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Abstract – In the conventional formulation of the change-
point detection problem, there is a sequence of observations
whose distribution changes at some unknown point in time,
and the goal is to detect this change as quickly as possi-
ble, subject to false alarm constraints. It is known that in
the case where the observations are independent and iden-
tically distributed (iid) and the change point is modeled as
a geometrically distributed random variable, the Shiryaev
detection procedure minimizes the expected detection delay,
subject to a constraint on the false alarm probability. In this
paper, we present effective decentralized detection proce-
dures for the multi-sensor situation where the information
available for decision-making is distributed across a set
of sensors. We present asymptotically optimal procedures
for two scenarios. In the first scenario, the sensors send
quantized versions of their observations to a fusion center
where the change detection is performed based on all the
sensor messages. In the second scenario, the sensors per-
form local change detection using Shiryaev-Roberts proce-
dures and send their final decisions to the fusion center for
combining. We show that our decentralized procedures for
latter scenario have the same first order asymptotic perfor-
mance as the centralized Shiryaev-Roberts procedure that
has access to all of the sensor observations. We also present
numerical results for a simple example involving Gaussian
observations.

Keywords: Change-point problems, quickest detection,
sequential detection, distributed decisions, optimal fusion,
multi-sensor, Shiryaev procedure, Shiryaev-Roberts proce-
dure.

1 Introduction
An important application area for distributed sensor sys-

tems is environment surveillance and monitoring. Spe-
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cific applications include: intrusion detection in computer
networks, intrusion detection in security systems, chemi-
cal or biological warfare agent detection systems to pro-
tect against terrorist attacks, detection of the onset of an
epidemic, and failure detection in manufacturing systems
and large machines. In all of these applications, the sensors
monitoring the environment take observations that undergo
a change in statistical distribution in response to the change
in the environment. The goal is to detect this change point
as quickly as possible, subject to false alarm constraints.

In the standard formulation of the change-point detection
problem, there is a sequence of observations whose distri-
bution changes at some unknown point in time and the goal
is to detect this change as soon as possible, subject to false
alarm constraints [1],[5]-[12]. In this paper, we are inter-
ested in the generalization of this problem that corresponds
to the multi-sensor situation where the information avail-
able for decision-making is distributed (decentralized). The
observations are taken at a set of N distributed sensors as
shown in Figure 1. The statistical properties of the sensors’
observations change at the same time. The sensors may
send either quantized versions of their observations or local
decisions to a fusion center where a final decision is made
based on all the sensor messages.

Here we deal with the Bayesian problem formulation in
which the change point is treated as a random variable with
a known prior distribution that is geometric. We provide
an asymptotic analysis of two centralized detection proce-
dures, the Shiryaev and Shiryaev-Roberts procedures, un-
der quite general conditions that are not confined to the
conventional iid assumption. We also present results on the
asymptotic analysis of these procedures in the decentral-
ized setting where sensors send quantized versions of the
observations to the fusion center, which performs change
detection. In addition, we present constructions of decen-
tralized detection procedures that perform local change de-
tection at the sensors, and show that these procedures have
the same first-order asymptotic performance as the central-
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Figure 1: Change detection with distributed sensors

ized Shiryaev-Roberts procedure. The communication re-
quirements between sensors and the fusion center for these
latter procedures are the same as for the decentralized pro-
cedure with binary quantization, but they require substantial
processing capabilities at the sensors.

2 Asymptotic performance of certain
centralized detection procedures

2.1 Problem formulation
Suppose there is a distributed N -sensor system in which

one observes an N -component stochastic process Xn =
(X1,n, . . . , XN,n). The componentXi,n, n = 1, 2, . . . cor-
responds to observations obtained from the i-th sensor Si,
as shown in Figure 1. We begin by studying the central-
ized fusion problem where the sensors do not quantize their
observations or make local decisions, i.e., U`,n = X`,n.
This is applicable in scenarios where ample bandwidth is
available for communication between the sensors and fu-
sion center. At an unknown point in time λ (λ = 1, 2 . . . )
an event occurs and all of the components change their
distribution. The observation sequences {X1,n}, {X2,n},
. . . , {XN,n} are assumed to be mutually independent, con-
ditioned on the change point. In general, we do not as-
sume that, in a particular sensor, the observations are iid
before and after the change (with different distributions).
If the change occurs at λ = k, then in sensor Si the data
Xi,1, . . . , Xi,k−1 follow the distribution whose conditional

density is f (i)
0,j(Xi,j | Xi,1, . . . Xi,j−1), j = 1, . . . , k − 1,

while the data Xi,k, Xi,k+1, . . . have the conditional densi-

ties f (i)
1,j(Xi,j | Xi,1, . . . Xi,j−1), j > k.

To be more specific, letP∞ (correspondinglyE∞) stand
for the probability measure (correspondingly expectation)
when the change does not occur (λ = ∞), and let P k

(correspondingly Ek) be the probability measure (corre-
spondingly expectation) when the change occurs at time

λ = k, k < ∞. Write Xn
i = (Xi,1, . . . , Xi,n) and Xn

= (Xn
1 , . . . , X

n
N ) for the concatenation of the first n ob-

servations from the i-th sensor and from all N sensors, re-
spectively. Then, under P∞, the conditional density ofXn

givenXn−1 is

p0(Xn |Xn−1) =
N
∏

i=1

f
(i)
0,n(Xi,n |Xn−1

i ) for all n > 1.

Under P k, the conditional density of Xn given Xn−1 is,
for n < k = λ,

pk(Xn |Xn−1) = p0(Xn |Xn−1),

while for n > k

pk(Xn |Xn−1) =

N
∏

i=1

f
(i)
1,n(Xi,n |Xn−1

i ).

In mathematical terms, a centralized sequential change-
point detection procedure is identified with a stopping time
τ for an observed sequence {Xn}n>1, i.e. τ is an ex-
tended integer-valued random variable, such that the event
{τ 6 n} belongs to the sigma-algebra generated by the first
n observations from all the sensors. A false alarm is raised
whenever the detection is declared before the change oc-
curs, i.e. when τ < λ. A good detection procedure should
guarantee a stochastically small detection delay τ − λ pro-
vided that there is no false alarm (i.e. τ > λ), while the rate
of false positives should be low.

In a Bayesian setting, the change point λ is assumed to be
random with prior probability distribution πk = P (λ = k),
k = 1, 2, . . . . The goal is to detect the change as soon as
possible after it occurs, subject to constraints on the false
alarm probability.

In what follows, P π stands for the average probability
measure, which is defined as P π(Ω) =

∑

∞

k=1 P k(Ω)πk,
and Eπ denotes the expectation with respect to P π .

In the Bayesian setting, a reasonable measure of the de-
tection lag is the average detection delay (ADD)

ADD(τ) = Eπ(τ − λ|τ > λ)

=

∞
∑

k=1

πkEk(τ − k|τ > k),
(1)

while the false alarm rate can be measured by the probabil-
ity of false alarm

PFA(τ) = P π(τ < λ) =

∞
∑

k=1

πkP k(τ < k). (2)

An optimal Bayesian detection procedure is a procedure for
which ADD is minimized while PFA(τ) is set at a given
level α, 0 < α < 1. Specifically, define the class of change-
point detection procedures ∆(α) = {τ : PFA(τ) 6 α}

Phil Dauwalder
757



for which the false alarm probability does not exceed the
predefined number α. The optimal change-point detection
procedure is described by the stopping time

ν = arg inf
τ∈∆(α)

ADD(τ).

Let pn = P (λ 6 n|Xn) be the posterior probability that
the change occurred before time n. For the iid case, where
f

(i)
0,j(Xi,j | Xj−1

i ) = f
(i)
0 (Xi,j) and f (i)

1,j(Xi,j | Xj−1
i ) =

f
(i)
1 (Xi,j), it follows from works of Shiryaev [8, 9] that

if the distribution of the change point is geometric, then
the optimal centralized detection procedure is the one that
raises an alarm at the first time such that the posterior prob-
ability pn exceeds a threshold A,

ν(A) = inf {n > 1 : pn > A} , (3)

where the threshold A = Aα should be chosen in such a
way that PFA(ν(A)) = α. However, except for the case
of detecting the change in the drift of the Wiener process
observed in continuous time it is difficult to find a threshold
that provides an exact match to the given PFA. Also, until
recently there were no results related to the ADD evaluation
of this optimal procedure, again except for the continuous-
time Wiener process.

While the exact match of the false alarm probability is
related to the estimation of the overshoot in the stopping
rule (3), and for this reason is problematic, a simple up-
per bound, which ignores overshoot, can be obtained [12].
Indeed, since P π {ν(A) < λ} = Eπ

{

1 − pν(A)

}

and
1 − pν(A) 6 1 − A on {ν(A) <∞}, it follows that the
PFA defined in (2) obeys the inequality

PFA(ν(A)) 6 1 −A. (4)

Thus, setting A = Aα = 1 − α guarantees the inequality
PFA(ν(Aα)) 6 α. Note that inequality (4) holds true for
arbitrary (proper), not necessarily geometric, prior distribu-
tions and for arbitrary non-iid models.

In the rest of the paper, we assume that the prior distribu-
tion of the change point is geometric with the parameter ρ,
0 < ρ < 1, i.e.

πk = P (λ = k) = ρ(1 − ρ)k−1 for k = 1, 2, . . . .

For k 6 n, introduce the following two statistics

Λk
n :=

dP k

dP∞

(Xn) =

n
∏

t=k

N
∏

i=1

f
(i)
1,t (Xi,t|X

t−1
i )

f
(i)
0,t (Xi,t|X

t−1
i )

(5)

and

Rρ,n =
n
∑

k=1

(1 − ρ)k−1−nΛk
n. (6)

Taking into account that Rρ,n = pn/[(1 − pn)ρ], the
Shiryaev stopping rule given in (3) can be written in the
following form

νB = inf {n > 1 : Rρ,n > B} , B =
A

(1 −A)ρ
. (7)

Consequently,

Bα = (1 − α)/(αρ) implies νBα
∈ ∆(α). (8)

It is worth mentioning that while the Shiryaev procedure
(7) is optimal in the iid case, it may not be optimal in the
non-iid scenario even if we can set the threshold to meet the
PFA constraint α. Our recent study, however, shows that it
is asymptotically optimal when α approaches zero under
fairly general conditions [12].

In addition to the Bayesian Shiryaev procedure, we
will also be interested in a related procedure, namely
the Shiryaev-Roberts detection procedure (Shiryaev 1961,
Roberts 1965). The Shiryaev-Roberts (SR) procedure is de-
fined by the stopping time

τ̂B = inf {n : Rn > B} , (9)

where the statistic Rn is given by1

Rn =
n
∑

k=1

Λk
n. (10)

It is known that in the case where the observations are
iid and the change point is modeled as deterministic but
unknown, the SR procedure is asymptotically optimal with
respect to the minimax expected detection lag, subject to
a constraint on the mean time to false alarm [1, 7, 10].
Below we show that this change-point detection procedure
loses the optimality property under the Bayesian criterion
(in class ∆(α)).

In addition to the Bayesian ADD defined in (1), we will
also analyze the behavior of the conditional ADD (CADD)
for the fixed change point λ = k, which is defined by

CADDk(τ) = Ek(τ − k|τ > k), k = 1, 2 . . . .

2.2 Asymptotic optimality of the Shiryaev
procedure

For i = 1, . . . , N , define the statistics

Zk
i,n =

n
∑

t=k

log
f

(i)
1,t (Xi,t|X

t−1
i )

f
(i)
0,t (Xi,t|X

t−1
i )

,

which can be interpreted as the log-likelihood ratios (LLR)
of the hypotheses Hk : λ = k (the change occurs at λ =
k) and H∞ : λ = ∞ (the change does not occur) in the

1The statistic Rn = limρ→0 Rρ,n.
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sensors. Write Zk
n = log Λk

n for the log-likelihood ratio of
the hypotheses Hk and H∞ based on the observations from
all the sensors. Since the data in the sensors are assumed to
be mutually independent, Zk

n =
∑N

i=1 Z
k
i,n.

We will assume that the normalized LLRs Zk
i,n/(n−k+

1) obey the strong law of large numbers as n → ∞, i.e.
converge almost surely (a.s.) underP k to positive and finite
numbers qi. Furthermore, we will impose the following
conditions on the rate of convergence:

∞
∑

n=k

P k

{∣

∣(n− k + 1)−1Zk
i,n − qi

∣

∣ > ε
}

<∞

for all ε > 0 and k > 1,

and
∞
∑

k=1

πk

∞
∑

n=k

P k

{
∣

∣(n− k + 1)−1Zk
i,n − qi

∣

∣ > ε
}

<∞

for all ε > 0.

The former condition is nothing but the complete conver-
gence of Zk

i,n/(n − k + 1) to qi under P k (see Hsu and
Robbins [3]). We will write this compactly as

Zk
i,n

n− k + 1

P k−completely
−−−−−−−−−→

n→∞

qi for every k > 1. (11)

The second condition is a joint condition on the rates of
convergence of Zk

n/(n − k + 1) for each λ = k, and the
prior distribution. We write this condition compactly as

Zλ
i,n

n− λ+ 1

P
π
−average-completely

−−−−−−−−−−−−−→
n→∞

qi. (12)

Obviously, conditions (11) and (12) (for all i =
1, . . . , N ) imply the corresponding complete (average com-
plete) convergence of Zk

n/(n− k+ 1) (Zλ
n/(n−λ+ 1)) to

the value of

qtot =

N
∑

i=1

qi.

Therefore, Theorem 3 of Tartakovsky and Veeravalli [12]
applies to show that the following asymptotic optimality re-
sult holds true.

Theorem 1. Let B = Bα = (1 − α)/(αρ). Assume that
conditions (11) and (12) hold for some positive qi. Then, as
α→ 0,

inf
τ∈∆(α)

CADDk(τ) ∼ CADDk(νBα
)

∼
| logα|

qtot + | log(1 − ρ)|
for all k > 1;

(13)

inf
τ∈∆(α)

ADD(τ) ∼ ADD(νBα
)

∼
| logα|

qtot + | log(1 − ρ)|
.

(14)

We stress that the detection procedure νB with the thresh-
old B = Bα = (1−α)/(αρ) is asymptotically optimal not
only relative to the ADD, but also uniformly asymptotically
optimal with respect to the conditional ADD for all values
of λ = k, k = 1, 2, . . . .

Next, consider the iid case where f (i)
0,n(Xi,n|X

n−1
i ) =

f
(i)
0 (Xi,n) and f (i)

1,n(Xi,n|X
n−1
i ) = f

(i)
1 (Xi,n). The LLRs

get modified to

Zk
i,n =

n
∑

t=k

log
f

(i)
1 (Xi,t)

f
(i)
0 (Xi,t)

, Zk
n =

N
∑

i=1

n
∑

t=k

log
f

(i)
1 (Xi,t)

f
(i)
0 (Xi,t)

,

and the decision statistic Rρ,n satisfies the recursion

Rρ,n =
1

1 − ρ
(1 +Rρ,n−1)

N
∏

i=1

eZn
i,n , Rρ,0 = 0, (15)

which may be deployed for practical implementation and
simulations.

As it was mentioned in Section 2.1, in the iid case the
Shiryaev procedure (7) is optimal when the thresholdB can
be chosen in such a way that PFA(νB) = α. Since it is
difficult to meet this exact requirement, we will study the
properties of the detection procedure νB with B = (1 −
α)/(αρ), which guarantees the inequality PFA(νB) 6 α.

Let

Ii = E1Z
1
i,1 =

∫

log

(

f
(i)
1 (x)

f
(i)
0 (x)

)

f
(i)
1 (x)dx

be the Kullback-Leibler (K-L) information number be-
tween the densities f (i)

1 (x) and f
(i)
0 (x). In the iid case,

the K-L numbers Ii play the role of the numbers qi that ap-
peared in Theorem 1.

In the iid case, the second moment condition
E1|Z

1
i,1|

2 < ∞ is both necessary and sufficient for
the complete (average complete) convergence of Z1

i,n/n

(Zλ
i,n/(n − λ + 1)) to Ii, which follows from the Baum-

Katz rates of convergence in the law of large numbers [2].
Therefore, applying Theorem 1, one can conclude that if
the K-L numbers Ii are positive and the second moments
of the LLRs Z1

i,1 are finite, then the Shiryaev detection
procedure νBα

asymptotically minimizes the ADD and
CADD (asymptotic relations (13) and (14) hold with qtot
replaced by Itot =

∑N
i=1 Ii). However, for questions as

general as the first-order asymptotic optimality, the second
moment condition turns out to be redundant. Indeed, by
Theorem 5 in [12], the Shiryaev procedure minimizes not
only ADD but also all positive moments of the detection
delay whenever K-L numbers Ii are positives and finite.

An asymptotically accurate approximation for the PFA
and higher order approximations for the ADD that take into
account overshoots can be obtained in just the same way as
in [12], Theorem 6.
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2.3 Asymptotic performance of the Shiryaev-
Roberts procedure

In this section, we analyze the behavior of the SR
change-point detection procedure defined above in (9) and
(10).

In order to obtain an upper bound for PFA of the SR pro-
cedure, we note that the statisticRn is aP∞-submartingale
with mean E∞Rn = n. Using the Doob’s submartingale
inequality, we get

P∞ {τ̂B < n} = P∞

{

max
16k<n

Rk > B

}

6 n/B, (16)

which yields

PFA(τ̂B) =

∞
∑

n=1

πnP∞ {τ̂B < n} 6 1/(ρB).

Thus, choosing B = 1/(αρ) guarantees τ̂Bα
∈ ∆(α).

The following theorem determines the asymptotic per-
formance of the SR procedure. Its proof will be given else-
where. See, however, Theorem 5 in [12] for the iid case.

Theorem 2. Let Bα = Aα = 1/(αρ). Assume that con-
ditions (11) and (12) hold for some positive qi. Then, as
α→ 0,

CADDk(τ̂Bα
) ∼

| logα|

qtot
for all k > 1; (17)

ADD(τ̂Bα
) ∼

| logα|

qtot
. (18)

Comparing Theorem 1 and Theorem 2 shows that SR de-
tection procedure is not asymptotically optimal in the class
∆(α) (under the Bayesian constraint). In particular, the
relative asymptotic efficiency

lim
α→0

ADD(τ̂Bα
)

infτ∈∆(α) ADD(τ)
= 1 +

| log(1 − ρ)|

qtot
. (19)

Clearly the SR detection procedure is close to optimum
when qtot � | log(1 − ρ)|. Interestingly, in practice, the
SR detection procedure performs close to the optimal pro-
cedure even when this condition does not hold, as long as α
is not too small (see Section 5).

3 Decentralized detection with quan-
tizers at the sensors

In this section, we discuss the asymptotic performance
and asymptotic optimality results of the decentralized ver-
sion of the change detection problem described in the work
by Veeravalli [14].

It is supposed that based on the information available
at the sensor Si at time n, a message Ui,n, belonging to

a finite alphabet of size Vi, is formed and sent to the fu-
sion center (see Figure 1). We will use the vector notation:
Xn = (X1,n, . . . , XN,n) and Un = (U1,n, . . . , UN,n).
Based on the sequence of sensor messages, a decision about
the change is made at the fusion center. The fusion center
picks a time τ , which is a stopping time on {Un}n>1, at
which it is declared that a change has occurred. For the
sake of simplicity, we restrict our attention only to the iid
case. A generalization to the non-iid case can be obtained
by using the same kind of argument as in Subsection 2.2.

Various information structures are possible for the decen-
tralized configuration depending on how feedback and local
information is used at the sensors [14]. Consider the sim-
plest information structure where the message Ui,n formed
by sensor Si at time n is a function of only its current obser-
vation Xi,n, i.e., Ui,n = ψi,n(Xi,n). Moreover, since for a
particular sensor Si, the sequence {Xi,n}n>1 is assumed to
be iid, it is natural to confine ourselves by stationary quan-
tizers for which the quantizing functions ψi,n do not depend
on n, i.e. ψi,n = ψi for all n > 1.

The quantizing functions {ψi, i = 1, . . . , N} = ψ, to-
gether with the fusion center stopping time τ , form a policy
φ = (τ,ψ). The goal is to choose the policy φ that mini-
mizes the ADD(φ) = E{τ − λ|τ > λ), while maintaining
the probability of false alarm PFA(φ) = P {τ < λ} at a
level not greater than α.

As above, letHk be the hypothesis that the change occurs
at time λ = k ∈ {1, 2, . . . }, and let H∞ be the hypothesis
that the change does not occur at all. Since the observations
at each sensor are iid, for stationary sensor quantizers the
sensor outputs, {Ui,n, n = 1, 2, . . .} will also be iid. Let

g
(i)
j denote the density (probability) induced on Ui,n when

the observation Xi,n is distributed as f (i)
j , j = 0, 1.

Then, for fixed stationary sensor quantizers, the LLR be-
tween the hypotheses Hk and H∞ at the sensor Si and at
the fusion center are given by

Zk
i,n =

n
∑

t=k

log
g
(i)
1 (Ui,t)

g
(i)
0 (Ui,t)

and Zk
n =

N
∑

i=1

Zk
i,n.

For fixed sensor quantizers, the fusion center faces a stan-
dard change detection problem based on the vector obser-
vation sequence {Un}. Hence we can define the Shiryaev
statistic Rρ,n, which obeys the recursion (15) with Zk

i,n de-
fined above. Then the Shiryaev’s detection procedure at the
fusion center is given by the stopping time

νB = inf {n > 1 : Rρ,n > B} , (20)

where B is a positive threshold which is selected so that
PFA(νB) 6 α.

If Ii = Ii(g
(i)
1 , g

(i)
0 ), the K-L distances between the g(i)

1

and g
(i)
0 , are positive and finite, then for fixed stationary

sensor quantizers, an application of Theorem 1 gives us that
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the detection procedure νB given in (20), with B = Bα =
(1 − α)/(ρα), is asymptotically optimal as α → 0 among
all procedures with PFA no greater than α. To be specific,
let ψ = {ψ1, . . . , ψN} be a stationary quantizer. Then, as
α→ 0,

inf
τ∈∆(α)

ADD(ψ, τ) ∼ ADD(ψ, νBα
)

∼
| logα|

| log(1 − ρ)| +
∑N

i=1 Ii(g
(i)
1 , g

(i)
0 )

,

where ADD(ψ, τ) = E(τ − λ|τ > λ) is the ADD for the
policy (ψ, τ).

This result immediately reveals how to optimize the sen-
sor quantizers: It is asymptotically optimum (as α → 0)
for sensor Si to use the stationary quantizer ψi,opt =

arg max Ii(g
(i)
1 , g

(i)
0 ) that maximizes the K-L information

distance.
Based on the results of Tsitsiklis [13], it is easy to show

that the optimal stationary quantizer ψi,opt is a monotone
likelihood ratio quantizer (MLRQ), i.e. there exist thresh-
olds βi,1, βi,2, . . . , βi,Vi−1 satisfying 0 = βi,0 6 βi,1 6

βi,2 6 · · · 6 βi,Vi−1 6 ∞ = βi,Vi
such that, for

j = 1, . . . , Vi,

ψi,opt(X) = j only if βi,j−1 <
f

(i)
1 (X)

f
(i)
0 (X)

6 βi,j .

Thus, the asymptotically optimal policy φopt for a de-
centralized change detection problem in the class of sta-
tionary (in time) quantizers consists of a set of MLRQ’s at
the sensors followed by the Shiryaev’s procedure based on
{Un}n>1 at the fusion center (as described in (20)).

For each i, let the probability induced onUi,n by the opti-

mal MLRQ ψi,opt be given by g(i)
1,opt and g(i)

0,opt. Then the ef-
fective K-L information distance between the ‘change’ and
‘no change’ hypotheses at the fusion center is given by

Itot,dc =

N
∑

i=1

Ii(g
(i)
1,opt, g

(i)
0,opt).

Finally, we denote by νopt the stopping rule at the fusion
center for the case where the sensor quantizers are chosen
to be ψi,opt, and by Φst(α) the class of policies φ with all
stationary quantizers and stopping rules at the fusion center
such that τ ∈ ∆(α).

The asymptotic performance of the asymptotically opti-
mum solution to the decentralized change detection prob-
lem described above is given in the following theorem,
which follows directly from Theorem 1 and the argument
given above.

Theorem 3. Suppose that

0 < Ii(g
(i)
1,opt, g

(i)
0,opt) <∞ for i = 1, . . . , N.

Then Bα = (1−α)/(αρ) implies that PFA(νopt) 6 α and

inf
φ∈Φst(α)

ADD(φ) ∼ ADD(φopt)

∼
| logα|

Itot,dc + | log(1 − ρ)|
as α→ 0.

It follows from Theorems 1 and 3 that the relative asymp-
totic efficiency of optimal centralized and decentralized de-
tection procedures is equal to

Eopt = lim
α→0

ADDc(νBα
)

ADDdc(νBα
)

=
Itot,dc + | log(1 − ρ)|

Itot,c + | log(1 − ρ)|
.

Since Itot,c is always larger than Itot,dc, the value of E < 1
(see Section 5 for a specific example).

On the other hand, Theorems 2 and 3 show that the rela-
tive asymptotic efficiency of the centralized SR and optimal
decentralized detection procedures is equal to

E = lim
α→0

ADDc(τ̂Bα
)

ADDdc(νBα
)

=
Itot,dc + | log(1 − ρ)|

Itot,c
.

The value of E is usually smaller than 1, and this is always
the case if Itot,dc � | log(1 − ρ)|.

In the next section, we give constructions of two decen-
tralized detection procedures (with sensors performing lo-
cal change detection) for which the first-order asymptotic
performance is the same as that for the centralized SR pro-
cedure.

4 Decentralized detection with local
change detection at the sensors

The results of the previous section show that fusion of
data in decentralized multi-sensor systems with quantizers
always leads to certain losses of information which results
in the performance degradation of the optimal decentral-
ized policy. We now explore the scenario where the sensors
perform local change detection to see if this loss in perfor-
mance can be eliminated asymptotically.

Let R(i)
n be the SR statistic in the sensor Si based on the

original, non-quantized data Xn
i = (Xi,1, . . . , Xi,n) (see

(10)) and introduce the local stopping times in the sensors,

τi = inf
{

n : R(i)
n > Bi

}

, i = 1, . . . , N. (21)

We propose two rules to fuse the sensor decisions at the
fusion center.

For the first fusion rule, at time n, local binary decisions
di,n = 0 or 1 are transmitted to the fusion center, where

di,n = 1 if R(i)
n > Bi, and 0 otherwise. In this case, the

stopping time at the fusion center is given by:

τall = first n > 1 such that di,n = 1 for all i = 1, , . . . , N.
(22)
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Note that stopping time can be rewritten as:

τall = inf

{

n : min
16i6N

(R(i)
n /Bi) > 1

}

. (23)

For the second fusion rule, we stop monitoring the i-th
sensor once the exceedance has occurred and transmit the
decision di = 1 at time τi to the fusion center. At the fu-
sion center the decision in favor of the change hypothesis is
made once all the sensors “vote” for this hypothesis. This
fusion procedure is equivalent to the stopping time

τmax = max
16i6N

τi. (24)

Note that τall is greater than τmax (almost surely).
To bound the PFA of these procedures, we use the fol-

lowing steps. Since, under P∞, the local stopping times
τ1, . . . , τN are independent and, by (16)

P∞(τi < n) 6 n/Bi, n > 1,

setting Bi = hai with ai = qi/qtot and h > 0, we obtain

PFA(τmax) =

∞
∑

n=1

πn

N
∏

i=1

P∞(τi < n)

6

N
∏

i=1

h−ai

∞
∑

n=1

nNπn,

Noting that
∑N

i=1 ai = 1 and
∑

∞

n=1 n
Nπk = βN yields

PFA(τmax) 6 βN/h, where βN is the N -th moment of the
geometric random variable with parameter ρ. Therefore,
hα = βN/α guarantees the inequality PFA(τmax) 6 α.
Clearly the same bound holds for τall as well, since τall is
greater than τmax almost surely.

Furthermore, it can be shown that in the conditions of
Theorems 1 and 2

ADD(τmax) ∼ ADD(τall) ∼ max
16i6N

logBi

qi
.

as miniBi → ∞. Since

log hα = | logα| + log βN = | logα| +O(1),

it follows that

ADD(τmax) ∼ ADD(τall) ∼
| logα|

qtot
as α→ 0.

The following theorem formalizes the asymptotic perfor-
mance of the proposed decentralized detection procedures.

Theorem 4. Let Bi = (βN/α)qi/qtot , i = 1, . . . , N and
assume that conditions (11) and (12) hold for some positive
qi. Then, as α→ 0,

CADDk(τmax) ∼ CADDk(τall) ∼
| logα|

qtot
∀k,

ADD(τmax) ∼ ADD(τall) ∼
| logα|

qtot
.

(25)

Comparing (17) and (18) in Theorem 2 with (25), we can
see that the first-order asymptotic operating characteristics
of the proposed decentralized procedures are the same as
those of the SR centralized procedure in the sense that

lim
α→0

ADD(τmax)

ADDc(τ̂)
= lim

α→0

ADD(τall)

ADDc(τ̂)
= 1.

However, these decentralized procedures have somewhat
worse second-order performance, since for the SR central-
ized procedure the second term of expansion of ADD is a
constant, while for τmax (and τall) it grows as a square root
of the threshold.2 Thus,

ADD(τmax) − ADDc(τ̂) = O(| logα|1/2) → ∞

as α→ 0.
We remark that we were unable to obtain similar results

if the optimal Bayesian (Shiryaev) procedure is used in
place of the SR procedure at the sensors. We also note that
while the procedures τmax and τall are asymptotically al-
most globally optimal, their performance for moderate val-
ues of α may be far from optimum, and may even be in-
ferior to the procedure that uses binary quantizers at the
sensors (see Figure 2). Finally, since τall uses more infor-
mation than τmax, we expect it to perform better.

5 An example
Consider the problem of detecting a non-fluctuating tar-

get using N geographically separated sensors. The obser-
vations are corrupted by additive white Gaussian noise that
is independent from sensor to sensor. The sensors prepro-
cess the observations using a matched filter, matched to
the signal corresponding to the target. The output of the
matched filter at sensor Si at time n (when the time of ap-
pearance of the target is λ) is given by:Xi,n = ξi,n if n < λ
and Xi,n = µi + ξi,n if n > λ, where {ξi,n, n = 1, 2, . . .}
is a sequence of i.i.d. zero-mean Gaussian random variables
with variance σ2

i . Therefore, the likelihood ratio at sensor
Si is given by

Yi(x) =
f

(1)
i (x)

f
(0)
i (x)

= exp

{

µi(x− µi/2)

σ2
i

}

.

Note that the likelihood ratio is monotonically increasing,
and we can hence characterize the optimal stationary sensor
quantizers in terms of thresholds on the observations. For
binary decisions at the sensors, the quantizers are charac-
terized by a single threshold, i.e. Ui,n = 1 if Xi,n > βi

and 0 otherwise. The distributions induced on Ui,n by this
quantizer are given by:

g
(i)
j (0) = 1 − g

(i)
j (1) = Φ

(

βi − jµi

σi

)

= q
(i)
j , j = 0, 1 .

2A proof of the latter fact will be given elsewhere.
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Figure 2: Operating characteristics for an example with
three sensors with identically distributed Gaussian obser-
vations.

The optimal value of βi, i.e., the one that maximizes
Ii(g

(i)
1 , g

(i)
0 ), is easily found based on this formula. Then

we can compute the decision statistics Rρ,n and Rn for the

fusion center as well as the statistic R(i)
n for the sensor Si.

The operating characteristics in an example with three
sensors having identically distributed observations are il-
lustrated in Figure 2. The parameter values are ρ = 0.1,
µ` = 0.4 and σ2

` = 1. The K-L distance for the sensor
observations is 0.08. The threshold that maximizes the K-L
distance at the output of the sensor is β = 0.32, and the cor-
responding maximum K-L distance is 0.0509. Estimates of
PFA and ADD are obtained using MC methods with the
number of trials being 1000/α. As we expect, for the opti-
mal (Shiryaev) centralized policies, the plot of ADD versus
− log(PFA) is roughly a straight line with slope that is ap-
proximately equal to 1/[3I(f1, f0) + log(1 − ρ)] ≈ 2.89.
Interestingly, the SR centralized policy has very similar per-
formance even though the asymptotic slope in this case is
1/(3I(f1, f0)) ≈ 4.17. This justifies the use of the SR pol-
icy at the sensors in constructing τmax and τall. The decen-
tralized policy with sensors quantizing their observations to
one bit has a tradeoff curve with slope that is roughly equal
to 1/[Itot+log(1−ρ)] ≈ 3.87 as expected from Theorem 1.
The decentralized policy of course suffers a performance
degradation relative to the centralized policy. However, the
bandwidth requirements for communication with the fusion
center are considerably smaller in decentralized setting, es-
pecially with binary quantizers.

Figure 2 also shows the tradeoff curves for the proce-
dures τmax and τall, where the sensors perform local change
detection. As expected from the analysis in Section 4, τmax

performs worse than τall. Further, it is interesting to see
that both of these procedures have performances that are far

from that of the centralized SR procedure. Thus, the asymp-
totic results of Theorem 4 appear to hold only for PFA much
smaller than 10−4 (the smallest value of PFA considered in
our simulations3). In particular, τmax performs even worse
than the decentralized policy with binary quantizers, while
τall is slightly better than the decentralized policy for suf-
ficiently small PFA. These results clearly point to the need
for further research on designing procedures that perform
local detection at the sensors.
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