetic, then, as
minm hm →∞,

ARL2FA(τMC(h)) =
1 + o(1)∑M

m=1[e−hm Im γ2
m]
,

and in the case where h1 = · · · = hM = h

ARL2FA(τMC(h)) =
eh(1 + o(1))∑M

m=1 Im γ2
m

as h→∞.

(ii) Let hm = hm(ν) be such that limν→∞(hm/ν) = 1,
m = 1, . . . ,M and let θ∗ ∈ (−∞, θ) be such that J1(θ∗) = 0.
Then for any θ > θ∗ as ν →∞,

SAD2Dθ(τC(h)) =
ν

max
16m6M

Jm(θ)
(1 + o(1)), (6)

where Jm(θ) = Im for θ = θm .
(iii) Let h1 = · · · = hM = h. If h = h(T ) =

log(T
∑M

m=1 Im γ2
m), then, as T →∞,

ARL2FA(τMC(h(T ))) = T (1 + o(1)),

and, for all m = 1, . . . ,M ,

inf
τ∈∆T

SAD2Dθm
(τ) ∼ SAD2Dθm

(τC(h)) ∼
log T
Im

. (7)

(iv) If hm = hm(T ) = log(TM Im γ2
m), then, as T →∞,

E∞τC,m(hm(T )) = MT (1 + o(1)), m = 1, . . . ,M ;
ARL2FA(τMC(h(T ))) = T (1 + o(1)),

and, for all m = 1, . . . ,M , asymptotic relations (7) hold.

Note that Theorem 1 (iii) and (iv) imply that the M-C-
CUSUM is asymptotically first-order optimal at the points
θ1, . . . , θM in both considered scenarios. Conditions of the
theorem hold for the exponential family of distributions. Due
to the space limitation a proof of this theorem will be presented
elsewhere.

In the following section we consider a decentralized detec-
tion procedure that uses compressed data (U1(n), . . . , UL(n))
by quantizing the data at sensors. In this context, it is inter-
esting to investigate how the loss in information (caused by
quantization) affects the efficiency of detection procedures.

III. DECENTRALIZED DETECTION SCHEMES WITH BINARY
QUANTIZATION

In a variety of scenarios there are bandwidth constraints, in
which case the system should compress the data in order to
communicate with the fusion sensor where the final decision is
made. The simplest and fairly efficient way is to quantize the
observations. In this section, we consider the scenario where,
based on observation Xl(n) available at sensor Sl at time n, a
binary message Ul(n) is formed and sent to the fusion center
(see Figure 1). Define U(n) = (U1(n), . . . , UL(n)) for the
vector of L messages at time n. Based on the sequence of
the sensor messages a decision about the change is made at
the fusion center, and the goal is to find a detection test at
the fusion center with certain optimality properties. This test

is identified with a pair ({ψl}, τ) consisting of an optimal
quantizer {ψl} and an optimal stopping time τ on {U(n)}n>1

at which it is declared that a change has occurred.
Define the following LLR-based quantizing rule

Ul = ψl(Xl) =

{
1 if Ll(Xl) > tl,

0 otherwise,
(8)

where tl is a quantization threshold. As has been shown in
[6, 16, 17, 18], the LLR-quantizer is optimal and the threshold
tl should be chosen in such a way that the K-L divergence at
the output (for the Bernoulli sequence) is maximized.

Next, we outline properties of a CUSUM test based on
the binary quantized observations at the output of the LLR
quantizer given by (8). We will refer to this detection proce-
dure as the BQ-CUSUM test. This test was first introduced
in [17, 18] and shown to be asymptotically (as T → ∞)
optimal in the class of tests with binary quantized observations
and the lower bound T on the mean time to false alarm
∆BQ

T = {τ : ARL2FA(τ) > T} (cf. [6, 17, 18]).

A. BQ-CUSUM for Known Distributions

Let Pf,l(•) (Pg,l(•)) denote the probability induced on
Ul(n) given that the observation Xl(n) is distributed as fl

(gl). The Bernoulli sequences {Ul(n)}n>1, l = 1, . . . , L, are
used to form the binary CUSUM statistic

WBQ(n) = max

{
0,WBQ(n− 1) +

L∑
l=1

LBQ
l (n)

}
,

where

LBQ
l (n) = log

Pg,l(Ul(n))
Pf,l(Ul(n))

= ag(l)Ul(n) + af (l) (9)

is the LLR for the binary sequence;

ag(l) = log
βg(l)(1− βf (l))
βf (l)(1− βg(l))

, af (l) = log
1− βg(l)
1− βf (l)

,

βf (i) = Pf,i

(
Ui(j) = 1

)
, βg(i) = Pg,i

(
Ui(j) = 1

)
.

The BQ-CUSUM test at the fusion center is given by the
stopping time

τBQ(h) = min {n > 1: WBQ(n) > h} , (10)

where h = hT is a positive detection threshold selected so
that ARL2FA(τBQ(hT )) ≈ T .

As IBQ
l = E1 LBQ

l (1) = βg(l)ag(l) + af (l) denote the
K-L information divergence for the binary sequence in the
l-th sensor, and let IBQ

tot =
∑L

l=1 I
BQ
l be the total K-L diver-

gence (cumulative from all L sensors). Note that probabilities
βg(l) = βg(l, tl) and βf (l) = βf (l, tl) depend on the value of
threshold tl. To optimize the performance, one should choose
thresholds t1, . . . , tL so that the K-L divergence is maximized,

t0l = arg max
tl>0

IBQ
l (tl), l = 1, . . . , L, (11)
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in which case the supremum average detection delay for the
optimal BQ-CUSUM test is

SAD2D(τBQ) =
hT

IBQ
tot(t

0)
+O(1) as T →∞, (12)

where IBQ
tot(t

0) =
∑L

l=1 maxtl
IBQ

l (tl) =
∑L

l=1 I
BQ
l (t0l ), and

t0 = (t01, . . . , t
0
L).

It follows from Tartakovsky and Veeravalli [17] that BQ-
CUSUM with h = hT = log(T IBQ

tot γ
2), where γ is a

computable constant, is asymptotically (as T → ∞) optimal
in the class of tests with binary quantization in the sense
of minimizing the SAD2D over all stopping times satisfying
ARL2FA(τ) > T (i.e., in the class ∆BQ

T ). Indeed, the
supremum average delay to detection of the BQ-CUSUM is
given by (12), while the infimum over all stopping times (for
binary data) for which ARL2FA(τ) > T is

inf
τ∈∆BQ

T

SAD2D(τ) >
log T
IBQ

tot(t
0)

(1 + o(1)).

We complete this section by providing a short study of the
comparative efficiency of the C-CUSUM and BQ-CUSUM
procedures. The conventional measure of asymptotic efficiency
of one detection procedure, τ , with respect to another detection
procedure, η, is the Asymptotic Relative Efficiency (ARE)
defined as

ARE(τ, η) = lim
T→∞

[SAD2D(τ)/SAD2D(η)], (13)

where it is assumed that both procedures meet the same
constraint T > 1 on ARL2FA.

By (3) and (12), the ARE of the C-CUSUM w.r.t. the BQ-
CUSUM is equal to

ARE(τC, τBQ) = IBQ
tot(t

0)/ IC
tot, (14)

where IBQ
tot(t

0) =
∑L

l=1 I
BQ
l (t0l ) and IC

tot =
∑L

l=1 I
C
l are total

K-L divergences for the binary quantized data (optimized w.r.t.
quantization thresholds) and for the original data, respectively.

The following lemma shows that typically the ARE is
approximately 64% for small changes and tends to 100% for
large.

Lemma 1. In the problem of detecting a change in the mean
value of the Gaussian sequence from 0 to θ the ARE of the
optimized BQ-CUSUM test with respect to the globally optimal
C-CUSUM test is a monotonically increasing function of the
post-change parameter θ > 0 and

lim
θ→0

AREθ =
2
π
≈ 64% and lim

θ→∞
AREθ = 1.

Therefore, binary quantization may result in a drop in
efficiency of 36% at worst. Similar result can be established
for the exponential and Poisson distributions. The proof is out
of the scope of this work.

The results of simulations for Gaussian and Poisson ex-
amples presented in [6, 15, 17, 18] show that typically the
relative efficiency of the BQ-CUSUM test is in the range
of 70–80%, provided the post-change parameter is known.

However, complete knowledge of the post-change parameter
is rarely available in practice. This causes a significant drop in
efficiency whenever the putative post-change parameter value
is far from the true one. In the next section, we present an
efficient approach for unknown post-change parameter values
which is based on the multichart CUSUM procedure with an
optimal binary quantization at a number of reference points.

B. M-BQ-CUSUM for Composite Post-Change Hypotheses

As in Section II-B, we define an interval [θ, θ] for the post-
change parameter and M > 2 reference points θm ∈ [θ, θ],
m = 1, . . . ,M . At each of these points, sensors perform
quantization of the observations using LLR-quantizers (8),
i.e., for the m-th reference point the outputs of the quan-
tizers are Ul,m(n) = 1l{Lm,l(n)>tm,l}, where Lm,l(n) =
log[gθm

l (Xl(n))/fµl

l (Xl(n))] is the LLR tuned to θm . The
quantization threshold tl,m is chosen so that the K-L diver-
gence is maximized for the corresponding point, i.e., similar
to (11), for l = 1, . . . , L and m = 1, . . . ,M ,

IBQ
l,m(t0l,m) = arg max

tl,m>0
IBQ

l,m(tl,m), (15)

where IBQ
l,m = Eθm

1 LBQ
l,m(1) = βg(l,m)ag(l,m) + af (l,m)

is the K-L divergence for the binary sequence at the m-th
reference point in the l-th sensor, and all the notation is defined
in Section III-A. In particular, the LLR LBQ

l,m(n) for the binary
sequence at the m-th reference point is given by (9) with the
obvious inclusion of the parameter θm.

The M-BQ-CUSUM stopping time is then defined as fol-
lows. First, we define the BQ-CUSUM statistics for each of
the reference points

WBQ
m (n) = max

{
0,WBQ

m (n) +
L∑

l=1

LBQ
l,m(n)

}
,

with WBQ
m (0) = 0, and the corresponding stopping times for

the latter statistics to be

τBQ,m(hm) = min {n > 1: WBQ
m (n) > hm} .

The M-BQ-CUSUM stopping time is the minimum of these
stopping times:

τMBQ(h) = min
16m6M

τBQ,m(hm),

where h = (h1, h2, . . . , hM ), hm > 0.
Now, as it has been outlined in Section III-A, if the true

value of the parameter θ = θi, then the asymptotically
minimax-optimal solution to the changepoint problem in the
class of binary quantizers is given by the LLR-quantizer with
the threshold t0l,i (in the l-th sensor), as specified in (15),
followed by the BQ-CUSUM stopping rule τBQ,i(hi) at the
fusion center (see (10)). Combining this with Theorem 1
allows us to conclude that the proposed M-BQ-CUSUM
procedure is asymptotically optimal in the class of procedures
with binary quantization when the post-change parameter is
equal to reference points θ1, θ2, . . . , θM .
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Exact results are given in the following theorem. We use
the same notation for constants γm (0 < γm < 1) as above,
keeping in mind that in this section they are computed for the
Bernoulli sequences.

Theorem 2. Assume that LLR LBQ
l,m(1) is non-arithmetic.

(i) Let h1 = · · · = hM = h and let

h = h(T ) = log

(
T

M∑
m=1

γ2
m

L∑
l=1

IBQ
l,m(t0l,m)

)
.

Then, as T →∞,

ARL2FA(τMBQ(h(T ))) = T (1 + o(1)),

and, for all m = 1, . . . ,M ,

inf
τ∈∆BQ

T

SAD2Dθm
(τ) ∼ SAD2Dθm

(τMBQ(h(T )))

∼
log T∑L

l=1 I
BQ
l,m(t0l,m)

.
(16)

(ii) Let, for m = 1, . . . ,M ,

hm = hm(T ) = log

(
TMγ2

m

L∑
l=1

IBQ
l,m(t0l,m)

)
.

Then, as T →∞,

E∞τBQ,m(hm(T )) = MT (1 + o(1)), m = 1, . . . ,M ;
ARL2FA(τMBQ(h(T ))) = T (1 + o(1)),

and, for all m = 1, . . . ,M , asymptotic relations (16) hold.

Therefore, M-BQ-CUSUM is asymptotically optimal in the
class ∆BQ

T in the sense of minimizing SAD2Dθm
, m =

1, . . . ,M at the reference points in both scenarios (with
and without balancing). Note that the results analogous to
Theorem 1 (i)–(ii) also hold in the binary case considered.

IV. MONTE CARLO EXPERIMENTS

By means of Monte Carlo simulations, in this section
we demonstrate the capabilities of the detection techniques
presented above. We are particularly interested in the relative
efficiency (RE) of the detection procedures as a function of
the parameter θ. For two procedures, τ and η, the relative
efficiency of η with respect to τ at the point θ is defined as

REθ(τ, η) = SAD2Dθ(τ)/SAD2Dθ(η)],

where it is assumed that both procedures satisfy the
same ARL2FA ≈ T constraint T > 1. Note that
limT→∞REθ(τ, η) = AREθ(τ, η).

We consider a symmetric three-sensor scenario (L = 3),
where for each sensor both the pre- and post-change observa-
tions are i.i.d. unit-variance Gaussian random variables having
expected values zero and θ > 0, respectively. The observations
are also assumed independent across the sensors. Formally,
fl(x) = N (0, 1) and gl(x) = N (θ, 1), l = 1, . . . , L.

All simulations have been performed for ARL2FA(τ) =
T = 104 (relatively low FAR) and for θ between 0.05 and 1,
which ensures high enough SAD2Dθ(τ) to be able to notice

the difference in performance (e.g., SAD2Dθ(τ) ≈ 10 for
θ = 1).

Most importantly, note that in order to minimize the com-
munication load between the fusion center and the sensors,
it is desirable to use as few reference points as possible.
Moreover, when the number of reference points M increases,
the ARL2FA also increases. This requires higher threshold
values, which in turn leads to an increase of the detection
delay. With this in mind, we considered the case of M = 2
and 3.

We begin with comparing centralized CUSUM procedures,
C-CUSUM and M-C-CUSUM. The red curve in Figure 2 rep-
resents the relative efficiency of the unbalanced 2-C-CUSUM
(with a single threshold hm = h) with reference points 0.1 and
0.9 with respect to C-CUSUM. It is seen that around the right
reference point θ2 = 0.9 RE is close to 1, while in the vicinity
of the left reference point θ1 = 0.1 RE is around 0.6. This is
because the threshold is the same for both stopping times τC,1

and τC,2, in which case ARL2FA(τMC) ≈ E∞τC,2(h). As a
result, for most of the values of the parameter the behavior of
2-C-CUSUM is similar to that of C-CUSUM tuned to θ = 0.9.
In order to have more efficient detection for small changes, one
has to use either more reference points or a symmetric 2-C-
CUSUM (with different thresholds) balancing mean times as
in (5).

Figure 2. Unbalanced M-C-CUSUM-to-C-CUSUM Relative Efficiency: T =
104; Reference Points 0.1, 0.2 and 0.9.

To improve the performance for small changes, we added
an extra reference point 0.2. The blue curve in Figure 2
shows the RE of 3-C-CUSUM with respect to C-CUSUM
with reference points 0.1, 0.2 and 0.9. Observe that the relative
efficiency never drops below the level of approximately 80%
for values of θ > 0.2, and it is equal to 70% for θ = 0.1.
For smaller values of θ, there is a drop in efficiency to
approximately 50%. This is not surprising since this procedure
is not designed to work with parameter values smaller than
0.1. We may conclude that adding the extra point does help.
3-C-CUSUM has a much better performance for small values
of the parameter compared to 2-C-CUSUM. However, there is
still a disbalance between the RE for small and large shifts.
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Figure 3 (red curve) illustrates the performance of the 2-C-
CUSUM in the balanced case (5) where every reference point
contributes equally to the performance of the whole scheme.
Comparing with the red curve in Figure 2, we observe that for
the left reference point (0.1) the performance became much
better (88% vs. 65%), while for the right one (0.9) slightly
worse (90% vs. 99%). For θ around 0.4, there is a dip caused
primarily by the fact that the reference points are too distant
from each other.

Figure 3. Balanced M-C-CUSUM-to-C-CUSUM Relative Efficiency: T =
104; Reference Points 0.1, 0.4 and 0.9.

To eliminate the drop in the middle we used an extra
reference point 0.4. The result is shown in Figure 3, the blue
curve. In this case the performance remains almost constant
(uniform) for the entire range of θ (between 85% and 90% for
most parameter values, and over 80% for the entire range).

It is clear that if one is interested in relatively high efficiency
for all parameter values (small, moderate and large changes),
then the proposed balanced approach can be recommended
for implementation. However, if one is interested in rapid
detection of only moderate and large changes, then the first
unbalanced approach with constant thresholds can be used.

We now proceed with the results of the experimental
study of the binary quantized procedures. Due to the space
limitations we present the results only for unbalanced 3-BQ-
CUSUM (with equal thresholds h1 = h2 = h3 = h). Figure 4
shows the relative efficiency of 3-BQ-CUSUM with respect
to the optimal BQ-CUSUM (which knows θ). The behavior is
similar to that in the centralized case. As before, the relative
efficiency stays above the level of approximately 80% for
values of θ > 0.2, while for small changes there is a drop
in efficiency to approximately 50%.

Figure 5 shows the relative efficiency of the binary 3-BQ-
CUSUM with respect to the centralized 3-C-CUSUM. RE
remains at the level of approximately 70% for all parameter
values. Therefore, increase in the average detection delay
of the procedure with binary quantization in three points
(with rather low requirements to communication bandwidth)
is only 30% compared to the centralized scheme that requires
transmission of the original uncompressed data.

Figure 4. Unbalanced 3-BQ-CUSUM-to-BQ-CUSUM Relative Efficiency:
T = 104; Reference Points 0.1, 0.2 and 0.9.

Figure 5. Unbalanced 3-BQ-CUSUM-to-3-C-CUSUM Relative Efficiency:
T = 104; Reference Points 0.1, 0.2 and 0.9.

Finally, Table I summarizes the results of Monte Carlo sim-
ulations for asymmetric M-C-CUSUM (with equal thresholds).

V. CONCLUSION

For the problem of decentralized quickest changepoint de-
tection with an unknown post-change parameter in a mul-
tisensor system, we have proposed an easily implementable
multichart CUSUM-based test capable of handling binary
quantization at sensors, called the M-BQ-CUSUM. Optimal
binary quantization is performed at a set of M post-change
parameter values (reference points) and the quantized data
are transmitted to a fusion center where the M-BQ-CUSUM
detection procedure runs M binary CUSUM tests in parallel
each tuned to a specific reference point. We have shown that
this procedure asymptotically (for low FAR) minimizes the
average detection delay among all detection procedures with
binary quantization at the chosen set of reference points.

Monte Carlo simulations for the Gaussian example show
that the proposed decentralized solution is fairly efficient not
only at reference points but also for all tested parameter
values. The efficiency of the M-BQ-CUSUM procedure is
relatively high already for M = 2 and can be improved by
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Table I
SUMMARY OF NUMERICAL RESULTS FOR THE GAUSSIAN SCENARIO (L = 3, M = 3, T = 104).

θ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
SAD2D(τC) 269.31 89.22 45.06 27.32 18.32 13.13 9.83 7.58 6.0
SAD2D(τBQ) 380.64 128.2 66.02 40.38 27.32 19.69 14.85 11.66 9.32
SAD2D(τMC) 394.72 112.6 57.75 35.55 22.6 15.18 10.59 7.92 6.12
SAD2D(τMBQ) 551.75 163.35 83.18 50.62 32.42 22.1 15.65 12.06 9.41

RE 3-BQ-CUSUM-to-BQ-CUSUM 0.69 0.78 0.79 0.8 0.84 0.89 0.95 0.97 0.99
RE 3-BQ-CUSUM-to-3-C-CUSUM 0.69 0.69 0.69 0.7 0.7 0.69 0.68 0.66 0.65

increasing the number of reference points. For example, in
an unbalanced case (where the thresholds are equalized), the
relative efficiency of the 3-BQ-CUSUM test compared to the
optimal BQ-CUSUM (for known parameter values) is close to
100% for detecting moderate and large changes and about 70%
for detecting small changes. In the balanced case (where mean
times to false alarm in partial CUSUM tests are equalized),
the relative efficiency is almost uniform (85-90%) for all
parameter values. Thus, if one is interested in moderately
high efficiency uniformly over all range of the post-change
parameter, then the balanced M-CUSUM procedure can be
recommended for implementation.
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