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Abstract - Surveillance of the sea-air-gap to the

north of Australia is a key element of Australia's

defence strategy. This surveillance is primarily af-

forded by a suite of ground-based microwave and

over-the-horizon radars (OTHR). The fusion of the

data and tracks from these sensors is an area of ac-

tive research which supports air picture compilation

and provides the foundation for performing situa-

tion assessment. To ensure the best results from

the fusion process, it is critical that the estimates

of the target state from each constituent sensor be

as accurate as possible. In this paper, the theoretical

aspects of the problem of automatically associating

air targets with airlanes are investigated primarily

with the aim of providing a means of removing pos-

sible biases in OTHR target state estimates caused

by ionospheric e�ects. However, since the associa-

tion of air targets with airlanes can also be treated as

a component of situation assessment, the same tech-

niques developed herein contribute to the automation

of the overall situation assessment process.
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1 Introduction

Surveillance of the sea-air-gap to the north of Australia
is a key element of Australia's defence strategy. This
surveillance is primarily a�orded by a suite of ground-
based microwave and over-the-horizon radars (OTHR).
The process of fusing all the data and information from
these and other sources with the goal of obtaining a
single track with identi�cation for each target in the
airspace is known as air picture compilation. The pro-
cess of interpreting the behaviours of targets in the air
picture is known as situation assessment.

The fusion of multipath OTHR tracks and the fusion
of OTHR tracks with microwave radar tracks is still an
area of active research (see [11], [12] and [13]). To en-
sure the best results from the fusion process, it is criti-
cal that the estimates of the target state from each con-
stituent radar be as accurate as possible. In particular,
since OTHR relies on the ionosphere as the propagat-
ing medium for the high frequency signals that it trans-
mits, it is susceptible to a variety of ionospheric e�ects
which can lead to signi�cant target positional errors.
One method for correcting biases in the positional er-

rors is to exploit a priori information regarding known
behaviours of particular air targets (so-called targets
of opportunity). By comparing known behaviours with
observed behaviours, a means is established for deter-
mining if such biases are present. If they are present,
then this information can be fed back into the model of
ionospheric propagation to improve OTHR track state
estimates at subsequent times. In the spirit of this phi-
losophy, the theoretical aspects of automatically asso-
ciating air targets with airlanes are investigated in this
paper primarily with the aim of correcting for possi-
ble positional biases in OTHR target state estimates
caused by ionospheric e�ects.

However, since the association of air targets with
airlanes can also be treated as a component of situa-
tion assessment, the same techniques developed herein
contribute to the automation of the overall situation
assessment process. In particular, since air targets on
airlanes are typically known ights, these techniques
can be incorporated into a �lter for automatically iso-
lating those air targets which are unidenti�ed. This
would result in bene�ts to surveillance operators by re-
ducing their workload and enhancing their situational
awareness.

2 Preliminaries

For the purposes of modelling the air target to airlane
association problem, both at and spherical earth ge-
ometries in three dimensional spaces are considered.
The at earth model is more appropriate for studying
the problem over regions of limited size such as the
airspace surrounding an airport, whereas the spheri-
cal model is better suited to wide area surveillance in
which the curvature of the earth must be taken into
account. It is assumed that the radars providing the
data are 2D or 3D radars such as the OTHR and the
ground-based microwave radars respectively. Further-
more, it is assumed that the target state estimates are
Gaussian distributed and are the output of a Kalman-
based tracker or the result of a track fusion process.

In this paper, an airlane or airway (see [10]) is de-
�ned to be the geodesic connecting two speci�ed points
on the earth's surface. These points are known as way-
points ([10]). Hence, for the at earth model, the air-
lane is simply the straight line segment through the
two waypoints, while for the spherical earth, it is the
great circle path through the two waypoints. The am-



bient plane of the airlane is the unique vertical plane
containing the geodesic for the at earth model and is
the unique plane containing the geodesic for the spher-
ical earth model. The orthogonal projection of an air
target's position on to the earth's surface is de�ned to
be the ground position of the air target. An air tar-
get is said to be on the airlane at time k if its ground
position lies on the geodesic. For any point P on the
airlane and a given parametrisation of the geodesic rep-
resenting the airlane, the direction of the airlane at P
is de�ned to be the direction of the vector tangent to
the geodesic at P . The orthogonal projection of the
air target's velocity vector onto the earth's surface is
de�ned to be its ground velocity. An air target which
is on the airlane at time k is said to be ying along
the airlane at time k if its ground velocity is parallel
to the direction of the airlane at P . Finally, an air
target is said to be associated with an airlane at time
k if it is ying both on and along the airlane at time k.
However, if information is available about the height
of the air target above the earth's surface, then this
information can also be incorporated into the overall
test for association.

2.1 Coordinate Systems

In the following section, the air target to airlane asso-
ciation problem is formulated for a single target-single
airlane scenario in terms of three coordinate systems;
one for a at earth model and two for a spherical earth
model. In this section, the three coordinate systems
are described. In each coordinate system and the sub-
sequent formulation of the air target to airlane associ-
ation problem, it is assumed that height information
is available from the sensor which is not always a valid
assumption. It is noted that, while for one of the for-
mulations the availability of this information is vital,
for the two coordinate systems in which the height h
and its velocity _h are variables in the target state vec-
tor, these variables may simply be omitted and the
problem reformulated by the same means based solely
on ground coordinates.

2.1.1 Cartesian Coordinates

For the at earth model, the coordinate system used
is a Cartesian coordinate system with its axes corre-
sponding to longitude �, latitude � and height h (refer
to �gure 1). The state estimate at time k of an air
target in this coordinate system is assumed to be of
the form

x̂kjk =
h
� � h _� _� _h

it
; (1)

with an accompanying covariance matrix �kjk.

2.1.2 Earth-Centred Rotating Coordinates

For the spherical earth model, the �rst coordinate sys-
tem is known as the Earth-Centred Rotating (ECR)
coordinate system ([6], p.176). The coordinate sys-
tem is also known by the alternative name Earth-
Centred (Earth-)Fixed coordinate system ([6], p.176).
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Figure 1: The Cartesian Coordinate System for the
Flat Earth Model

The ECR system consists of three axes labelled x; y
and z which intersect at the centre of the earth. The z
axis passes through the North pole, while the x and y
axes lie in the equatorial plane. The x axis meets the
Great Meridian and the y axis completes the x; y and
z axes to a right-handed coordinate system (refer to
�gure 2). The state estimate at time k of an air target
in this coordinate system is assumed to be of the form

x̂kjk = [ x y z _x _y _z ]
t
; (2)

with an accompanying covariance matrix �kjk.

2.1.3 East-North-Up Coordinates

The second system of coordinates for the spherical
earth model is known as the East-North-Up (ENU) co-
ordinate system. The coordinate system is also known
as the NEU coordinate system ([8]) and is comparable
to the North-East-Down (NED) system used for air
platforms ([6], p.176). This system treats the spher-
ical earth which has been coordinatised by spherical
coordinates, as being locally at at each point P on
the earth's surface and therefore capable of being co-
ordinatised locally by a Cartesian coordinate system.
The axes of the system are labelled �, � and h as for
the at earth model, but the direction of the axes vary
with P and they only agree with the longitude, lat-
itude and height in the neighbourhood of P . The �
axis points East, the � axis points North and the h
axis points Up (that is, in the direction away from the
centre of the earth), thus the name ENU (refer to �g-
ure 2). The state estimate at time k of an air target in
this coordinate system is assumed to be of the form

x̂kjk =
h
� � h _� _� _h

it
; (3)

with an accompanying covariance matrix �kjk.
The unit vectors in ECR coordinates which are par-

allel to the �, � and h axes at the point P (a; b; c) on
the sphere are respectively:

u1 =
1

(a2 + b2)1=2
(�b; a; 0) (4)

u2 =
1

((a2 + b2)(1 + c2))1=2
(�ac;�bc; a2 + b2) (5)
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Figure 2: The ECR and ENU Coordinate Systems for
the Spherical Earth Model

u3 =
1

(a2 + b2 + c2)1=2
(a; b; c): (6)

It is noted that if a vector v = (v1; v2; v3) in ECR
coordinates is written as a linear combination of the
unit vectors u1;u2 and u3 based at P , that is:

[v]ECR =
3X
i=1

v0iui (7)

then the coordinates of v in terms of ENU coordinates
based at P are

[v]ENU = (v01; v
0
2; v
0
3): (8)

Since fu1;u2;u3g is an orthonormal basis of IR3, it is
immediate that

v0i = v � ui (9)

for i = 1; : : : ; 3 ([4], Theorem 23, p.210).

2.2 Mathematical Results

The results and concepts introduced here are funda-
mental to the modelling of the air target to airlane
association problem.

A linear form in x1; x2; : : : ; xn is an expression of
the type

a1x1 + a2x2 + : : :+ anxn = Ax (10)

where the ai's are real numbers not all zero, A =
[ a1 a2 : : : an ] and x = [ x1 x2 : : : xn ]t (refer to [4],
p. 342). For each real number b, the linear form gives
rise to a partition of IRn into the three classes

C1 = fAx < bg (11)

C2 = fAx = bg (12)

C3 = fAx > bg: (13)

The second class C2 is the set of points of a hyperplane
in IRn. The geometrical interpretation of this in IR2

and IR3 is that C2 is the set of points x on the line or
plane Ax = b respectively and all the points in C1 lie
on one side of the line or plane and all the points in

C3 lie on the other side. Given this property of linear
forms, for a given choice of A the points in C1 are said
to lie below the line or plane, the points in C2 are said
to lie on the line or plane and the points in C3 are said
to lie above the line or plane.

Let X = [ x1 x2 : : : xn ]
t
be a Gaussian random

vector with unknown mean � and known covariance
matrix �. For modelling purposes, X can be treated
as the position of a random point in IRn. Then to
decide if X lies on a given hyperplane Ax = b based
on estimates of � and � (which is to be interpreted as
deciding if the mean � of X lies in the hyperplane),
a suitable �2-test can be established. The theorems
below are the key results needed:

Theorem 1: Let X be a random n-vector. If X �
N(�;�) and the covariance matrix � is non-singular,
then

(X� �)t��1(X� �) � �2n:

Proof: ([3], Theorem 3.3.3, p.72). tu

Theorem 2: Let X be a random n-vector. If X �
N(�;�) and A is an m� n matrix, then

Y
�
= AX � N(A�; A�At):

Proof: ([3], Theorem 2.4.5, p.33). tu

Theorem 3: Let A;B and C be matrices over IR of
sizes m � n, m �m and n � n respectively. If B and
C are both non-singular, then

rank(BAC) = rank(A): (14)

Proof: ([9], Theorem (10), p.58). tu

Theorem 4: (Choleski Factorisation Theorem)
Let A be a positive de�nite matrix of size n over IR.
Then there exists a unique real upper triangular matrix
B of size n with positive diagonal entries such that

A = BBt: (15)

Proof: ([9], Theorem (2), p.92). tu

Theorem 5: Let A be an m�n matrix over IR. Then

rank(AAt) = rank(A): (16)

Proof: ([9], Theorem (5a), p.58). tu

Theorem 6: Let X be a random n-vector with non-
singular covariance matrix �, and A be an m�nmatrix
over IR. If X � N(�;�), rank(A) = m � n and
Y = AX, then

(Y �A�)t(A�At)�1(Y �A�) � �2rowsize(A): (17)

Proof: The proof follows straightforwardly from The-
orems 1-5. tu

The hypothesis test may now be established. De-
�ne the random variable Y = AX. By Theorem 6, Y
is Gaussian with mean A� and variance A�At. Let
x̂ be an estimate of � (note: while it is assumed here
that � is known, in practice its true value would be
unknown. To be pragmatic, the estimated covariance
would instead be taken as the true value). The hy-
pothesis at the �-con�dence level becomes:



H0: E(Y ) = b (Point lies on the hyperplane)
H1: E(Y ) 6= b (Point lies o� the hyperplane).

By Theorem 5, it follows that

(Y �A�)t(A�At)�1(Y �A�) � �21: (18)

Thus, H0 is retained in favour of H1 if

(Ax̂� b)t(A�At)�1(Ax̂� b) � �21(�); (19)

otherwise it is rejected in favour of H1.
Generalising this, if A is an m � n matrix over IR

with rank(A) = m � n, and X is a multivariate Gaus-
sian random vector with unknown mean � and known
covariance �, then a suitable hypothesis test for decid-
ing if A� = b for some given vector b is:

H0: E(Y) = b

H1: E(Y) 6= b

where H0 is retained in favour of H1 at the �-
con�dence level if

(Ax̂� b)t(A�At)�1(Ax̂� b) � �2rowsize(A)(�) (20)

and is rejected in favour of H1 otherwise.

3 Air Target to Airlane Associ-

ation

In this section, the air target to airlane association
problem is formulated for each of the three coordinate
systems introduced in the previous section. For the
sake of simplicity, it is initially assumed that the air
target is ying at constant height above the earth's sur-
face; this assumption is relaxed in the following section.
In each instance, gating is �rst performed. While this
serves to reduce the amount of computation required,
it also plays a key role in the association process as
will become apparent later. Secondly, an hypothesis
test is established for deciding if an air target is as-
sociated with an airlane and �nally, an accompanying
likelihood function is derived.

3.1 Flat Earth Model

3.1.1 Gating

Let AL denote the airlane de�ned by the two way-
points W1 = (�1; �1; 0) and W2 = (�2; �2; 0). For the
at earth model, AL is represented by the straight line

segment
�������

W1W2. To determine if the air target is on
AL, an hypothesis test is used which essentially de-
cides if the ground position of the air target lies on
the straight line through W1 and W2 (refer to subsec-
tion 3.1.2). It accomplishes this by testing if the air
target lies on the ambient plane of the airlane. Thus,
to ensure that the target lies between W1 and W2 and
not just anywhere on the line, gating is performed. As
depicted in �gure 3, let �1 and �2 denote the planes
through W1 and W2 respectively which are normal to

π1 π2

W1 W2

Figure 3: Gating for the at earth model

AL. The gating consists of testing if an air target lies
on one of �1 or �2 or in the region between them. It is
straightforward to show that the equations of �1 and
�2 are respectively

(�2 � �1)(� � �1) + (�2 � �1)(� � �1) = 0 (21)

(�2 � �1)(� � �2) + (�2 � �1)(� � �2) = 0: (22)

It follows that �1 and �2 can be written in the form
Ax = b1 and Ax = b2 where

A = [ (�2 � �1) (�2 � �1) 0 0 0 0 ] (23)

b1 = (�2 � �1)�1 + (�2 � �1)�1 (24)

b2 = (�2 � �1)�2 + (�2 � �1)�2: (25)

To determine if the air target lies on �1, the target state
estimate is used to test statistically that x̂kjk satis�es
Ax̂kjk = b1 as outlined in section 2.2. A similar test
is employed for �2. If neither of these hypotheses is
supported, then the state estimate is used to decide
deterministically if the target lies between �1 and �2.
In this case, this amounts to showing that the state
estimate lies above �1 and below �2. In summary, the
gating criterion is

(Ax̂kjk � b1)
t(A�kjkA

t)�1(Ax̂kjk � b1) � �21(�)

or (Ax̂kjk � b2)
t(A�kjkA

t)�1(Ax̂kjk � b2) � �21(�)

or b1 < Ax̂kjk < b2: (26)

3.1.2 Association

For the purposes of formulating the test for associat-
ing an air target with an airlane, it is assumed to begin
with that the state of the target xk at time k is known
exactly. Once the criterion for association is estab-
lished for the exact case, an hypothesis test based on
it is developed to handle the uncertain case.

Presence Of The Target On The Airlane

To test if the air target is ying on AL, it suÆces to

determine if the target state xk =
h
� � h _� _� _h

it
lies

on the ambient plane of AL which has equation

�(�2 � �1)(� � �1) + (�2 � �1)(�� �1) = 0: (27)

However, if the test is to determine if the ground posi-
tion of the target is at a particular point P �(��; ��; 0)
on AL, then the target state must also satisfy the equa-
tion of the vertical plane through P � orthogonal to the
line through the two waypoints, namely

(�2 � �1)(� � ��) + (�2 � �1)(� � ��) = 0: (28)



Motion Of The Target Along The Airlane

If the air target is ying along AL at constant height,

then its velocity vector is parallel to the vector
�����!
W1W2,

that is ( _�; _�; _h) is parallel to (�2 � �1; �2 � �1; 0). It
follows that

�(�2 � �1) _� + (�2 � �1) _� = 0 (29)

and

_h = 0: (30)

Height Of The Target Above The Airlane

To test if the target is ying at a given height h�, it
is simply a matter of requiring that the target state
estimate satisfy the equation

h = h�: (31)

Hypothesis Test For Association

Equations (27-31) can be rewritten in matrix form as
Axk = b with

A =

2
66664

a1 a2 0 0 0 0
�a2 a1 0 0 0 0
0 0 1 0 0 0
0 0 0 a1 a2 0
0 0 0 0 0 1

3
77775 (32)

and

b =

2
66664

a1�1 + a2�1
�a2 �

� + a1�
�

h�

0
0

3
77775 (33)

where a1 = �(�2 � �1) and a2 = (�2 � �1). Thus, the
criterion for the air target to be associated with the air
lane at time k when the target state is exactly known
is that Axk = b with A and b as in equations (32)
and (33). Thus, using the hypothesis test developed in
section 2.2, the test for association in the presence of
uncertainty becomes

(Ax̂kjk � b)t(A�kjkA
t)�1(Ax̂kjk � b) � �2m(�) (34)

where m = rowsize(A). Moreover, since AXk �
N(Axk ; A�kA

t), it is immediate that the likelihood of
the state estimate being x̂kjk given that the air target
is on the airlane is

L(x̂kjk j Air Target is on AL)

= exp((�1=2)(Ax̂kjk � b)t(A�kjkA
t)�1(Ax̂kjk � b))

�
1

(2�)
rowsize(A)

2 jA�kjkAtj1=2
: (35)

3.2 Spherical Earth Model - ECR Co-

ordinates

The formulation of the association process based on
ECR coordinates uses similar ideas to those used for
the at earth model, but adapts them to allow for the
spherical geometry of the earth.

3.2.1 Gating

LetAL denote the airlane de�ned by the two waypoints
W1 = (w11; w12; w13) and W2 = (w21; w22; w23). For
the spherical earth model, AL is represented by the
great circle path with endpointsW1 andW2. As for the
at earth model, to determine if the air target is on the
airlane, an hypothesis test is established to decide if the
target lies on the ambient plane of AL. Thus, to ensure

0

π1 π2

π3

W1 W2

Figure 4: Gating for the spherical earth model

that the ground position of the target lies between W1

and W2, gating is performed (refer to �gure 4). Let
�1 be the plane through W1 and normal to the unit
vector n1 tangent to the great circle path at W1 where

n1 = (n11; n12; n13) is in the direction of
���!
OW1 � (

���!
OW1

�
���!

OW2). Similarly, let �2 be the plane through W2

and normal to the unit vector n2 tangent to the great
circle path at W2 where n2 = (n21; n22; n23) is in the

direction of
���!

OW2 � (
���!

OW2 �
���!

OW1). Finally, let �3 be
the plane through the origin and normal to the vector
���!
OW12 where W12 is the midpoint of W1 and W2. The
gating consists of testing if the target lies on �1 and
above �3, or on �2 and above �3, or above both �1
and �2. (Note: the tests for the presence of the target
on �1 and �2 are statistical, while all other parts of
the test are performed deterministically based on the
target state estimate x̂kjk). The equations of �i for
i = 1; : : : ; 3 can be written in matrix form Aix = 0
where

A1 = [ n11 n12 n13 0 0 0 ] (36)

A2 = [ n21 n22 n23 0 0 0 ] (37)

A3 =

�
(w11 + w21)

2

(w12 + w22)

2

(w13 + w23)

2
0 0 0

�
:

(38)

The gating criterion is then

((A1x̂kjk � b1)
t(A1�kjkA

t
1)
�1(Ax̂kjk � b1) � �21(�)

and A3x̂kjk > 0)

or (A2x̂kjk � b2)
t(A2�kjkA

t
2)
�1(A2x̂kjk � b2) � �21(�)

and A3x̂kjk > 0)

or (A1x̂kjk > 0 and A2x̂kjk > 0): (39)



3.2.2 Association

As for the at earth formulation, it is assumed initially
that the target state xk at time k is known exactly.
From this, an hypothesis test is developed to handle
the uncertain case.

Presence Of The Target On The Airlane

To test if the target is ying on the airlane AL, it suf-
�ces to determine if the target state xk = [ x y z _x _y _z ]
lies on the ambient plane of AL which has equation

n�1x+ n�2y + n�3z = 0 (40)

where n� = (n�1; n
�
2; n

�
3) =

���!

OW1 �
���!

OW2. However,
if the test is to determine if the ground position of the
target is at a particular point P � = (x�; y�; z�) on AL,
then the target state must also satisfy the equation of
the plane through P � and normal to the airlane at P �.

A vector normal to this plane is n��
���!

OP � = nP� =
(nP�1; nP�2; nP�3) and so the equation of the plane is

nP�1x+ nP�2y + nP�3z = 0: (41)

Motion Of The Target Along The Airlane

If the air target is ying along AL at constant height,
then its velocity vector is parallel to the vector tangent
to the airlane at P �; this is the vector nP� constructed
above. Using the fact that these vectors are scalar
multiples of each other, it can be shown that

�nP�2 _x+ nP�1 _y = 0 (42)

�nP�3 _y + nP�2 _z = 0 (43)

providing nP�2 6= 0 (if nP�2 = 0, the comparison of
the two vectors leads to slightly di�erent linear con-
straints).

Height Of The Target Above The Airlane

To determine if the target is ying at a given height h�

above the earth's surface, the target state is tested to
see if it lies in an appropriately chosen plane whose dis-
tance from the centre of the earth is (Re + h�) where
Re is the radius of the earth. If the height above a
given point P � = (x�; y�; z�) on AL is to be tested,

then the plane used is the plane normal to
���!

OP � and
passing through the point (1+ h�=Re)P

�. If P � is not
speci�ed, then its value is taken to be the ground posi-
tion of the target state x̂kjk . Either way, the equation
of the plane is

x�x+ y�y + z�z = Re(Re + h�): (44)

Hypothesis Test For Association

Equations (40-44) can be rewritten in matrix form as
Axk = b with

A =2
66664

n�1 n�2 n�3 0 0 0
nP�1 nP�2 nP�3 0 0 0
x� y� z� 0 0 0
0 0 0 �nP�2 nP�1 0
0 0 0 0 �nP�3 nP�2

3
77775 (45)

and

b =

2
66664

0
0

Re(Re + h�)
0
0

3
77775 : (46)

Thus, the criterion for the air target to be associated
with the airlane at time k when the target state is ex-
actly known is that Axk = b with A and b as in equa-
tions (45) and (46). Thus, as for the at earth model,
the test for association in the presence of uncertainty
is given by the inequality (34) with A and b as above.
Furthermore, the likelihood of the state estimate being
x̂kjk given that the air target is on the airlane is given
by equation (35) with A and b as above.

3.3 Spherical Earth Model - ENU Co-

ordinates

The formulation of the association process based on
ENU coordinates shares aspects of both the Cartesian
coordinate system used for the at earth model, as
well as the ECR coordinate system used for the spher-
ical earth model. Because of this, some of the vectors,
points and planes etc. used in the ECR coordinate
system formulation are reused in the ENU coordinate
system formulation. As such, whenever reference to
each such object may be ambiguous or is dependent
on the coordinate system, it will be placed in brackets
with the appropriate coordinate system marked, that
is [ � ]ECR or [ � ]ENU .

3.3.1 Gating

The gating consists of testing that the air target lies
in the same quadrant of space as that de�ned in the
ECR coordinate system formulation. However, the ac-
tual test, while the same in principle, di�ers slightly
in terms of ENU coordinates. To test if the target is
on �1, the state estimate

�
x̂kjk

�
ECR

is projected onto
�1; its projection in terms of ENU coordinates is de-
noted by (��1 ; �

�
1; h
�
1). Let [P

�
1 ]ENU = (��1 ; �

�
1; 0). Then

in terms of ENU coordinates based at P �1 , the plane
through [P �1 ]ENU and normal to [n1]ENU (where n1 is
as de�ned in subsection 3.2.1), namely

(� � ��1) [n11]ENU + (� � ��1) [n12]ENU = 0 (47)

is a good approximation to �1 in the neighbourhood

of the line
 ��!

OP �1 . An hypothesis test is used to de-
cide statistically if the state estimate

�
x̂kjk

�
ENU

lies
on this plane. A similar test is employed for �2. For
the remaining deterministic parts of the gating, the
state estimate

�
x̂kjk

�
ECR

is used in precisely the same
manner as in the ECR coordinate case.

3.3.2 Association

To formulate the air target to airlane association prob-
lem in terms of ENU coordinates, a reference point
P � = (��; ��; 0) (on the airlane) on which to base the



coordinates is required. This point can either be speci-
�ed or alternatively determined as the orthogonal pro-
jection of the target state estimate

�
x̂kjk

�
ECR

onto the
great circle path. With respect to the ENU coordi-
nates, the earth is treated as being locally at in the
neighborhood of P �. As in the previous two formula-
tions, it is assumed initially that the target state xk at
time k is known exactly and from this formulation an
hypothesis test is derived.

Presence Of The Target On The Airlane

As for the ECR coordinates, the air target is deemed to
be on the airlane at time k if the target state [xk]ECR
lies on the ambient plane of the airlane AL. In terms
of ENU coordinates based at P �, the plane through
[P �]ENU and with normal [n�]ENU (where n� is as
de�ned in subsection 3.2.2)

(� � ��) [n�1]ENU + (�� ��) [n�2]ENU = 0 (48)

is a good approximation to the ambient plane of the

airlane in the neighbourhood of the line
 ��!

[OP �]ECR:
If the test is to determine if the ground position of

the target is exactly at [P �]ENU instead of an arbitrary
point on the airlane, then the target state [xk]ECR
must also satisfy the equation of the plane through
[P �]ECR with normal [nP� ]ECR (where nP� is the vec-
tor de�ned in section 3.2.2). In the neighbourhood of

the line
 ��!

[OP �]ECR a good approximation to the plane
in terms of ENU coordinates is

(�� ��) [n�1]ENU � (� � ��) [n�2]ENU = 0: (49)

Motion Of The Target Along The Airlane

If the air target is ying along the airlane AL at
constant height, then its velocity vector is parallel
to the vector in ENU coordinates tangent to the
airlane at [nP� ]ECR, that is ( _�; _�; _h) is parallel to
(� [n�2]ENU ; [n

�
1]ENU ; 0) (as determined in arriving at

equation (49). It follows that

[n�1]ENU
_� + [n�2]ENU

_� = 0 (50)

and

_h = 0: (51)

Height Of The Target Above The Airlane

This is identical to the test for the at earth model.
The target state must satisfy

h = h�: (52)

Hypothesis Test For Association

Equations (48-52) can be rewritten in matrix form as
Axk = b with

A =

2
66664

[n�1] [n�2] 0 0 0 0
� [n�2] [n�1] 0 0 0 0
0 0 1 0 0 0
0 0 0 [n�1] [n�2] 0
0 0 0 0 0 1

3
77775 (53)

(where [n�i ] is shorthand for [n�i ]ENU ) and

b =

2
66664

[n�1]ENU �
� + [n�2]ENU �

�

� [n�2]ENU �
� + [n�1]ENU �

�

h�

0
0

3
77775 : (54)

Thus, the criterion for the air target to be associated
with the airlane at time k when the target state is
exactly known is that Axk = b with A and b as in
equations (53) and (54). Thus, as for the other for-
mulations, the test for association in the presence of
uncertainty is given by the inequality (34) with A and
b as above. Furthermore, the likelihood of the state
estimate being x̂kjk given that the air target is on the
airlane is given by equation (35) with A and b as above.

4 Generalised Height Pro�les

The discussion so far has concentrated on testing if
an air target is associated with an airlane based on
the assumption that the air target is ying at constant
height. However, this assumption is not always valid.
During takeo�s and landings for example, the height of
an air target above the surface of the earth varies with
its distance from the airport or air�eld. Similarly, en
route the air target may ascend or descend from one
altitude or ight level to another.

In order to extend the previously developed ideas
to incorporate varying heights, it is convenient to in-
troduce a parametrisation of the airlane for which
the parameter corresponds to the arc length s along
the airlane from waypoint W1. Such a parametrisa-
tion is called a path-length parametrisation (refer to
[5], p.63). If the height h is expressed as a function
of s, for example h(s) = h� for constant height and
h(s) = (h2 � h1)s=d+ h1 for linearly increasing or de-
creasing heights between W1 at height h1 and W2 at
height h2 (where d is the distance along the airlane
between W1 and W2), then for a given s, the height of
the target is tested against h(s) and the velocity vector
of the target is tested against the tangent vector P 0(s)
of the ight path at position P (s). The tests lead to
linear constraints on the target state xk. These con-
straints then replace the last three rows of the matrices
A and b in equations (32), (33), (45), (46), (53) and
(54) corresponding to the three formulations. To con-
clude this section, examples of such parametrisations
are described.

4.1 Flat Earth Model

Let the distance between W1 = (�1; �1; 0) and W2 =
(�2; �2; 0) along the airlaneAL be d. Then the function

f : [0; d ] ! IR3

s 7! (1�
s

d
)(�1; �1; 0) +

s

d
(�2; �2; 0) (55)

is a path-length parametrisation of AL. Given the
height as a function h(s), the position of the target



on the ight path at any distance s from W1 along the
airlane is

P (s) = f(s) + (0; 0; h(s)): (56)

The tangent vector to the ight path at P (s) is then

P 0(s) = f 0(s) + (0; 0; h0(s))

=
1

d
(�2 � �1; �2 � �1; dh

0(s)): (57)

4.2 Spherical Earth Model - ECR Co-

ordinates

Let the distance between W1 = (w11; w12; w13) and
W2 = (w21; w22; w23) along the airlane AL be d and
let Re be the radius of the earth. Then the function

f : [0; d ] ! IR3

s 7! cos(
s

Re
)
���!
OW1 +Re sin(

s

Re
)n1 (58)

(where n1 is the unit vector de�ned in section 3.2.1) is a
path-length parametrisation of AL. Given the height
as a function h(s), the position of the target on the
ight path at any distance s fromW1 along the airlane
is

P (s) = (1 +
h(s)

Re
)f(s): (59)

The tangent vector to the ight path at P (s) is then

P 0(s) = (1 +
h(s)

Re
)f 0(s) +

h0(s)f(s)

Re
: (60)

4.3 Spherical Earth Model - ENU Co-

ordinates

The association testing in this coordinate system sim-
ply builds on the parametrisation based on ECR co-
ordinates. In this coordinate system, the height h is
tested against h(s) and the velocity vector of the tar-
get is tested against the tangent vector to the airlane
[P 0(s)]ENU at [P (s)]ENU .

5 Conclusion

The rationale for the automatic association of air tar-
gets with airlanes from the standpoint of air picture
compilation and situation assessment has been de-
scribed and the theoretical aspects of three formula-
tions of the problem for a single air target and sin-
gle airlane, based on both at and spherical earth ge-
ometries, have been presented. The testing and eval-
uation of these formulations will be reported on else-
where. Extensions of this work for the purposes of
air picture compilation and situation assessment are
already underway. These include the adaptation of
the current techniques to handle target state estimates
which are distributed according to Gaussian mixtures,
as well as generalising the airlane models to air cor-
ridors. Furthermore, the incorporation of lateral and

vertical air traÆc control separation standards (refer
to [1], [2] and [7]) into the framework of the problem
is being pursued. Finally, a solution to the multiple
air target-multiple airlane association problem is be-
ing developed.
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