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ABSTRACT:  Although a connection between
multi-object tracking and random set theory was
recognized during the course of development of
multi-hypothesis tracking algorithms, it was only
recently that such a connection started to be
discussed based on random set theory and to be
related to several algorithms based on it.  This paper
describes random set formalism of a general theory
of multiple object tracking, and discusses recent
developments in theory and applications, in an
attempt to explore further applications of random set
theory to data fusion.

1. Introduction
This paper is generally concerned with multi-object,
multi-sensor, object state estimation problems, also
known as multi-object or multi-target tracking
problems, as described in standard textbooks [1] and
[2].  The history of multi-object tracking goes back
to the 1960’s.  But the early stage of its development
was a chaotic collection of numerous tracking
algorithms.  There were, however, efforts to develop
a general theory of multi-object tracking, e.g., [3].
In the 1980’s, following the development of multi-
hypothesis tracking algorithms as described in [10]
and [11], there were efforts to construct a general
theory of multi-object tracking in terms of tracks and
hypotheses, using random finite sequence formalism
([4], [5]).  Throughout such efforts, it was
recognized that a general multi-object tracking
problem is naturally constructed using the notion of
random finite sets.  But it was not until the 1990’s
that a multi-object tracking problem started to be
formulated using random set formalism, e.g., [12].

Following the monumental paper [12] by R. Mahler,
the general multi-object tracking theory formed
under random finite sequence formalism was re-
written using random set formalism in [6] – [9].  On
the other hand, algorithms to solve highly non-linear

multi-object problems were recently developed using
direct numerical calculation approaches [13] – [18].
As shown in Section 4, these algorithms can be
viewed as particular implementations of solutions to
multi-object tracking problems in random set
formalism.  This paper re-examines random set
formalism, and argues the possibility and the
limitation of the direct numerical approaches.
Finally we will discuss the possibility of applying the
Poisson point process concept to group tracking
problems, as a first step towards formalizing group
tracking problems using random set formalism.

2. Preliminaries
As shown in [6] – [9], [12], [14], a general theory of
multiple object state estimation (tracking) problems
can be described as an estimation problem of a
particular type of random elements, i.e., random
sets.  Let E be the state space in which a random
number of objects resides.  We need a certain set of
assumptions on this state space E in order for us to
be able to apply familiar probability theories, i.e.,
likelihood functions, a priori and a posteriori
probabilities, and their density functions, etc.  The
most general assumption would be that the space E is
a locally compact Hausdorff space1 satisfying the
second axiom of countability.

                                               
1  This assumption coincides with the assumption necessary to state
the random set theories described in [19], as well as the theories of
conditional probability distributions described in [21].  Local
compactness and countability imply metrizability.  Hence, this
assumption is equivalent to say that E is a locally compact separable
metric space.  If E is a linear (vector) space, local compactness
implies that the space E is finite-dimensional.  In practice, therefore,
we can consider the space E a so-called hybrid space, i.e., a direct-

product DC EEE ×= of a subset CE  of Euclidean space and a

finite (or countable) set DE , where the continuous component CE

holds continuous parameters such as geolocational states, while the



In order to develop a general theory of multiple
object state estimation problems in [4], [5], a random
number of objects is modeled by a random finite
sequence in E, i.e., a random element x in the direct-

sum space2, U∞
=0n

nE .  Such an element x can be

described probabilistically completely by a

probability ( ){ }nx =lProb  of the (random) length

( )xl  of the random sequence x, and given the length

( )xl , the joint probability distribution3

( ) ( ) ( ){ }nxKxKF
n

iin =∈= = l1Prob  for each

compact set K in nE .  In [5], it is stated that, in
order for this model to be meaningful, the probability

distribution nF  should be permutable4.  A more

natural way of modeling the same situation is to
model the unknown (random) number of objects in E
by a random finite set in E, although, as seen in the
next section, we can show that a random finite
sequence model is indeed equivalent to random finite
set model.

Following the standard notion of random sets as
described in [19], [20], let F , K , and I   be the
collections of closed, compact, and finite sets in E,
resp.  The collection F   of closed sets in E can be
topologized by the so-called hit-and-miss topology
and becomes a compact Hausdorff space satisfying
the second axiom of countability [19], defining a
measurable space by the Borel field generated by this
topology.  A random closed set is a random element
in this measurable space.  Let X be a random closed

                                                                      

discrete component DE  holds discrete system states such as object

classification, operational modes, etc.

2  The space U∞
=0n

n
E  can be thought of as a  free monoid

generated by a space E as its set of words.  Any element x in 
n

E  is a
finite sequence in E  with length n , and we write

( ) ( )n

iixnxxx
1

,...,1 =
== .  We should note that the space

U∞
=0n

n
E  inherits all the essential topological and measurable

structures from space E.
3  Whenever considering measurability on the state space E , we
consider the Borel field defined by the topology on E.  Because of our
assumptions on E , any probability distribution that is defined on the
collection K  of compact sets can be uniquely extended for any
measurable set.

4  In the sense that ( ) ( )( ) ( ){ }( )KxxFKF
n

ii

n

iinn ∈=
== 11π  for each

compact set K in 
n

E  and any permutation π  on { }n,...,1 .

set.  Consider a functional T on5 K   defined as the

hit probability ( ) { }∅≠= KXKT IProb  for every

K∈K .  This functional is called Choquet
capacity.  One of the fundamental theories in the
random set theory states that, if a functional T on K
satisfies a certain positivity condition, which may be
called infinite alternating monotonicity, then there
exists a random set X for which the functional T is
the hit probability [19].  A random finite set X is a
random closed set such that X ∈ I .  Let

U∞
= →0: n

nE Iϕ  be defined by6 ( )( ) { }n

ii

n

ii xx 11 == =ϕ

for any ( ) n
E

n

iix ∈=1 , for any n.  Then, for any

random finite sequence x in E, ( )xX ϕ=  is a

random finite set, and it can be shown [6] that the
Choquet capacity for X is uniquely determined by

( ){ }nx =lProb  for each n and

( ) ( ) ( ){ }nxKxKF
n

iin =∈= = l1Prob  for each

compact set K in nE .

For this reason, any theory constructed using random
finite sequences can be re-written using random
finite sets, although a certain set of cautions is called
for7.  We should also note that a random finite
sequence, or equivalently, a random finite set, was
traditionally called a point process8, although a
random countable set is sometimes referred as a
(non-finite) point process [22].  A most important
point process is the Poisson point process9 which we
can define on an abstract state space E as a random
finite sequence, i.e., a random element x  in

U∞
= 0n

nE ,  by specifying

( ){ } ( )!/Prob nenx nνν−==l  for each 0≥n  and

( ) ( )∏=∏ ==
n
i i

n
i in KFKF 11  for all ( ) nn

kiK K∈=1 ,

with a positive real constant ν  and a common

                                               
5  This functional can be naturally extended to F , or even to include
the collection of open sets in E.

6  { } { }Un
i i

n

ii xx 1

def

1 == =  while { }a  is a singleton consisting of a

single element a .
7  For example, repeated elements in a random finite sequence must
be treated properly.  An easy way is to assume that, when nm < ,

m
E  as a subset in 

n
E  has zero measure.

8  This means that any problem formulated using the point process
formalism, such as in [23], [24] is equivalent to a problem
formulated using random set formalism.
9  More precisely, a finite Poisson point process.



probability distribution F on E.  In [4] and [5], this
Poisson point process x is called a Poisson-i.i.d.
random finite sequence10.  We call the induced

random finite set ( )xX ϕ=  also a Poisson point

process, with the Choquet functional, or hit

probability, ( ) ( )( )KGKT −−= exp1 , where the

measure on E defined by ( ) ( )⋅=⋅ FG ν  is referred to

as an intensity measure.

Assume that the state space E has a σ -finite

measure µ .  Let *µ  be the direct-sum measure of

the direct-product measures nµ  on nE .  Define a

positive linear functional L  on the set of measurable
positive functions φ  on I   by

( ) ( )( ) ( )∫= ∞
=U 0

*

n
nE dxxL µϕφφ .  One can define a

measure M  on the collection I   of finite sets in E

such that we have ( ) ( ) ( )∫= I dXMXöL φ .  Let

( )xX ϕ=  be the random finite set induced by the

random finite sequence x with ( ){ }nxpn == lProb

and each ( ) ( ) ( ){ }nxKxKF
n
iin =∈= = l1Prob

having a density nf  with respect to nµ .  The

Jonossy density function ),0[: ∞→IP  of the

random set X is defined as

{ }( ) ( )( )( )( )∑= ∈ =nAa
n

iiann xfxxP
11 ,...,  for any

{ } I∈nxx ,...,1 , and is the density of the probability

distribution of the random set with respect to the
measure M.  If the intensity measure G of a Poisson
point process X has a density γ  with respect to µ ,

i.e., ( ) ( ) ( )dxxdxG µγ= , the Janossy density of X

becomes ( ) ( )∏= ∈
−

Xx xeXP γν  with

( ) ( ) ( )∫== E dxxEG µγν .

3. Multiple-Object Tracking: Random Set
Formalism
Using this notion of the Janossy density, we can
define the joint probability density of two random
finite sets X and Y, and the conditional probability

density such as ( )YXP  and ( )XYP .  Suppose X is

a finite random set modeling the unknown number
of objects to be estimated and Y is an observation
with respect to X given as another finite random set.

                                               
10  i.i.d. = independent, identically distributed

If the Jonossy density is jointly defined for the two
random sets, X and Y, then we can apply Bayes’ rule
as

( ) ( ) ( )
( )YP

XPXYP
YXP = (1)

which gives us the formal “answer” to the multi-
object estimation problem that is defined by the

object model ( )XP  and the observation model

( )XYP .

Assuming that, for the moment, “objects” are all
static, a typical model X for objects is a Poisson point
process with an intensity measure G on the state
space E.  In order to define a multi-sensor, multi-
scan problem, let us consider N observations that are

given as finite random sets, 1Y , 2Y ,.., NY , in

measurement spaces, 1E , 2E ,.., NE , each having σ -

finite measure kµ .  We assume conditional

independence of observations as

( )( ) ( )∏
=

= =
N

i

N

kk XYPXYP k
1

1 (2)

Then the problem can be defined completely when

we specify each measurement model ( )XYP k .  A

typical model, assuming (i) object-wise independent
detection, (ii) object-wise measurement mechanism,
and (iii) independent Poisson point process modeling
false alarms, can be written as

( )

( )( ) ( )
( )( )

( )( )
( )

( )
( )
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(3)

as a conditional Janossy density, where ( )xypm  is

the density of the object-state-to-measurement

transition probability, ( )xpD  is the probability of an

object at state Ex ∈  being detected (included) in the

observation kY , kγ  is the density of the intensity

measure of the Poisson point process modeling false



alarms in kY  with ( ) ( )∫=
kE kkk dyy µγν , and

( )kYXA ,  is the set of all the one-to-one functions a

defined on a subset ( )aDom  of X taking values in

kY .

Then, as shown in [9], for any integer Nk ≤ , there

is a collection 
k

Ë  of a collection λ , called data-to-

data association hypotheses, of tracks, each of which
is a subset of the tagged cumulative data sets,

{ }U
k

k k kY
1= × , such that we have

( )( ) ( )

( )( )
( )( )

( )
( )
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Im\
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Dom

1
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,

γ

ττ

λ

ν

τ

Λλ

λ
(4)

where ( ) 0ˆ >λp  is the probability of each hypothesis

λ  such that ( )∑ Λ∈ =λ λ ( )τxp̂  is the density

of the probability distribution of an object at Ex ∈
conditioned by all the measurements specified by

track τ , 
k

γ~  is the density of the intensity measure of

the objects that are not detected in any of kY  such

that kk ≤ , with ( ) ( )∫=
E kk

dxx µγν~ , and ( )XA ,λ

is the collection of all the one-to-one function a
defined on λ  taking values in X.

As shown in [9], eqn. (4) gives the solution to a class
of general multi-object, multi-sensor state estimation
problems in random set formalism, and is equivalent
to the formula obtained by using random finite
sequence formalism, shown in [5], which is a direct
generalization of Reid’s multiple-hypothesis
algorithm described in [10].  As discussed in [6], a
dynamical problem can be formulated to expand the
object state space from E to a direct product space

NE  whenever processing N data sets, 1Y , …, NY .

Alternatively, we may introduce either 1) a random
finite set of stochastic processes on E, or 2) a
stochastic process taking values in the space I   of
finite sets in E.  In my opinion, however, in order to

establish a sound theory in each case, we need
additional analytical preparations.

4. Multiple-Object Tracking: Random Set
Algorithms
The solutions to a general class of multi-object state
estimation problems, shown in random set formalism
in the previous section, were developed using the
random finite sequences, i.e., random point process
formalism ([4],[5]).  Direct applications of the
results shown in the previous section have been
implemented as multi-hypothesis tracking
algorithms in various domains.  Moreover, it can be
shown that most practical multi-object tracking
algorithms can be seen as ones in some subclass of
the general formula.  On the other hand, recently a
new class of tracking algorithms emerged, using a
direct approach, in which, in effect, the Bayes’
equation (1) is solved numerically, as reported in
[13] – [18].

In this new approach, the state space I   of the
collection of finite sets is approximated or truncated

as U
n

n

nE
0=  or equivalently

( ){ }nXX
n

≤∈= #
def

II , with an a priori bound n

on the number of objects.  The space E for each
object state must be quantized in some efficient way.
When the state space is quantized and we interpret

the new system state space 
n

I  as a collection of

subsets of finite sets E (after quantization) with
cardinality less than or equal to n , we may have a
problem of having two or more objects in the same
state.  In other words, repeated elements that are
ignored in random finite sequence or point process
formalism may not be ignored.  We may either treat
two or more objects in the same cell as a single
objects, or as multiple objects in a single state
(repeated elements in a sequence allowed).

Without any approximation (truncation), the
cardinality of the collection I   of all the finite sets in
E, i.e., the system state space, can be expressed as11

( ) ( )( ) ( )( )E
n

E

n

n

#exp
!

#
#

0

== ∑
∞

=

I (5)

                                               

11  By ( )An #= , we mean that the cardinality of set A is n.



when repeated elements are not ignored but the
orders in sequences are ignored, thereby considering

quotient spaces of the direct-product space nE
induced by permutations of elements.  On the other
hand, when the object state space E is finite, then we

have E2=I  that is the power set of E, and hence,

we have ( ) ( )E#2# =I .  In any case, when we use a

large enough upper bound n  on the number of

objects, the cardinality ( )
n

I# of the state space 
n

I

becomes close to either ( )Ee#  or ( )E#2 , depending on
how the repeated elements are interpreted.

The number of quantization cells to approximate the
object state space E may depend on particular
problem domains.  As we have seen in the
development of general non-linear filtering
algorithms using a direct numerical calculation
approach, the number of cells cannot be small, in
many practical problems.  In many cases less than

1000 for ( )E#  may not enough number to

realistically represent any practical problem.  With

( ) 1000# >E , either ( )Ee#  or ( )E#2  becomes a very

big number.  I do not think any computer can handle
such a large state space in the foreseeable future.  In
a sense, this direct numerical calculation approach in
effect replaces the curse of hypotheses explosion in
(4) by the curse of dimensional explosion.

Recently, a solution to this problem of dimensional
explosion was proposed in [15], in which, for each
(hypothesized) number n ( n≤ ) of objects, the

density functions 
nnn

pp ˆ,,ˆ
1

K  of n a posteriori

probability distributions on the object state space E,
together with the a posteriori probability on the

number of objects, 
n

qq ˆ,,ˆ1 K , approximate the a

posteriori Jonassy density function (4) as

( ) ( )

( ) ( )( )
( )

∑ ∏
∈ ∈

=
⋅=







X

xp

qYXP

a Xx
xaX

X

k

kk

A
#

#1

ˆ

ˆ

(6)

where ( )XA  is the set of all the one-to-one

functions defined on set X in E taking values in the

set ( ){ }X#,...,1  of integers. For each (hypothesized)

number n of objects, the joint probability of the states
of n objects is approximated by n independent

probability distributions in (6).  In other words, for
each n, all the association hypotheses are
“combined” and cross-correlation among n objects
are ignored, i.e., for a given n, a non-gaussian
extension of the algorithm, known as Joint
Probabilistic Data Association (JPDA) algorithm
([26],[27]) is used.  With this approximation,
computational complexity can be bound by

( )( ) ( )Enn #2/1+ .  The cross-correlation among

objects is, however, a direct reflection of data
association uncertainty.  Hence, the reduction of
complexity is obtained by ignoring one of essential
consequences of data association uncertainty, which
may make this generalized JPDA approximation (6)
share the same set of drawbacks of the JPDA, e.g.,
track coalescence in which state estimates for a
group of closely spaced targets are pulled towards the
group centroid.  In addition, this approximation
approach, as well as any other direct numerical
calculation method, suffers from difficulty in
handling an unknown number of undetected objects.

Nonetheless, this direct numerical calculation
approach appears very attractive since it is very easy
to generalize observation models.  Eqn. (4) is a
sensor model assuming no merged measurement and
no split measurement, as reflected in a one-to-one
function a in (4).  For example, we can modify (4) to
accommodate merged measurements as

{ }( ) ( )
( ) ( ) { }( )

( )( )

( ) ( )
( ){ }( )

( )( )
( )

( )( )aYpxp

xpxyp

xxp

yYpxxpxxyp

xxpxxYP

FA
ai

D

YAa ai
Dm

C

FACD
Yy
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Im\1

,1
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,,

Im

,2,1 Im

21

2121

2121
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∑ ⋅∏
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∉

∈ ∈

∈

−

⋅−+

⋅=

(7)

where ( )21,xxpC  and ( )21,xxpCD  are the probability

of two objects at 1x  and 2x  being merged and that

of the merged measurement being included in the

data set Y, resp., ( )⋅⋅Cmp  is the density of joint-

state-to-measurement transition probability, and

( )⋅FAp  is the Janossy density of the random set of

false alarms.  The object-wise detection probability

Dp  and the density of the state-to-measurement



transition probability mp  are the same as those in

the previous section.  The numerical experiment
using this kind of merged measurement model is
reported in [17].  However, there may not be any
straightforward expansion of (7) to express the cases
where the number of objects is three or more.  An
equivalent treatment of merged measurements using
random finite sequence formalism in the framework
of multiple-hypothesis tracking was reported in [25].

Another interesting variation of the sensor model (3)
may be a pre-detection tracking model, such as

( ) ( )( )( )

( )

( ) ( )
( )
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J

J

σσπJ
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(8)

which is a conditional probability density of an

observation ( )( ) J∈= JJyY  as a collection of

intensity values integrated within each quantized two
or three dimensional cells J∈J , conditioned by the

collection of objets modeled by a random finite set X.

In (8), ( ) ( ) ( )( )∫ −=
J

dxhÖxsxJS ηη  is the

integrated contribution of an object at x within a cell

J∈J , where ( )xs  is the signal strength part of the

object state x, ( )xh  is the projection of the object

state onto a focal plane or measurement space, ( )⋅Φ

is an appropriate point-spread function, and ( )Jσ  is

the standard deviation of the integrated noise in cell
J , assuming cell-wise independent noises.  In the
past thirty years, numerous algorithms were
proposed and implemented for this type of pre-
detection tracking problem.  Using the concept of the
random finite set, the observation mechanism can be
very clearly written as (8).  To the best of my
knowledge, however, there is not yet any clear single
effective method for solving the problem expressed
by (8).

5. Random Set Representation as Object
Aggregation

In the previous section we discussed the possibility of
the new approach in random set formalism and the
obvious limitations of the direct numerical
calculation approach.  In this section we will discuss

a potential new approach using random set
formalism but without resorting to direct numerical
calculation.  The basic concept is borrowed from the
stochastic clustering that Reid introduced in his
famous paper [10].

Clustering is based on a simple observation that two
group of (a priori independent) objects that are far
apart can be independent even a posteriori if the
distance is large enough so that we do not have to
consider data association across the two groups.  As
shown in [10], maintenance of this independence can
be achieved by basic hypothesis management
procedures, i.e., cluster initialization, cluster
merging, hypothesis combining within each cluster,
and finally cluster splitting (de-merging).  For
example, in a single data set Y of a random finite set,
as shown in [6], the Choquet’s capacity functional of
the random finite set X of objects can be written as

( ) { }
( )( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )∏

∫
∫

∈

−

+

+

⋅
−

−

=∅≠=

∫

Yy E DmFA

KE DmFA

E
dxxDp

dxGxpxypyp

dxGxpxypyp

e

YKXYKT

\

1
1

Prob

µ

I

(9)

for each K∈K , where Dp  and mp  are as before,

detection probability and transition probability
density, and G is the intensity measure of the Poisson
point process X.

Eqn. (9) shows a cluster initialization process.  The
purpose of subsequent clustering procedures is to
maintain all the clusters as small as possible so that
number of data association hypotheses that must be
considered within each is controlled to be minimal.
However, there are situations where a significant
number of objects is within (stochastically) un-
resolving distances, so that any clustering procedure
cannot limit the number of objects in the cluster.  In
such a case, a cluster may be approximated by a
Janossy density for a Poisson point process.  This is
analogous to a gaussian approximation of a
reasonably shaped non-gaussian distribution.

Let us consider a cluster consisting of a set Ë  of
hypotheses, each hypothesis Ëë ∈  being a set of
tracks τ , according to the notion of clustering in
[10].  For each hypothesis λ , an a posteriori

probability ( )λp̂  is attached, and for each track, a a



posteriori object state probability density ( )τxp̂  on

E is given.  Then consider the expected number of
objects in this cluster in the sense

( ) ( )∑
Λ∈

=
λ

λλν p̂# (10)

Let U λ=T  be the set of all the tracks in the cluster,
and consider the “mean” probability density in the
following sense.

( )
( ) ( )

( )∑
∑

∈

∈=

T

T

q

xpq

xp

τ

τ

τ

ττ

ˆ

ˆˆ

(11)

where ( ) ( ){ }∑ Λ∈∈= λτλτ pq ˆˆ  is the track

probability for each track τ , defined through

hypothesis probabilities ( )( )
Ëë

p
∈

λˆ .  For example,

if the a posteriori distribution represented by ( )τxp̂

for each track has a finite sufficient statistics, e.g.,

each ( )τxp̂  is gaussian, then we may be able to

approximate (11) by a probability distribution with
finite sufficient statistics, e.g., mean vector and
variance matrix.

With two averaging, we may be able to approximate
the cluster by a Poisson point process with an
intensity measure having the density function

( )xpν .  In order to see if this approach may work at

least under certain kinds of circumstances, obviously,
we need further study.  Since any finite Poisson point

process is associated with a non-zero probability ν−e
of no object existing, it may be desirable to modify
the number of objects so that it can be a biased
Poisson distribution, i.e., a probability distribution

such that ( ){ } 0#Prob =< nX  for a certain n.  How

well average probability density such as defined by
(11) represents a cluster is an open question at this
moment, together with alternative ways of averaging
probability distributions, in particular, averaging
non-gaussian distributions including discrete
distributions.

Taking this approach, we are generating aggregate
statistics for a group of objects.  Such objects may
remain in a single statistical cluster for an extended
period of time, because they behave as a group.  This
naturally leads to another important class of

problems, i.e., tracking groups of objects, rather
than individual objects.  In the last thirty years,
numerous algorithms have been proposed but, to my
best knowledge, there has not been any model that is
mathematically rigorously defined.  Apparently the
problem must be described using some notion of a
set of objects as a basic unit to be estimated, as
opposed to each individual object.  It is expected that
a Poisson point process may play a crucial role in
such a formulation.  As seen in Section 2, a Poisson
point process has a very simple structure as a
random set but can be expressed by a totally general
probability distribution, or an intensity measure.  It
can represent a non-gaussian or a discrete probability
distribution.

6. Conclusion
A general class of multi-object, multi-sensor, object
state estimation, i.e., tracking, problems was
described in random set formalism.  Its relationship
with earlier random finite sequence formalism and
point process formalism were described.  The
possibilities and limitations of the new direct
calculation approach in random set formalism were
discussed.  Finally, the possibility of using a Poisson
point process as an object aggregation was discussed,
as a necessary step to moving toward object group
tracking using random set formalism.
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