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Abstract - This paper considers the effects on track association
of two features that are often neglected in analysis. These two
features are the cross-covariance between two tracks of the same
target; and the effects of a loss of resolution in a sensor. The
sensors modelled in the paper are non-homogeneous in both state
and measurement space and a method for calculating the cross-
covariance for such dissimilar sensors is derived. Also, a simple
resolution model is proposed. The paper uses Monte Carlo simu-
lations to illustrate the effects of these two features on a number
of track association methods.

Keywords: multi-sensor tracking, track-to-track correlation,
sensor resolution, non-homogenous sensors.

1 Introduction

The problem of fusing target tracks from multiple sensors is
an important one in the sensor fusion field. Combining the
information from multiple sensors has the potential to im-
prove tracking accuracy and target acquisition rates. This
problem has been studied in [1, 2, 3, 4] among other works.
The first, and a crucial step, in the fusion process is the
association of tracks from different sensors. If the associ-
ations are made incorrectly then the fused track estimates
will potentially be worse than those from a single sensor.

When constructing association tests a number of com-
mon simplifications are generally made to make the prob-
lem tractable. This paper examines two of these simplifi-
cations and illustrates the consequences of neglecting these
effects.

The first common assumption examined is that of as-
suming that the estimation errors of tracks of the same tar-
gets, that are obtained from different sensors, are uncor-
related. This assumption is incorrect as the same target
process noise is present in the filters of both sensors, even
though the measurement errors are uncorrelated. Removing
this assumption requires a method for calculating the cross-
covariance between the two tracks. This issue is examined
in Section 4.

Another common simplification is to neglect the effect
of limited sensor resolution on the problem. When con-
structing a test to determine if two tracks from two sensors
are from the same target or not, it is common to assume
that the tracks under consideration are from one particu-
lar target or another. The possibility that one or both sen-
sors failed to resolve the two targets is ignored. The more

closely spaced the targets, the more likely it is that a sen-
sor will fail to resolve them. Also, the more closely spaced
the targets the more likely it is that a track-to-track associa-
tion method will falsely associate tracks from two separate
targets. Thus, it is important than any association method
used be as robust as possible to the effect of the failure of a
sensor to resolve two targets. We examine how the loss of
resolution affects a number of association tests in Section
5.

The next section outlines the track association problem
that will be used to illustrate our results while the following
section describes the association methods that will be inves-
tigated. Section 4 describes how the cross-covariance can
be calculated for the two sensors, even though they have
different state spaces. In Section 5 a model for sensor res-
olution is given. The final sections detail the simulation
results and gives our conclusions.

2 Problem Outline

The track association problem used as our example is that
of associating targets that are moving in two dimensions
and which are tracked by two non-homogenous airborne
sensors. The two sensors are a passive, ESM (Electronic
Support Measures) sensor and an active radar sensor. It

Figure 1: Geometric configuration of the problem in two
dimensions.



is assumed that the radar and ESM sensor are registered
and synchronised,so the radar and ESM measurements can
be treated as originating from the same location (the “own-
ship”) at the same time. Figure 1 shows the geometric con-
figuration of the sensor platform and a target. The target
co-ordinates are(ξt, νt) and the own-ship co-ordinates are
(ξo, νo). It is also assumed that the trajectory of the own-
ship is known without error.

2.1 ESM Subsystem

The ESM provides measurements ofβ only. Two state
space models will be used to filter these measurements. The
first (passive filter 1) simply smoothes the noisy bearing
measurements. The second (passive filter 2) uses modi-
fied polar co-ordinates (MPC) [5]. This co-ordinate basis
is well suited to bearings-only tracking as it automatically
decouples the observable and unobservable elements of the
estimated state vector [6].

The equations for the first passive filter are simply

xp(k + 1) = A1xp(k) + B1we(k) (1)

zp(k) = C1xp(k) + ve(k) (2)

where

A1 =
[

1 T
0 1

]
,B1 =

[
1
2T

2

T

]
,C1 =

[
1 0

]
(3)

andxp =
[
β β̇

]′
, where′ stands for the transpose oper-

ator. The sampling period is denoted byT and{we(k)} and
{ve(k)} are independent, white, Gaussian processes with
zero mean and variances given byσ2

e andσ2
β respectively.

The estimated bearing from this filter will be denoted byβ̂e.
The state vector in MPC is

xp =
[
β̇,

(
ṙ

r

)
, β,

(
1
r

)]′
(4)

The lastterm, the inverse range, is unobservable unless the
own-ship manoeuvres appropriately. However, the second
element, the inverse time-to-go, is always observable. This
element is a measure of any perturbation from circular mo-
tion of the target.

A discrete-time non-linear model

xp(k + 1) = A2(xp(k)) (5)

zp(k) = C2xp(k) + vm(k) (6)

can be derived whereC2 =
[

0 0 1 0
]

and{vm(k)}
is an independent, white, Gaussian process with zero mean
and variance given byσ2

β [7]. Note, that when linearising
the model (5) – (6) to construct an extended Kalman filter,
it is necessary to add a noise term to the linearised state
equation to allow for linearisation errors. If linearisation
errors are not accounted for, the EKF can suffer from filter
divergence – that is, it becomes increasingly confident of
increasingly inaccurate estimates [8].

The non-linear filter which is built around (5) – (6) above
yields estimates of bearing and inverse time-to-go which

will be labelledβ̂m and ˆ( ṙ
r

)
m

. If the target is not acceler-
ating then the inverse time-to-go is directly proportional to

the angular acceleration. Thus estimating the inverse time-
to-go is equivalent to estimating the angular acceleration.
Consequently, the estimate of the inverse time-to-go will
be noisier than the estimates ofβ as we are estimating an
acceleration term from noisy position measurements.

2.2 Radar Subsystem

The radar provides noisy measurements of the range,r, as
well as the bearing,β. The state space model used for the
radar measurement filter (theactive filter) is non-linear and
is given by the equations

xa(k + 1) = Fxa(k) + Gwa(k) (7)

za(k) = H(xa(k)) + va(k) (8)

wherexa =
[
ξt ξ̇t νt ν̇t

]′
and

F(k) =


1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

 ,G(k) =


1
2T

2 0
T 0
0 1

2T
2

0 T

 .
(9)

The nonlinearmeasurement equation is

H(xa) =

[ √
(x1 − ξo)2 + (x3 − νo)2

tan−1
(
x1−ξo
x3−νo

) ]
. (10)

The noiseprocesses{wa(k)} and{va(k)} are assumed to
be independent, white, Gaussian processes with zero mean
and variances given by

Qa =
[
σ2
a1

0
0 σ2

a2

]
,Ra =

[
σ2
r 0

0 σ2
β

]
(11)

respectively whereσr is the standard deviation of the range
measurement noise andσβ is the standard deviation of the
bearing measurement noise.

From the Extended Kalman filter estimates,x̂a, esti-
mates of bearing and inverse time-to-go are obtained by the
zero memory nonlinear transformations:

ˆ( ṙ
r

)
a

= g1(x̂a) (12)

=
(x̂1 − ξo)(x̂2 − ξ̇o) + (x̂3 − νo)(x̂4 − ν̇o)

(x̂1 − ξo)2 + (x̂3 − νo)2

β̂a = g2(x̂a) (13)

= tan−1

(
x̂1 − ξo
x̂3 − νo

)
.

The errorcovariance matrix for these estimates of inverse
time-to-go and bearing is given byG(x̂a)PaG′(x̂a) to first
order, wherePa is the solution to the Riccati equation for
the active filter and

G(x) =
[
∂gi
∂xj

]∣∣∣∣
x̂a

. (14)



3 Track Association Logic

Given a sequence of state estimates from theactive filter,
{x̂ia(k)}, and a sequence from one of the twopassive fil-
ters, {x̂jp(k)}, we need to design a test to select between
the hypotheses:

H0: the sequences are from the same target, i.e.i = j

H1: the sequences are from different targets, i.e.i 6= j.

Define ε̂ij(k) = x̂ia(k) − x̂jp(k), which is an estimate of
εij(k) = xia(k)− xjp(k), then the hypotheses becomeH0 :
E[εij ] = 0 andH1 : E[εij ] 6= 0. Let

Σij = E[(εij − ε̂ij)(εij − ε̂ij)]′ (15)

= Pi + Pj −Pij − (Pij)′ (16)

wherePi = E[(xi − x̂i)(xi − x̂i)′] andPij = E[(xi −
x̂i)(xj − x̂j)′]. In general, this cross-covariance term will
not be zero as the state estimate errors will be correlated if
the trajectories are from the same target due to the common
process noise in each filter.

Assuming Gaussian, independent noise processes in
each filter, the quantitiesPi andPj can be approximated
by the solutions of the Riccati equations in the (extended)
Kalman filters used to compute the active and passive states
estimates. In Section 4 a recursion forPij is derived.

Given the expressions for the covariance and cross-
covariance terms a test statistic for this hypothesis testing
problem is

Td(k) =
d−1∑
r=0

(ε̂ij)′(k − r)(Σij)−1ε̂ij(k − r) (17)

for some value of the window lengthd, wherek is the scan
number. The distribution of this statistic will be approx-
imatelyχ2 with dnx degrees of freedom wherenx is the
dimension of the state,x, under the null hypothesisH0.

Three different methods for computing the test statistic
will be compared to help illustrate the consequences of ne-
glecting the cross-covariance or the effects of sensor reso-
lution. The comparison also permits the evaluation of dif-
ferents methods for track association. The first method is a
commonly used approach. The remaining methods were
proposed in [7]. These make use of modified polar co-
ordinates in the ESM filter. Methods using an MPC filter
were shown to have a lower probability of false association
compared to the first method. The three methods are:

1. Comparêβa with β̂e from the first, linear passive filter.

2. Comparêβa with β̂m from the second, MPC filter.

3. Compare
[
β̂a,

ˆ( ṙ
r

)
a

]
with

[
β̂m,

ˆ( ṙ
r

)
m

]
from theMPC

filter.

4 Calculation of the Cross-
Covariance

It has been shown that the performance of track-to-track
association methods can be improved by including the ef-
fect of the cross-covariance between the two track estimates

when they are of the same target. Results for sensors of the
same type are given in [1]. More recently [9] extended this
work to the cases when the sensor measurements are dis-
similar. The case of dissimilar state spaces is derived here,
first by considering two linear filters and then extending the
results to non-linear filters.

Consider first the case of two linear filters with the same
state space but differing measurement spaces. Let

ei(k|k)
4
= x(k)− x̂i(k|k) (18)

wherex̂1(k|k) is the filtered state estimate from the first fil-
ter andx̂2(k|k) is the filtered state estimate from the second
filter then

ei(k|k) = (19)

[I−Ki(k)Hi(k)]Fi(k − 1)ei(k − 1|k − 1)
+[I−Ki(k)Hi(k)]wi(k − 1)−Ki(k)vi(k)

whereKi is the Kalman gain from the i-th filter. As was
shown in [9] a recursion for

Pij = E[(xi − x̂i)(xj − x̂j)′] (20)

can then be derived using the methods in [1, 8.4.2].
Now, suppose we have two linear filters with different

state spaces, for example one in Cartesian co-ordinates and
one in polar co-ordinates. Let the state space model for the
i-th filter be

xi(k + 1) = Fi(k)xi(k) + wi(k) (21)

zi(k) = Hi(k)xi(k) + vi(k)

wherex1 ∈ IRm andx2 ∈ IRn. Suppose there exists a
one-to-one transformation betweenx1 andx2 or a transfor-
mation that can be constrained to be one-to-one using addi-
tional (perhaps physical) knowledge of the problem. That
is, suppose there existsg : IRn → IRm andg−1 : IRm →
IRn such thatg(x1) = x2 andg−1(x2) = x1.

We can approximateg(·) and g−1(·) by Taylor series
expansions. Let

G
4
=

[
δg
δx1

]∣∣∣∣
x1=0

(22)

G−1 4
=

[
δg−1

δx2

]∣∣∣∣
x2=0

where, forsimplicity, we have assumedg(0) = 0. How-
ever, the expansion can be made around any point where
g(x) = x.

Now, combining (21) and (22) it can be shown that

x1(k + 1) = F̄2x1(k) + w̄2(k) (23)

to first order, wherēF2 = G−1F2G andw̄2 = G−1w2. If
the two sensors are tracking the same target thenw̄2 = w1

to first order. Also, we can write

z2(k) = H̄2x1 + v2(k) (24)

whereH̄2 = H2G. Equations (23) and (24) give the state
space model for the second filter ((21) withi = 2) in terms
of the state vector of the first modelx1.



Using the results above, the filter for each sensor can be
constructed usingwhichever state space model is most ap-
propriate for that sensor, even if this means using different
state spaces for different sensors. When tracks from two
sensors are to be combined, the estimates from the second
filter can be converted to the state space of the first filter
using the transformationg−1. The covariance of the trans-
formed state is given byGP 2G′ and the cross-covariance
can be calculated by usinḡF2, H̄2 andK̄2 = G−1K2 in
the recursion (19) in place of the valuesF2, H2 andK2

that would be used when the state spaces were the same.
For a non-linear state space model of the form

x(k + 1) = F(x(k)) + w(k) (25)

z(k) = H(x(k)) + v(k)

it was shown in [8] that the filtered state estimate error from
an extended Kalman filter (EKF) can be approximated by
the equation

ei(k|k) ≈ (26)

[I−Kx̂(k)Hx(k)]Fx(k − 1)e(k − 1|k − 1)
+[I−Kx̂(k)Hx(k)]w(k − 1)−Kx(k)v(k)

to first order, whereKx is the gain from the EKF and

Fx =
[
δF
δx

]∣∣∣∣
x

(27)

and

Hx =
[
δH
δx

]∣∣∣∣
x

. (28)

Again, arecursion for the cross-covariance can be derived
using (26) where the Jacobeans forF andH are evaluated
usingx̂(k|k) andx̂(k|k − 1) respectively, i.e. the filtered
and predicted state estimates at timek.

5 Effect of Resolution

A complete model of the resolution capacity of a given sen-
sor is very difficult. However, the probability,PR, that a
sensor resolves two closely spaced targets will clearly de-
pend on the distance between the targets in addition to other
features. In [10], a simple but intuitively appealing model
was proposed forPR. From [10]PR can be modelled as a
Gaussian-like function

PR = 1− exp
{
− 1

2 (y1 − y2)′∆−1(y1 − y2)
}

(29)

whereyi is the noiseless measurements of the i-th target
and∆ is a positive definite, symmetric matrix that describes
the extension and spatial orientation of the sensor resolution
cells. In general,∆ will depend on the target-sensor geom-
etry.

Following [10], we will assume that the range resolu-
tion αra of the radar sensor is essentially determined by the
length of the emitted pulse. The angular resolution of both
the radar and ESM sensors,αβa andαβp , are limited by the
beamwidth of each sensor. Also, we will assume that the
probability of unresolved targets is decreasing for increas-
ing distances(δr, δβ) between the targets. For the radar

sensor, assuming the range resolution is independent of the
angular resolution,

∆−1 =

[
1
αra

0
0 1

αβa

]
(30)

while for the ESM sensor,∆−1 = 1

αβp
.

Suppose thereare two targets but a sensor fails to re-
solve them then, instead of measuringy1 or y2, the sensor
measures the mean target position

ym = 1
2 (y1 + y2). (31)

In effect, the sensor measures the position of a third, syn-
thetic target that is midway between the two real targets.

Recall from Section 3, assuming both sensors resolved
the targets, under the null hypothesis the expected value of
the test statisticTd was zero. UnderH1 (the two tracks are
from different targets) the expected value of the test statis-
tic will be some non-zero value,s say. Suppose now, one
sensor fails to resolve the targets, then one track will be a
track of a true target while the other is of the third, synthetic
target. From (31) and (17) it can be shown that under these
circumstances the expected value of the test statistic under
H1 will only be 1

4s. Thisreduction inE[Td] increases prob-
ability of falsely associating the two tracks.

Let P aR be the probability the active sensor resolves the
two targets andP pR be the corresponding probability for the
ESM sensor. By considering the probabilities of all possible
events, it can be shown that the probability both sensors are
tracking the same target, either real or synthetic, is given by

Pr(H0) = 1− P aR − P
p
R +

3
2
P aRP

p
R (32)

while the probability the alternative hypothesis is true is
given by

Pr(H1|A) = P aR + P pR − 2P aRP
p
R (33)

Pr(H1|B) = 1
2P

a
RP

p
R (34)

whereA is theevent one sensor failed to resolve the targets
andB is the event both sensors resolved the targets. Recall
thatP pR andP aR are functions of the distance between the
targets. As the distance decreases the size of (33) relative
to (34) will increase and, therefore, so will the probability
of false association. This is examined using a simulation in
the section below.

6 Simulation Results

A number of Monte Carlo simulation studies were carried
out to determine the performance of the test statistics when
cross-covariance and resolution effects were included. In
all the studies the own-ship moved in a circle of radius
20394m, centred on(−30000, 29606)m with a constant
turn rate of 0.2 degrees a second.

The trajectory of target A was a straight line forN =
500 scans with the initial conditions

ξt(0) = 50000m (35)

ξ̇t(0) = 150ms−1 (36)

νt(0) = 23000m (37)

ν̇t(0) = 100ms−1. (38)



The trajectory of target B was also a straight line, with the
same velocity, but offset from the track of target A. For this
target the initial position was

ξt(0) = 40000m (39)

νt(0) = 8000m. (40)

(41)

The sampling rate of both sensors wasT = 4 seconds. The
measurement noise standard deviations wereσr = 100m
andσβ = 1

2 a degree.
For each test, one thousand Monte Carlo simulations

were performed and each test statistic calculated. The test
statistic values were compared to the appropriate 95% point
fromχ2 tables. If the test statistic was less than this thresh-
old, the two tracks were considered to be from the same
target.

6.1 Effect of Neglecting the Cross-
Covariance

To test the effect of including the cross-covariance term the
standard scenario given above was used in two ways. In the
first case, only one target was present, target A. The prob-
ability of correctly associating the tracks from each sensor
was calculated, both with and without including the cross-
covariance term. The results for the first association method
are shown in Figure 2. From this figure it can be seen that
including the estimated cross-covariance term actually re-
duced the performance of the first association method. In
general, the first method associated the tracks only 85%
of the time when the cross-covariance term was included,
rather than the expected 95% success rate. The results for
the two MPC-based methods are not shown as including the
cross-covariance term did not make a significant difference
to their performance.
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Figure 2: Proportion tracks associated over time. This
should beapproximately 95%.

In the second test both targets A and B were present. The
radar tracked target A, while the ESM tracked target B. As
before, the three test statistics were calculated, both with
and without the cross-covariance term. Once again, the re-
sults for the two MPC-based methods (Methods 2 and 3) did
not change significantly. The results for the first method are

shown in Figure 3. The tracks should have been incorrectly
associated approximately 5% of the time. From the figure it
can be seen that this method does not achieve this degree of
accuracy. The spikes in the proportion of tracks associated
correspond to significant changes in the bearing-rate (see
Figure 6). The state space model for the ESM filter using
Method 1 assumes a nearly constant bearing-rate and there
is clearly a drop in performance when this assumption is
violated. The performance does not improve until the ESM
filter has had time to adjust to the change in bearing-rate.
However, from the figure it can also be seen that including
the cross-covariance term does reduce the false association
rate of this method.
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Figure 3: Proportion tracks associated over time. This
should beapproximately 5%.

6.2 Effect of Neglecting Sensor Resolution

To test the effects of sensor resolution the standard scenario,
given above, was modified to include a range resolution for
the radar ofαr = 100m and an angular resolution of both
sensors ofαβ = 2 degrees.

In this scenario, the radar was able to resolve both targets
at all times. However, the ESM sensor could only resolve
the targets initially. As the two targets moved away from the
own-ship, the difference in the bearing measurements even-
tually became too small. Figure 4 shows the probability of
resolution over time for the ESM sensor while Figures 5
and 6 show the differences in the relative range and bearing
of the two targets with respect to the own-ship.

Two cases were examined. In the first case, both sen-
sors were initially tracking target A. After scan 230, the
ESM sensor could no longer resolve targets A and B and
began to return the track of the third, synthetic target mid-
way between A and B. The calculation of the test statistics
did not take into account the possibility that a sensor may
have failed to resolve the targets.

The results are shown in Figure 7. Until scan 230 the
tracks are from the same target, and this is detected by
all three methods. Immediately after resolution is lost, all
methods stop associating the tracks, but only the methods
using MPC in the passive filter (Methods 2 and 3) continue
to recognise that the sensors are tracking different targets.
The simple passive smoother of the bearing (Method 1) is
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Figure 4: Probability of resolution for the ESM sensor.
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to thetwo targets.

unable to deal with the step change in the bearing of the
ESM measurements when the sensor loses resolution. It
can only put this change down to impulsive noise in the
system.

The second case examined resolution effects on the
proability of incorrect associationPF . This case was tested
in a similar manner as above, except that in this situation the
ESM sensor was initially tracking target B. The results are
shown in Figure 8. Once again it can be seen that while all
three methods give acceptable performance when the sen-
sors are able to resolve the targets, only Methods 2 and 3
continue to work when resolution is lost.

7 Conclusions

From the simulations conducted it can be seen that accurate
track association can still be performed, even if resolution is
not considered and the cross-covariance is neglected, pro-
vided the model used to track the targets, given bearings-
only measurements, is robust. The passive filter must be
robust to deviations from the underlying assumptions used
to build the filter, so it can continue to provide accurate
bearing measurements. Such robustness can be obtained
if Modified Polar Co-ordinates are used.
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Figure 6: Difference in relative bearings from the own-ship
to thetwo targets.
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Figure 7: Proportion tracks associated over time. The tracks
should associateup to scan 230.
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