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Abstract - Most results about quantized detection
rely strongly on an assumption of independence

among random variables. With this assumption re-

moved, little is known. Thus, in this paper, Bayes-

optimal binary quantization for the detection of a

shift in mean in a pair of dependent Gaussian ran-

dom variables is studied. For certain problem para-

metrizations (meaning: the signals and correlation

coefficient) optimal quantization is achievable via a

single threshold applied to each observation – the

same as under independence. In other cases one ob-

servation is best ignored, or is quantized with two

thresholds; neither behavior is seen under indepen-

dence. Further, and again in distinction from the

case of independence, it is seen that in certain situ-

ations an XOR fusion rule is optimal, and in these

cases the implied decision rule is bizarre.

1 Introduction

1.1 Technical Background and Context

The canonical detection problem is to fabricate a rea-
sonable decision between a pair of hypotheses, here de-
noted “H” and “K”, based upon observations {xi}n

i=1

distributed according to

H : density PH(x1, . . . , xn)
K : density PK(x1, . . . , xn) (1)

This problem becomes “distributed” or “decentral-
ized” when the data are quantized prior to their in-
sertion to a decision rule. The motivation for such
quantization is usually that the data {xi} are collected
at remote sites, and hence it is appropriate that its
communication to a “fusion center”, at which a global
decision is to be made, should be in the form of one
of a finite number of values. For reasons of bandwidth

it is not unreasonable to give special attention to the
binary case, meaning that each xi is mapped to one of
two levels.

For the unrestricted problem (no conditional inde-
pendence) remarkably little is known. Several studies
have allowed the separate sensors to observe correlated
data:

• For the case of two sensors observing a shift in
mean of Gaussian data, Chen and Papamarcou [5]
develop sufficient conditions for the optimality of
each sensor implementing a local likelihood ratio
test.

• For n sensors, Aalo and Viswanathan [1] assume
local likelihood ratios and present examples of the
performance loss due to correlation. The exten-
sion to large n is considered in [2].

• The general forms of the optimum sensor decision
rules have been found by Blum and his coauthors
for some weak signal cases as summarized in [3]
and in the references therein.

• Drakopoulos and Lee [6] and Kam, Zhu, and Gray
[7] examine optimization of and performance of
the fusion rule under dependence.

• Tang, Pattipati, and Kleinman [10] examine the
general m-ary hypothesis problem from a numer-
ical perspective.

• Blum, Willett, and Swaszek [4] examine a non-
Gaussian version of the current problem, with
noise restricted to be circularly-symmetric.

• Lin and Blum [8] continue the previous study in
a more general framework, and uncover a remark-
able complexity of behavior.

Much of what is known in the dependent case has
been found through numerical study. To date no



“rules” similar to those so useful in the conditionally-
independent case have evolved. If there are rules to
be found, the most logical place to look for them
is in the simplest problem. For this our proxy is
the binary-quantized Gaussian shift-in-mean problem,
usually with n = 2 observations (sensors). As such our
contributions are most closely related to, and indeed
build on the work of Chen and Papamarcou [5], the
first bullet above.

1.2 General Modeling and Outline

With reference to (1), a traditional, one-bit of commu-
nication per sensor, distributed detection system has
each sensor independently processing its own observa-
tion, yielding a binary variable Ui, and transmitting
this bit to a fusion center. Typically each Ui is defined
by a set inclusion function

Ui = Ui(xi) =
{

1 ; xi ∈ Ai

0 ; xi /∈ Ai
(2)

where each Ai is a (possibly infinite) union of intervals

Ai =
Mi⋃
j=1

(
l
(i)
j , u

(i)
j

)
(3)

Since our interest is in continuous distributions PH

and PK , we ignore the interval endpoints. (Further,
although from a mathematical perspective it may be
desirable to have these Ai be general measurable sets
rather than unions of intervals, there is great no-
tational burden and little point in doing so for the
Gaussian situations of interest here.) The fusion center
combines these “partial decisions” {Ui} into a global
decision U to optimize the overall system performance.
As we shall discuss further later, in the two-sensor situ-
ation this fusion rule can be any of AND, OR, or XOR
(exclusive-or), with the “ignore one sensor” rules taken
as special cases of any of these.

In this paper we concern ourselves with the case
that the densities PK and PH in (1) be multivariate
Gaussian. For the most part we restrict attention to
the two-sensor (bivariate Gaussian) situation. We ask,
by way of our quest for canonical “rules”:

• Assuming an AND rule, are the Ai always simply-
connected? That is, is it in all cases possible to
compute Ui using a single threshold on xi?

• If not, are the Ai never simply-connected?

• With respect to the above two questions, what
happens for the OR and XOR rules?

• Can we avoid consideration of one or more of the
fusion rules (XOR, for example), since it is never
optimal?

• Is there any situation in which the data from one
sensor is ignored?

• Can we at least say that no more than two thresh-
olds are needed for quantization?

It will be proven that the answer to the first two ques-
tions is negative. We shall decompose the “space” of
mean-shifts into three regions, coined “good”, “bad”,
and “ugly”. In the first of these it is always pos-
sible to compute Ui using a single threshold on the
data; and in the second it is never possible. Thus, we
have a rule similar to that governing the conditionally-
independent case; unfortunately, no rule is forthcom-
ing for the “ugly” region, although we are able to
show that a single-threshold quantization rule offers
a person-by-person optimal (PBPO) solution, mean-
ing that many optimization routines, including the
Gauss-Seidel scheme we use, will get “stuck” if ini-
tialized with single thresholds or if a single-threshold
solution is found. As regards the third question, the
behavior of the OR rule is similar to that of the AND
rule. Again, unfortunately, there is little to be done for
XOR – we show numerically that whatever “regions”
may pertain, they do not easily correspond to those
for the AND/OR rules. In fact, we are able to prove
that single-threshold quantizers never form an optimal
quantization for an XOR fusion rule: the XOR rule
is in a sense always ugly. It is thus tempting to hope
that the fourth question may be answered in the af-
firmative, particularly since it is easily seen to be true
for the conditionally-independent case (the XOR rule
would not be a likelihood ratio test from the fusion
center’s point of view). It is generally difficult to prove
superiority of one fusion rule over another unless the
latter is clearly a bad idea; however, we show numer-
ically a number of situations in which the XOR rule
is optimal. As regards the fifth question, it should
be understood that in the conditionally-independent
(Gaussian) situation this is never true, since regard-
less of SNR one sensor’s observation can always be of
sufficient certainty to contradict the other. It is thus
perhaps surprising that we are able to prove the answer
to the fifth question is “yes”. It may be clear that the
last question may be asked in a tone of frustration;
unfortunately the answer, “no”, is scarcely placatory.

The bottom-line, therefore, is that even this simple
bivariate Gaussian shift-in-mean problem is remark-
ably weird. As to our stated goal of finding “rules”
similar to that for the conditionally-independent case,
we are partially-successful in doing this, and we give
these results in the following section 2. In section 3
we give the results of extensive numerical experience
involving all fusion rules. We conclude in section 4.
Some of the results presented here have been presented
in [9, 13]; but much is new. The current paper is a dis-
tillation of [14]. In the following we present no proofs,
but instead refer to that manuscript for these.

2 Analytical Results

In this paper we are particularly concerned with hy-
potheses of correlated Gaussian data with different
mean vectors

H : x1, x2 ∼ N(0, 0, 1, 1, ρ)
K : x1, x2 ∼ N(s1, s2, 1, 1, ρ) (4)



in which

N(s1, s2, σ
2
1 , σ2

2 , ρ) ≡ 1
2π(1 − ρ2)σ1σ2

(5)

e
−1

2(1−ρ2)

[(
x1−s1

σ1

)2−2ρ
(

x1−s1
σ1

)(
x2−s2

σ2

)
+
(

x2−s2
σ2

)2
]

is the usual bivariate Gaussian density function. Note
that there is no loss of generality in assuming zero
means under H and unit standard deviations since we
could translate x1 and x2 by any means under H and
scale them both by any non-unity standard deviations
and this would not change any of the results in this
paper. Further, we may assume that ρ is non-negative
(if ρ < 0, just multiply one of the xi by −1). The ad-
vantage of these assumptions is that a convenient rep-
resentation of our results occurs on the (s1, s2) plane.

To find the individual sensor mapping rules we be-
gin with necessary conditions on the Ai. Assuming an
AND rule and that one of the Ai is known, we can
calculate the best Aj ((i, j) is either (1, 2) or (2, 1)) as
[10]

Aj =

{
xj :

∫
Ai

PK(xi, xj) dxi∫
Ai

PH(xi, xj) dxi
≥ πH

πK
≡ τ

}
(6)

The OR and XOR rules are similar, although due to
possible non-positivity in the denominator, ther re-
quire somewhat more care.

The utility of these expressions is that we can solve
for A1 and A2 through a Gauss-Seidel iteration [10].
Specifically, we start with an initial “guess” for Ai and
calculate the corresponding best Aj . We then exchange
i and j, and continue.

2.1 The Three Regions for the AND
Rule

The optimum centralized test for this problem is a pro-
jection onto a straight line

x1 (s1 − ρs2) + x2 (s2 − ρs1)
K
>
<
H

λ

with threshold

λ = (1 − ρ2) ln
πH

πK
+

s2
1 − 2ρs1s2 + s2

2

2 .

Since the resulting optimum decision region is a half
plane, (see figure 1 for examples) it is of interest to
see if the distributed detector’s decision region for K
(or H) resulting from solving the necessary conditions
above is a quarter plane approximation to it.

Using the notation of (3) the test under the AND
rule for points x1 in region A1 from (6) reduces to

∑
j

[
Q

(
l2,j−s2−ρ(x1−s1)√

1−ρ2

)
− Q

(
u2,j−s2−ρ(x1−s1)√

1−ρ2

)]
∑

j

[
Q

(
l2,j−ρx1√

1−ρ2

)
− Q

(
u2,j−ρx1√

1−ρ2

)]

×ex1s1−s2
1/2 ≥ πH

πK
(7)

where Q(·) is the Gaussian tail probability. The ex-
pression for defining those points x2 in A2 is of identi-
cal form except that all subscripts are reversed (1 → 2
and 2 → 1).

We have attempted to develop sufficient conditions
for the iterative algorithm with the AND rule to con-
verge to a solution of single semi-infinite intervals for
both A1 and A2. The results can be described graphi-
cally as a division of the signal plane (s1, s2) into three
regions, good, bad, and ugly:

s1

s2

✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
✂
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✂
✂
✂
✂
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✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏✏slope ρ

slope 1/ρ

“good”

“good”

“bad”

“bad”

“bad”

“bad”

“ugly”

“ugly”

2.1.1 Properties of the Good Region

We have the following:

Theorem 1 Provided that we have

(s2 − ρs1)(s1 − ρs2) ≥ 0 (8)

(note that ρ > 0 by assumption) then regardless of the
starting point the Gauss-Siedel iteration converges to
A1 and A2 both single intervals. This is the region
marked “good” on the (s1, s2) plane and, obviously, in-
cludes its boundary lines.

Note that the results of Theorem 1 agree with those
of Papamarcou and Chen [5] (we assume ρ > 0) and
may be considered some slight extension in that we
have further proven the convergence of the Gauss-
Siedel iteration to single intervals in these cases. (Con-
vergence of the Gauss-Siedel iteration is sufficient to
prove the global result here, since any non-single-
interval may be improved by a single Gauss-Siedel it-
eration to a single-interval.)

2.1.2 Properties of the Bad Region

The “good” region just dealt with refers to all (s1, s2)
pairs such that convergence to a single-interval optimal
system is assured. This can be pictured as all (s1, s2)
between the lines s2 = ρs1 and s2 = 1

ρs1, which as-
sumes the shape of a “bow-tie” tilted counter-clockwise
(into the first and third quadrants).



It would be satisfying to define the “bad” set as
the complement of the “good”, and to prove that
single-interval convergence there is impossible. Unfor-
tunately, it would not be true, as will be shown in
section 3. However, what can be shown is interesting.
We define for positive ρ the “bad” region as the com-
plement of the “good”, as intersected with the first and
third quadrants (ie s1s2 > 0). We now prove that con-
vergence in such regions to single-interval quantizers
is possible only in degenerate cases – that is, in those
cases for which one of the sensors is ignored completely.

Theorem 2 For the “bad” regions as defined earlier,
then either of the following two behaviors is possible.
No other behavior is possible.

1. One sensor has a single-interval quantization re-
gion, and the other sensor is ignored.

2. At least one sensor has a non-single-interval quan-
tization region.

2.1.3 Properties of the Ugly Region

As noted above, we have described reasonably fully the
“good” and “bad” regions. The rest of space (the sec-
ond and fourth quadrants, s1s2 < 0) is still mysterious.
Computational experience has shown that convergence
of the Gauss-Seidel algorithm in this “ugly” region (so-
called because proof of a strong result appears to be
difficult) is usually swift to single intervals. We have
the following weak result.

Theorem 3 For the “ugly” region as defined above,
single semi-infinite intervals for A1 and A2 form a
PBPO solution for minimum probability of error.

As an example in the ugly region, figure 2 shows
the thresholds for the situation s1 = −s2, ρ = 0.9, and
τ = 1. While moderate signal amplitudes yield sin-
gle interval tests, small signals can yield multiple re-
gions. Our theorem shows that single-threshold quan-
tizers stay so; but figures 2 and 14 show that this is not
always the optimal AND quantization. It is interesting
that in figure 2 the sensors are not always symmetric;
for s1 = −s2 and τ = 1 symmetry might be expected,
but it is not demonstrably optimal, and indeed simi-
lar asymmetry has been shown in [12] for independent
sensor observations and admittedly pathologic distrib-
utions.

2.2 A Result for the XOR Rule

If ρ were zero (i.e. if the two noises were independent)
then each quantizer would use a single finite threshold;
further, it is possible to restrict attention to AND and
OR fusion rules. We have shown that with non-zero ρ
and these rules, single-threshold quantization is opti-
mal for “good” parameters {s1, s2, ρ} and is never opti-
mal for “bad” values. (For the complementary “ugly”
parameters we can show very little.)

The XOR (exclusive-or) fusion rule does not need
to be considered for independent observations; but the

XOR rule can be optimal under dependence, and in-
deed our numerical results will show that the XOR
rule can be optimal in our bivariate Gaussian problem.
There is little we have been able to show theoretically
save the following:

Theorem 4 Quantization with a single finite thresh-
old at each sensor is never optimal for the XOR fusion
rule.

Thus, for the XOR rule, either at least one of the
quantizers should optimally use multiple thresholds,
or one of the data is ignored. Considering the shape
of the decision regions implied by the XOR rule with
single-threshold quantizers – first and third quadrants
mapped to one decision and second and fourth to the
other – the result is intuitive. We shall see examples
of this in figure 12.

3 Numerical Study of Optimal
Quantization

We have performed two sorts of tests. In the first, we
take ρ = .75 and allow the vector s = (s1, s2) to trace
a quarter-circle; since there is no qualitative difference
between (s1, s2) and (s2, s1), we interrogate angles only
between 45o and 135o. In figures 3, 4, and 5 we show
the P (e) behavior for |s| = 1. In figure 3 note that
there is indeed a set (in the “ugly” region) in which
the XOR rule is optimal. From the others, note the
relative dominance of the AND rule for τ > 1 and the
OR rule for τ < 1 – this pattern appears to be general.
The suboptimality of the quantized detector is greatest
in the “ugly” region, as can be explained by the ori-
entation of the probability ellipses: any quantization
must “cut” each to some degree.

In the second set of tests we optimize under the
various fusion rules for a set of signal points generated
randomly and uniformly on (s1, s2) ∈ [−3, 3] × [0, 3],
and unless otherwise noted we have ρ = .75.

In figure 6 we show the various AND rule quanti-
zations for τ = 2. Observe that in the “bad” region
we have two behaviors: ignore one of the observations,
and quantize one of the observations with two thresh-
olds, this latter being exemplified in figure 7. In this
case (τ = 2, ρ = .75) it happens that neither the OR
nor XOR rules is ever best. Figure 8 corresponds to
figure 6, except that here the threshold τ = 1: for this
lowered threshold the multiple-region quantization be-
havior observed in figure 6 is not observed.

In figure 9 we show the various optimal fusion rules
for τ = 1. From symmetry arguments the AND and
OR fusion rules have the same performance here, hence
when these are optimal sometimes one is chosen, some-
times the other. Note that in the part of the “ugly”
region corresponding to small signals the XOR rule is
optimal. For example, for the point (−.297, .299) we
have P (e) = .4058 for the AND and OR rules, while
for the XOR rule we have P (e) = .3997 – this differ-
ence is not great, but it is large enough to be assured



that the appearance of the XOR rule is not an arti-
fact. In figure 10 we show the corresponding (XOR)
decision rule for this point: the behavior is weird, but
not counter-intuitive. The corresponding AND deci-
sion rule is in figure 11, and it is clear that the XOR
rule does a better job of separating the two probability
distributions.

Figure 12 shows the quantization rules obtained for
the XOR rule and τ = 1. Notice that for s1 < 0
the quantizations have multiple intervals, while for
s1 > 0 one sensor is ignored – this behavior is con-
sistent with the results of theorem 4, in that single-
threshold quantization is never optimal for the XOR
rule. It is open as to whether this separation of XOR
behaviors with the sign of s1 (“good” or “bad”, versus
“ugly”) is consistent for all parametrizations. Please
note in this figure that the boundary between single-
and multiple-threshold quantizations in the “ugly” re-
gion is somewhat fuzzy: the results shown are from
the best Gauss-Seidel solution found from many ran-
domly chosen initial points (in some cases more than
100 initializations); but since the two quantizer behav-
iors have performances which are similar around where
the transition is made, the edge does not appear crisp.

Finally, in figure 13 we show the AND-rule quantiza-
tions for τ = 1 and the highly-correlated case ρ = 0.9.
From this we observe that for small signals in the
“ugly” region it is possible for multiple-interval quan-
tizations to be optimal under the AND rule; this cor-
roborates figure 2. A typical example is given in figure
14 for the point (−.575, .455).

4 Summary

Detection of a mean shift in a set of correlated
Gaussian observations was considered in a distributed
two-sensor setting. In the engineering literature this
represents detection of known signals in noise. This
particular problem was chosen since it is arguably the
simplest meaningful problem to consider for a study of
distributed signal detection without the typical, and
greatly simplifying, assumption of conditional inde-
pendence. We demonstrated that the class of all pos-
sible Gaussian mean shift problems can be described
by varying a few important parameters, the signal ob-
served at each sensor and the correlation coefficient
between the observations at the two sensors.

Since the design of optimum fusion rules is gener-
ally more well-understood than the design of optimum
sensor rules, our goal was to understand what type
of processing must be performed at the sensors in or-
der to achieve optimum performance. Since any pos-
sible non-randomized fusion rule for the 2 sensor case
is equivalent to either the AND, OR, or XOR rule, a
complete study is achieved by examining these 3 situa-
tions. Relatively little is known about the properties of
optimum sensor rules, if the assumption of conditional
independence is abandoned, and so it reasonable to
wonder if the optimum sensor rules for the dependent
case resemble the optimum sensor rules for the con-
ditionally independent case, which themselves happen

to resemble the optimum decision rules for centralized
detection. Under conditional independence, the sen-
sor observations themselves are quantized with a single
threshold for optimum performance which results in a
single inverval sensor decision region at each sensor.

In general, our results indicate that even this simple
Gaussian shift-in-mean problem exhibits apparently
very complicated behavior. For example, for systems
using the XOR fusion rule, we were able to prove that
the usual single-threshold sensor quantization rules can
never be optimal: either one sensor ought to be ig-
nored, or there are multiple intervals. Numerical inves-
tigations show complicated decision regions composed
of a large number of unconnected intervals. Such de-
cision regions would require a large number of thresh-
olds to generate if these regions were to be generated
by thresholding the sensor observations directly. As
bizarre as the XOR sensor decision rules were, we were
able to show numerically that there are cases were the
best distributed system using an XOR rule is better
than the best distributed system using either an AND
or an OR rule.

For the AND and OR fusion rule cases, we were able
to make considerably more progress. First, an equiv-
alence between the best sensor rules for the two types
of fusion rules was demonstrated, such that any set of
rules which can be optimum for the OR fusion rule will
also be optimum for an AND fusion rule under a differ-
ent set of prior probabilities that are easy to calculate.
Thus only the AND fusion rule needs to be considered
in order to characterize all the possible behaviors of
the optimum sensor decision rules for both the AND
and OR fusion rules. We partitioned the space of all
possible Gaussian mean-shift problems into three re-
gions we have called “good”, “bad”, and “ugly”. We
were able to mathematically prove that any problem
in the good region must use optimum sensor rules like
those used under the assumption of conditional inde-
pendence. Thus these sensor rules use single interval
decision regions. For any problem in the bad region
we were able mathematically to prove that an opti-
mum scheme could not use single interval decision re-
gions at both sensors. In fact, we proved something
slightly more specific: either one sensor uses a single
interval decision region and the other sensor’s observa-
tion is ignored or both sensors use non-single interval
decison regions and neither sensor is ignored. It would
be satisfying to report that we need not concern our-
selves with AND or OR behavior in the ugly region
since there these rules were dominated by the XOR
rule; however, although we provide some numerical ev-
idence that the XOR rule is never optimal outside the
ugly region, within the ugly region any of the three
rules can dominate.
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Figure 1: Examples of centralized and distributed
tests for “nice” sets of parameters and τ = 1. The
centralized test is shown by the straight line boundary;
the distributed AND rule’s decision region for K is
shaded. The notation at the lower left of each figure
is the parameter set s1, s2, ρ. Note that in the upper
right hand example the two boundaries are identical.
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Figure 2: Thresholds versus s in the“ugly” region
(the AND fusion rule): Gaussian problem with s1 = s,
s2 = −s, ρ = 0.9, and τ = 1.
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Figure 3: Probability of error for centralized and
(optimally-) quantized tests. Solid – centralized; ◦ –
AND; × – OR; � – XOR. Here πH = 1/2.
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Situation: |s| = 1, ρ = 0.75, τ = 0.5

Figure 4: Probability of error for centralized and
(optimally-) quantized tests. Solid – centralized; ◦
– AND; × – OR; � – XOR. Unlike figure 3 we have
πH = 1/3.
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Situation: |s| = 1, ρ = 0.75, τ = 2

Figure 5: Probability of error for centralized and
(optimally-) quantized tests. Solid – centralized; ◦
– AND; × – OR; � – XOR. Unlike figure 3 we have
πH = 2/3.
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Figure 6: Quantizations for AND fusion rule and var-
ious signals, τ = 2 and ρ = .75.
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Figure 7: Optimal decision for AND rule and signal
(.15, 1.17), a point in figure 6. An observation in the
shaded region results in a decision for K.
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Figure 8: Optimal quantizations for AND fusion rule
and various signals, τ = 1 and ρ = .75.
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Figure 9: Optimal fusion rules for various signals,
τ = 1 and ρ = .75.
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Figure 10: Optimal decision for XOR rule and signal
(−.297, .299), a point in figure 9. An observation in
the shaded region results in a decision for K.
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Figure 11: Optimal decision for AND rule at the same
point as in figure 10. An observation in the shaded
region results in a decision for K.

−3 −2 −1 0 1 2 3

−0.5

0

0.5

1

1.5

2

2.5

3
XOR RULE QUANTIZATIONS, tau= 1, rho=0.75

both 1 int

dim 2: >1 int

dim 1: >1 int

both >1 int

dim 1 only

dim 2 only

Figure 12: Optimal quantizations for XOR fusion rule
and various signals, τ = 1 and ρ = .75.
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Figure 13: Optimal quantizations for AND fusion rule
and various signals, τ = 1 and ρ = .9.
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Figure 14: Optimal decision for AND rule and signal
(−.575, .455), a point in figure 13. An observation in
the shaded region results in a decision for K.


