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Abstract - In this paper, the Dempster-Shafer ev-

idential theory is used in the form of the Shafer-

Logan algorithm for fast computation of information

that is hierarchically structured. A Shafer-Logan al-

gorithm is suitable for implementation because of

the hierarchical nature of the evidence which reduces

the calculations from exponential to linear time in

proportion to the number of nodes in the tree. We

present here the main equations of the Shafer-Logan

algorithm and give the owchart for its implemen-

tation. We then add a decision rule based on the

theory of utility. This decision rule o�ers a good

way to take into account the hierarchical structure

of the data, giving variable costs to nodes (proposi-

tions) depending on their level in the tree. Moreover,

because of the form of the present quantities, a recur-

sive computation is allowed which can be integrated

as a last stage of the Shafer-Logan algorithm.

Keywords: Evidential theory, hierarchical information,

identity information fusion, utility theory, decision rule.

1 Introduction

In the context of naval warfare, the littoral environ-
ment is especially stressful. The presence of dense,
commercial air tra�c and merchant shipping chal-
lenges the operators in distinguishing between hostile,
neutral, and friendly tracks. The proximity to hostile
shores decreases the available battlespace and warn-
ing time and there is a requirement to de�ne an iden-
tity data fusion function that can handle organic and
non-organic, local and remote types of information all
which are characterised by di�erent accuracy and time-
liness.

In recent papers, Boss�e and al. [1, 2] discuss the
di�erences between the problem of fusing attributes
(often from local and organic sources) and identity

declarations (most of the time from non-organic and
remote sources). In these papers the Dempster-Shafer
theory of evidence was used. This paper speci�cally
addresses the Shafer-Logan algorithm for fast compu-
tation of Dempster-Shafer rules when the information
is hierarchically structured. This algorithm is a poten-
tial candidate for the implementation of the identity
information fusion process. The �nal aim of an identi-
�cation fusion system is to declare identity information
of the observed object. To satisfy this objective, a de-
cision rule must be added.

The paper is organised as follows. Section 2 de-
scribes the identity information fusion process in which
the Shafer-Logan algorithm is followed by the utility-
based decision rule. In section 3, we present the Shafer-
Logan algorithm and give its owchart. Section 4 is
dedicated to the decision rule. We briey review the
theory of utility and introduce a new measure of utility.
Finally, section 5 presents an example as an illustra-
tion.

2 Identity Fusion System

Throughout this paper we used the data fusion def-
inition as stated by the Joint Directors of U.S. De-
partment of Defense (DoD) Laboratories (JDL) Data
Fusion Subpanel [3, 4]).

In a maritime environment, various surveillance sys-
tems, electronic intelligence and human observations
provide examples of information sources to the com-
mander. Output from these sources is partitioned ac-
cording to their data type; output data may be char-
acterised as either positional or identity information.
Identity information can be de�ned as declarations,
propositions or statements that contribute to estab-
lish the identity of an object. Equivalently, identity
information may be seen as information from various
sources that help in distinguishing one object from an-



other. Possible values for identity information can span
the range from sensor signals, to attributes, to identity
declarations.

The sensor signals represent some characteristics of
the energy sensed. Attributes such as size, shape, de-
gree of symmetry, emitter type, etc. are inferred from
these characteristics. Identity declarations specify the
detected object; in the Canadian Navy, for example,
they can consist of a general classi�cation of which
the observed object is a member (surface combatant),
a speci�c type of ship (frigate), a speci�c class (City
Class) or a unique identity (Ville de Qu�ebec). There-
fore surface combatant, frigate, City Class and Ville
de Qu�ebec are all examples of identity declarations.
Identity declarations can also include information con-
cerning the threat designation of an object: pending,
unknown, assumed friend, suspect, friend, neutral or
hostile. Figure 1 lists all kinds of identity information.

Figure 1: Identity information.

In addition, the identity information can be char-
acterised by being local, remote, organic and non-
organic. These characteristics have been discussed in
[5] with their implications on the identity fusion pro-
cess architecture. We focus here on the fusion of iden-
tity declarations.

Figure 2: The organic and non-organic identity infor-
mation fusion process.

The �rst step of the global identity information
fusion process of Figure 2, is to compare the iden-
tity declarations obtained from various sources with a
Platform Data Base (PDB) containing all the possible

identity values that the potential target may assume.
The available identity information is provided by self-
contained sensors producing identity declarations in an
autonomous fashion or by remote sources o�ering iden-
tity declarations. A con�dence level should accompany
these declarations.

The second step is the data association process.
This process determines to which track the received
sensor information belongs. This is a critical pro-
cess of any fusion function. The fusion rules, here
the Dempster-Shafer combining rules, are then applied
to the target track identity propositions list stored in
the global track database forming thus the new con-
structed input propositions. It is at this stage that
beliefs are calculated using the Shafer-Logan algorithm
and new propositions may be obtained from the combi-
nation rules. Decision rules are then applied for prun-
ing the \unessential" propositions, selecting the \best"
identity propositions and computing the support of the
fused identity declarations. A set of identity proposi-
tions is then stored in the track database.

The last step of the identity information fusion pro-
cess is the re�nement of these identity propositions.
According to the JDL model, the �rst level of data fu-
sion that is called MultiSource Data Fusion (MSDF) is
de�ned as being solely concerned with individual ob-
jects. Re�nement of the identity propositions can be
achieved in the higher level data fusion by reasoning
in terms of groups or organisations of objects. The re-
�nement process examines the identity proposition set
for incompleteness and contradictions and establishes
relationships among the entities (in terms of proximity,
functionality and dependency) with the help of a pri-
ori knowledge if necessary. A history function, which
records the positional tracking and identi�cation in-
formation in time, is needed to accomplish these re-
�nements. The re�ned identity propositions are then
stored back into the track database.

3 The Shafer-Logan algorithm

One drawback of the Dempster-Shafer Evidential The-
ory [6] is the long calculation time required by its high
computational complexity. Because the combination
rule produces basic probability numbers on the sub-
sets of �, the calculations are exponential in time. In
comparison, the Bayesian approach provides probabil-
ity statements about the elements of �. Therefore, if
� consists of N possible outcomes (objects), the de�ni-
tion of a probability function on � requires the assign-
ment of probability to N points, whereas the de�nition
of the Dempster-Shafer basic probability assignment
requires the de�nition of m(A) for 2N subsets A of �.

Three categories of options are available to reduce
computational complexity. The �rst approximates the
belief function, the second treats simple support func-
tions instead of belief functions and the last one sepa-
rates the frame of discernment into smaller, more man-
ageable frames, one for each set of mutually exclusive
hypotheses.

The last category of options, which also assumes
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Figure 3: Hierarchical Evidence.

that evidence is hierarchically structured, was pro-
posed by Shafer [7]. He suggested that belief functions
being combined should be carried by a partition P of
�, which has fewer elements than �. This is done by
separating the frame of discernment into smaller more
manageable frames, one for each set of mutually ex-
clusive hypotheses. Of course, once the elements have
been separated into multiple frames, items from di�er-
ent frames can no longer be compared since they then
pertain to di�erent belief functions. An example can
be found in [1]. The Shafer-Logan approach combines
simple support functions focused on a subset of � or
its complement [8]. This approach is described below.

Shafer and Logan [8] have introduced a new ter-
minology and notation that will greatly facilitate the
understanding of the combination process.

Let < be the collection of all nodes belonging to �.
As illustrated in Figure 3, < is represented by nodes
fC;D;E; F;G;H; I; J;Kg. Here, D is said to be the
child of C, and C is D's parent. A terminal node is
called a leaf. The set of nodes that consists of all the
children of a given non terminal node is called a sib;
the sib `C consists of the children of C.

It is assumed that for each node A in <, there
is a single dichotomous belief function BelA with di-
chotomy fA;Ag. This means that the only focal ele-
ments (elements with non-null mass) of the BPA are
A, A and �. Furthermore, BelA(A) and BelA(A) are
both strictly less than one, but either, or both, can be
zero.

For each node A in the tree, Bel#A denotes the or-
thogonal sum of BelB for all nodes B that are strictly
below A. For each node in <, Bel�A denotes the orthog-
onal sum of BelB for all nodes B in < that are neither
below A nor equal to A. For example, from Figure 3:

Bel#F = BelG � BelH � Bel#H
= BelG � BelH � BelI � BelJ � BelK

and

Bel�C = BelF � Bel#F :

In terms of this nomenclature, the aim of Shafer-
Logan's approach amounts to calculating the values
of all the nodes A 2 <:

Bel#
�
= �

�
BelA

��A 2 <
	
;

or equivalently

Bel#
�
= Bel#A � BelA � Bel�A : (1)

Using the de�nitions of partition of a frame of dis-
cernment and the concept of discernment of evidence,
Shafer and Logan have shown that:

a) if P is a partition of � and P 2 < \ P , then:

(Bel#P )P = (Bel#P )fP;Pg ;

b) if P is a partition of �, A 2 < and A 2 P then:

(Bel�A)P = (Bel�A)fA;Ag ;

c) if P is a partition of �, then P discerns the inter-
action relevant to itself among the belief functions
fBel#P jP 2 < \ Pg and fBelP jP 2 < \ Pg .

From the characteristics of a partition of a frame of
discernment and the de�nition of Bel#A, we obtain, say,
for a partition `A [ fAg:

(Bel#A)`A[fAg = �
n
(BelB)`A[fAg � (Bel#B)`A[fAg��B 2 `A

o
:

By statement a) above, this is equivalent to:

(Bel#A)`A[fAg = �
n
BelB � (Bel#B)fB;Bg

��B 2 `A

o
(2)

Note that if the element B of `A is a terminal node,
then Bel#B is vacuous and the following orthogonal sum

BelB � (Bel#B)fB;Bg reduces to BelB . Equation (2)
states that in order to determine the degrees of be-
lief of the children of A resulting from all the evidence
coming from nodes below A, it is su�cient to consider
each child separately. This represents the mechanism
for passing up belief values between di�erent levels of
hierarchy; it satis�es the intuitive argument to the ef-
fect that any evidence con�rming a node should also
provide evidence con�rming its parent [9].

Generalizing (2) for �, we obtain:

(Bel#�)`� = �
n
BelB � (Bel#B)fB;Bg

��B 2 `�

o
: (3)

The partition becomes `� instead of `� [ f�g since
`� [ f�g � `�.

A statement even stronger than statement c) above
is: \if A is a non terminal element of <, then the parti-
tion `� [f�g discerns the interaction relevant to itself

among Bel#A, BelA and Bel�A". Therefore, exploiting
(1) for A 2 < and the last statement, we obtain:

(Bel#A)`A[fAg = (Bel#A)`A[fAg � (BelA)`A[fAg

�(Bel�A)`A[fAg

or, equivalently:

(Bel#A)`A[fAg = (Bel#A)`A[fAg � BelA � (Bel�A)fAAg
(4)



since BelA is carried by `A [ fAg and (Bel�A)`A[fAg =

(Bel�A)fA;Ag from statement b). Equation (4) states
that the evidence from above A and down other
branches a�ects the degree of belief of the children of
A only if the degree of belief is for or against A itself.
This is the mechanism for passing, con�rming and dis-
con�rming evidence to the lower levels of the hierarchy.

Using the algorithm proposed by Shafer and Lo-
gan, the combination of hierarchical evidence is accom-
plished in four stages. These stages are:

At stage 0, evidence is received for a speci�c node
in the form of a simple support function or di-
chotomous function. This evidence is �rst com-
bined with the existing belief value associated with
the node using Dempster's rule of combination.
In this case the combination is easy to calculate,
since the belief functions being combined are sim-
ple support functions or dichotomous functions fo-
cused on the same node. The result of this sim-
ple combination is a dichotomous belief function
which is then propagated through the hierarchical
tree using the Shafer-Logan algorithm stages 1 to
3 below.

At stage 1, the dichotomous belief functions at-
tached to terminal nodes are combined to �nd de-
grees of belief for and against their parents; the
same is done to the parents' parents and so on,
until there is a dichotomous belief function at-
tached to each child of A to obtain the values
of (Bel#A)`A[fAg. This is performed by (2). This
stage calculates degrees of belief by moving up the
tree.

At stage 2, we obtain the values of each (direct) child

of �, (Bel#
�
)`� , using (3).

At stage 3, the degree of belief of each node is reeval-
uated to take into account the inuence of other
nodes using (4); this process calculates the degrees
of belief by moving back down the tree.

We �nally have, for each node,(
Bel(A) = Bel#

�
(A)

Pl(A) = 1� Bel#�(A)
(5)

The amount of arithmetic involving a particular
node depends linearly on the number of children of
the node. Furthermore, the computational complexity
of the algorithm is linear in the number of nodes in
the tree. This is the case because the belief functions
being combined are simple support functions focused
on nodes or their complements. However, if we were
to combine belief functions carried by the �eld of sub-
sets generated by the children of a node, more precisely
by a partition `A [ fAg (such as suggested by Shafer
[7]), then the amount of arithmetic would become ex-
ponential in the sib size but remains proportional to
the number of sibs.

Figure 3 gives the way to implement the Shafer-
Logan algorithm. The owchart is subdivided into the

three stages previously described, where the six sub-
routines introduced in [8] are called.

Node A

node B

becomes

been accounted for?

no

no

yes

no

accounted for?

Have all the nodes been

Are B terminal nodes?

Calculate for each B in `A

Bel#A(B);Bel#A(B);Bel#A(B [ A)

Have all children of �

END

yes

Bel#
�
(B) and Bel#

�
(B)

Calculate BelA � (Bel�A)fA;Ag

Calculate

START

(Bel#
�
)`� = �

n
BelA � (Bel#A)fA;Ag

o

Choose the top most node A

Is A a child of �?

and Bel� (Bel#A)fA;Ag

Calculate (Bel#A)fA;Ag

Choose a sib of terminal nodes

and let A denotes its parent

Prune

nodes

yes

3

2

1

yes

no

terminal

Figure 4: Flowchart for the Shafer-Logan algorithm.

4 Decision rule

Once values of belief and plausability have been at-
tached to each node of the tree, we must use them to
make a declaration about the object identi�cation. By
declaration, we mean a statement with con�dence level
or some kind of identi�cation information that can help



the user to decide the general class of the object type.
This is the role of a decision rule.

In the general case of data fusion combination rule,
the decision rule must have two essential properties:
�rst, it's used to declare the most probable object, and
secondly, in order to avoid explosion of the number of
propositions (and thus algorithm explosion), it must
eliminate the unessential propositions, keeping their
number always less than a �xed or a variable threshold.

In the case of the Shafer-Logan algorithm, the data
are hierarchically structured which implies that the
number of possible propositions (subsets of �) is �xed
for the whole identi�cation process. This is clearly il-
lustrated by a tree where each node represents a propo-
sition and where all children of a node are disjoint sub-
sets of A, because they form a partition of A. Thus, on
one hand, pruning propositions is not concevable be-
cause it would mean eliminating nodes. On the other
hand, the declaration can be on di�erent levels of the
tree.

Of course, the aim is to attain a leaf (i.e. singleton)
with a high con�dence level, but if this is not possible
other identi�cation declarations will be taken into ac-
count. For example, we will prefer a declaration such
as \the object is a frigate" with a high con�dence level
than \the object could be Ville de Qu�ebec" with an
equivalent con�dence level on all its brothers.

To resume, the decision rule in the Shafer-Logan
algorithm takes the form of a set of branches, designing
a path from the tree root to a leaf. Depending on the
context, and our interest, we choose any declaration
on this path to be sent to the global track database.

In [1], a semi-automatic approach has been pro-
posed. Declaratins about the object identi�cation are
made from a �xed threshold Tplfor the plausibility.
First, all nodes A such that Pl(A) � Tpl are selected.
Then, all the direct children of � are added to the
graph. Finally, for each node of this tree, its belief is
indicated. Decision can then be made by, for example,
selecting the node with the largest belief, or selecting
the most interesting hierarchical level, or using other
criterions.

As a last note on hierarchical data structures, we
observe that due to the hierarchical form of the evi-
dence, we will always have lesser values going deeper
into the tree. In particular,

Pl(A) � Pl(B) and Bel(A) � Bel(B) (6)

if B is a child of A. That's why the associated value
of the node must be seen with those of all its direct
parents, and compared with its brothers. For example,
a rule based on the plausibility such as described in [1]
will probably eliminate leaves.

Within the framework of evidential theory, the the-
ory of utility has proved to be a useful and e�cient
help to construct decision rules [10]. In this paper, a
form of utility adapted to their context was de�ned.
Because our context is di�erent and is linked to hi-
erarchical data, we propose here a new expression for

utility:

u(A) =
�(n)

jAj
(7)

jAj is the cardinality of the subset corresponding to
the node A and n is the level of the node in the tree.
�(n) is a function of the level of the tree. So, as A is
higher in the tree (jAj is higher), u(A) becomes closer
to 0. Similarly, if A is lower in the tree, jAj tends to
1, and u(A) tends to 1. We then give highest utility to
singletons. Note that the utility de�ned by (7) is an
intrinsic value of the node. This means that once the
tree is constructed, only one step is needed to compute
u(A) for each node.

From this cost (utility), it has been de�ned two ex-
pected values E+ and E� known as the upper and
lower expected values and given by

E+(A) =
X

B\A6=?

u(B)Pl(B) (8)

and

E�(A) =
X
B�A

u(B)Bel(B) (9)

Finally, the expected utility interval (EUI) is given by

E(A) = E�(A) + �
�
E�(A) �E+(A)

�
(10)

We will based our decision on the maximum EUI. The
decision rule can be stated as follows (supposing u(A)
has previously been computed for each node of the
tree):

1. Compute E(A) for each node A.

2. Let node A be the root �.

3. Among all the children of A, select the node B
which has the maximum value of E.

4. Node B becomes node A, and repeat step 2. until
a leaf is reached.

The decision takes then the form of a set of branches in
the tree, going from the root to a leaf, i.e. a path in the
tree. Depending on the application context, di�erent
additional values can lead the user to its decision.

In order to include this decision rule in the Shafer-
Logan algorithm, we give bellow some recursive form
of equations (8) and (9). To do this, we de�ne for each
node A

E�
0 (A) = u(A)Bel(A) (11)

E+
0 (A) = u(A)Pl(A) (12)

E+

# (A) =
X
B�A

E+
0 (B) (13)

E�
# (A) =

X
B�A

E�
0 (B) (14)

E+

" (A) =
X
B2A

E+
0 (B) (15)



where A denotes the successive direct parents of A.
For example in Figure 3, we have for node I that I =
fH;F;�g. So, equation (9) can be written as

E�(A) = E�
# (A) = E�

0 (A) +
X
B2`A

E�
# (B) (16)

and because we have

E+

# (A) = E+
0 (A) +

X
B2`A

E+

# (B) (17)

equation (8) becomes

E+(A) = E+

# (A) +E+

" (A) (18)

So, this set of equations leads to an easy integration
of the decision rule in the Shafer-Logan algorithm. Let
add a stage 4 to the algorithm, where the decision rule
is being computed, and we obtain a new algorithm us-
ing recursivity of expression, ending by a decision rule.
We will illustrate this idea in an example, in the next
section.

5 Example

In this section, we run an example on the tree shown
in Figure 5. We imagined a scenario where the data
base of 15 objects is organised as described by this tree,
and the evidence received from various sources at each
time is listed in table 1. This does not correspond to a
realistic scenario. The object to be found is G. From
equation (10), we take � = 1

2
, and set �(n) to 1 for all

n, in equation (7). On Figure 5, the data are organised
in a tree structure, each node representing a subset of
�.

A

[1 2 3 4 5 6 7 8 9 10]

B

E

[1 2]

J
[1]

K
[2]

F G

[4 5]

C

[6 7 8]

H

[6]

I

[7 8]

D

[9 10]

L
[11 12 13 14 15]

M

[11 12 13 14]

N
[15]

Θ 
[1 2 3 4 5 6 7 8 9 10 11 12 13 14 15]

[1 2 3 4 5] 

[3] 

O
[11]

P Q

[12 13] [14] 

Figure 5: Original tree.

Figures 6 and 7 give the expected utility interval
computed by the equations of section 4 after 7 com-
bining evidences and 14 respectively. Analysing Figure
6, we have followed the steps of our decision rule, af-

ter the 7th evidence has been received. We �srt select
node B because its EUI is greater than that of node

Table 1: Evidences received from various sources.
step node for against ignorance

(A) (A) (�)

1 F 0.4 0.6
2 P 0.8 0.2
3 B 0.7 0.3
4 G 0.4 0.6
5 A 0.8 0.2
6 B 0.6 0.4
7 N 0.4 0.6
8 Q 0.8 0.2
9 G 0.7 0.3
10 J 0.6 0.4
11 P 0.2 0.8
12 D 0.3 0.7
13 D 0.7 0.3
14 B 0.6 0.4

Θ

J K

F

0.68

G

0.43

C

0.13

H

0.12

I

0.1

D

0.1

L

0.06

M

0.05

O

0.04

P

0.04

Q

0.04

N

0.05

A
1.66

B

1.56

E

0.71

0.5 0.5

Figure 6: Expected Utility Interval and decision rule
after 7 combined evidences.

L. Then, considering children of B, we select node E
which has the greatest EUI. Finally, because the two
children of E have both the same EUI, we select them
both. That means that without new received evidence,
we won't be able to distinguish these two objects.

The �nal result (after 14 combinations) is shown on
Figure 7. For the same reasons detailed above, we se-
quentially select nodes A and B. Then, considering
children of B, we select node G which has the great-
est EUI. Because G has no child, the rule stops here.
The subset G represents two elements, but they don't
appear separetly in the tree. This is only due to the
available sensors, which are not capable of distinguish-
ing them in their report. However, the case of single-
tons J and K is di�erent. Indeed, they appear on two
di�erent nodes in the tree because we can obtain evi-
dence on one of them coming from sensors. The fact
that we can not distinguish them after 7 combinations
comes only on the reports we otained. An evidence on
J is possible, but has not yet occurred.



Θ

A
1.09

B

1.03

E

0.34

J

0.26

K

0.3

F

0.37

G

0.59

C

0.09

H

0.09

I

0.09

D

0.08

L

0.04

M

0.03

O

0.03

P

0.03

Q

0.03

N

0.04

Figure 7: Expected Utility Interval and decision rule
after 14 combined evidences.

6 Conclusions

We have presented an additional decision rule to the
Shafer-Logan algorithm. This algorithm is an alterna-
tive computation of the Dempster-Shafer combination
rule when data is hierarchically structured. We gave
the owchart of this algorithm. Due to this structure,
most of existing decision rules are not very signi�cant.
Using the theory of utility, we introduced a new mea-
sure of utility to compute an expected utility interval
for each node of the tree. This quantity allows to take
into account the level of the node in the tree to give
it variable cost (utility). By doing this, we allow a
sort of normalisation by the level of the tree, because
we choose utility greater as going deeper in the tree.
This corresponds to the intuitive idea that singletons
are more useful than large subets. Moreover, depend-
ing on the context and on the information we need,
we can give more or less weight to one particular level,
and make the decision on the values of the EUIs of the
nodes. Finally, because of the hierarchical structure
of evidence, we can introduce some recursive forms of
the upper and lower expected values which can be in-
cluded in the Shafer-Logan algorithm, as a last stage.
We illustrated our approach with an example.
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