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Abstract - The purpose of this paper is to present

an alternative to the constant acceleration Kalman

�lter which requires half the computational load and

yet performs almost as well as the IMM �lter. The

theoretical justi�cation for this �lter came from a

study of the IMM �lter by two of the authors. The

results of this study are recalled, and illustrative sim-

ulations using these �lters are carried out by trans-

forming noisy radar data into Cartesian coordinates

and then applying a �lter to each coordinate sepa-

rately. The proposed �lter is analysed against a con-

stant velocity, constant acceleration IMM �lter, and

a constant acceleration regular Kalman �lter. The

stability properties of each of these �lters are also

addressed.

Keywords: Tracking, IMM, Kalman �lter, radar, multi-

target.

1 Introduction

This paper deals with the tradeo� in computation cost
and �lter performance with a �xed gain CA CV IMM
�lter. While the IMM will still reign supreme when
tracking highly maneuverable targets, its full power is
certainly not required if tracking targets undergoing
benign maneuvers.

This �lter is compared against a constant accelera-
tion Kalman �lter and constant acceleration, constant
velocity (CA CV) IMM. The latter is an adaptive �l-
ter introduced in [2] (see also [1]) which switches from
one mode { e.g. CA to CV { according to the innova-
tions received by the �lter. In contrast to the regular
Kalman �lter, the IMM's covariances are directly cou-
pled to the observation process and requires computa-
tionally expensive moment matching to approximate a
mixture of Gaussians with one Gaussian.

After completing a study of the CA CV IMM �l-
ter [3] it was noticed that depending on the Markov
chain governing the model switching, that the moment
matching could largely be dispensed with. Also, in as
much as the true error covariance in the IMM is given
neither by the decoupled CA or CV covariances nor by
the IMM's matched covariances, one may as well try
using �xed gains anyway. The simulations shown at
the end of this paper show that indeed this assump-

tion works to a high degree of accuracy.

1.1 Motivation

The motivation for this work came from a study in
which the IMM's performance could be quanti�ed in
several regimes. The easy case is to deal with a tar-
get moving at constant velocity. There both the CA
and CV �lters are perfectly matched to the target's
motion. However, when a target moving at constant
acceleration is tracked by a CV Kalman �lter, the lat-
ter will make a constant (bounded) error. Since the
IMM blends these 2 �lters' output, it was desirable to
quantify what the tradeo� was between a CA Kalman
�lter and an CA CV IMM tracking a target moving at
constant acceleration.

It was then realised that for IMM models where the
target spends much of its time in the main modes {
i.e. the diagonal elements of the model transition ma-
trix carry most of the weight{ the laborious process of
moment matching would produce only minor changes
to the �lter's covariances, and therefore only minor
changes to its performance would be observed.

Thus a good candidate for a cheap and yet adapt-
able �lter is a �xed gain IMM �lter. However, For the
�xed gain hypothesis to be reasonable, one must adopt
model switching coeÆcients which make the transition
from CV to CA mode and vice-versa relatively slow.
Thus, the price to pay for eliminating matrix inver-
sions is sluggish response to the onset of changes in
regime from CV to CA or vice-versa.

1.2 Organisation

We start by recalling the IMM �lter algorithm. Next,
the results of two of the authors regarding the IMM's
performance are recalled and put in perspective. Then,
we present a �xed gain version of the IMM and discuss
the assumptions under which it is a reasonable model.
Following that, we discuss the scenarios relevant to �l-
tering directly in range and bearings, and present a
series of simulation results, along with the respective
computational costs. Finally, we close with some con-
clusions and areas for further exploration.



2 Results on the IMM's perfor-

mance

2.1 The IMM algorithm

The algorithm is as follows. Choose initial states
and covariances x̂i0, Pi

0 and mixing coeÆcients �i0
1 � i � m. The covariance and state estimate for the
jth model will be

P
0j
n�1 =

mX
i=1

�ijn�1

n
Pi
n�1+(x̂in�1�x̂0jn�1)(x̂in�1�x̂0jn�1)>

o
(1)

with

x̂0jn�1 =

mX
i=1

x̂in�1�
ij
n�1:

The di�erences (x̂in�1 � x̂0jn�1) arise from moment
matching. In the derivation of the IMM, a convex sum
of Gaussians is to be matched to a given Gaussian.
This is the only point where an approximation is made.
However, because of this, the IMM is technically a sub-
optimal �lter { as should be expected of an `adaptive'
�lter.

Having the above values one proceeds with the usual
Kalman equations:

P
j
njn�1 = F(j)P

0j
n�1jn�1(F

(j))> +GQG>

K(j)
n = P

0j
njn�1H

>(HP0j
njn�1H

> +R)�1

x̂jnjn = F(j)x̂0jn�1jn�1+K
(j)
n (yn�Hx̂0jnjn�1)

P
j
njn = (I�K(j)

n H)P0j
n�1jn�1 (2)

The �ijs are calculated according to

�ijn�1 = pij�
i
n�1=�cj ; with �cj =

mX
i=1

pij�
i
n�1; (3)

after choosing initial �i0s. The a posteriori model prob-
abilities are computed via

�in = �ci�
i
n=c; with c =

mX
i=1

�j
n�cj

where yn is the observation at time n, and

�i
n �

e�
1
2 (yn�Hx̂i

njn�1)
>(Si

n
)�1(yn�Hx̂i

njn�1)p
2�jSinj

with
Sn

i =HPi
njn�1H

> +R: (4)

The Sns are the covariances of the innovations process.
Note that if H has dimension 1� n, Sn is scalar.

Finally for output purposes only, set

x̂n =
mX
i=1

�inx̂
i
njn

Pnjn =

mX
i=1

�in

n
Pi
njn + (x̂in � x̂n)(x̂

i
n � x̂n)

>
o
:

2.2 Results on the IMM

The proofs of the results quoted in the section are long
and tedious, but may be found in [3].

We �rst start with the miss-match of a CV Kalman
�lter to a CA model by embedding the CV in the CA's
3 dimensional setting. Suppose time is discretised to
uniform time intervals of length t. Let

F =

2
4 1 t 0
0 1 0
0 0 0

3
5 and �F =

2
4 0 0 t2=2
0 0 t
0 0 1

3
5 : (5)

That isF+�F gives us the constant acceleration plant,
yet F gives us the constant velocity plant (albeit em-
bedded in 3 dimensions). Let wn � N(0;Q), and then
set our noise driven dynamical system to:

xn+1 = (F+�F)xn +Gwn: (6)

Also, let the observation matrix H = [ 1 0 0 ], and
b = a[ t2=2 t 1 ]> where a is the speci�ed accelera-
tion.

Proposition

The long-term error for the miss-match of a CV
Kalman �lter when tracking a signal evolving accord-
ing to (6) with Q = 0, at constant acceleration a, is
bounded by the trace of Pe where

Pe = A+P
e
+A

>
+ + b+b

>
+ + b+b

>
+A

>
+(I�A>

+)
�1

+ A+(I�A+)
�1b+b

>
+ +K+RK

>
+: (7)

The matrices in (7) are de�ned as:

b+ = (I�K+H)�F�xn and A+ = (I�K+H)F:

The equilibrium gains K+ are calculated in the back-
ground with the CV plant equations; there, one may
use a non zero noise Q for the gain calculations. The
solution to (7) exists if the pair (F;G) is stabilisable,
since then the equilibrium A+ is d-stable.

Since one may wish to study various types of �l-
ters and plant models, and ascertain whether the co-
variances will diverge or not, we proved the following
theorem.

Theorem

Let �xn be the signal tracked by an m component
IMM. Suppose all the IMM's component pairs (Hi;Fi)
are d-detectable. Suppose the error Pe;i made by the
regular Kalman �lter using the ith model when tracking
�xn is bounded, (i.e. Trace

�
Pe;i

�
< Const). Then the

covariances P0j
n of (1) are bounded.

Since the actual mismatch errors are not given by
the IMM covariances, one may wish to implement the
following algorithm.

Algorithm to estimate IMM CA CV long

term performance:

Suppose that xn is generated by (6) with acceleration
a, and that R > 0 (positive de�nite) for both models



in the CA CV IMM. Then, the equilibrium covari-
ances P0i

+ may be computed via the following procedure.

Step 0: Set �i0 = 0:5 for i = 1; 2.

Step 1: Initialise the covariances of the CA and
CV �lters with their regular Kalman �lter equilibrium
values; let that of the CA model be P2

0 and that for
the CV model be P1

0. Set P0i
0 = Pi

0 i = 1; 2 from the
previous line.

Step 2: Set Pe;1
1 = Pe

1 where Pe
1 is as de�ned in

(7) and let

P
e;2
1 = P2

1 = A
(2)
1 P2

0(A
(2)
1 )> +K

(2)
1 R(K

(2)
1 )>:

In either case the gain K
(i)
1 is computed with the

appropriate covariances in Step 1.

Step 3: Get an expression for P0j
1 by using

P
0j
0 =

2X
i=1

�ij1

 
Pi
1 +

2X
l=1

(�il1 )
2(1� Æil)P

e;l
1

!
;

then compute Pj
1 via (2) and the �s via (3).

Step 4: Compute �1
1(�

1
1 ) and �2

1(�
2
0 ) via

E�1
1(�

1
1 ) =

e��
2=2(2s

(1)
1 )q

2�(2s
(1)
1 )

and E�2
1(�

2
1 ) =

1q
2�2s

(2)
1

where s
(�)
1 is calculated with Q = 0 as in (4) and

� = at2=2.

Step 5: Repeat Steps 2 to 4 using the new co-
variances in Step 3 until convergence.

Step 6: Since there is no mismatch with the CA
plant we may simply take (for error output purposes)
its covariance Pe;2 = P02 as the correct one. These
are then blended according to

Perr =
2X

i=1

�iPe;i:

The total error is then Trace (Perr).

Remarks:

1) The matrices whose spectral radius controls
the �lter's stability are0

@ 2X
j=1

�ji+(I�K
j
+H)Fj

1
A ; i = 1; 2:

Note that the if one undoes the recursion in the a reg-
ular Kalman �lter, one gets:

x̂n =

 
nY
i=1

Ai

!
x̂0 +

nX
j=1

0
@ nY

i=j+1

Ai

1
AKjyj : (8)

If Ai � (I �KiH)F is d-stable (has all eigenvalues in
the open unit disc) for i � n0, then one can choose a
norm such that kAik < 1, to see that the prior data in
(8) will eventually exponentially be discounted. That
is, the �lter is stable.

2) The above algorithm may be trivially modi-
�ed to compute the �lter error for the case where �xn
is generated by a CV plant. In this case, Pe;i = P0i

since both the CA and CV �lters are matched to the
signal.

3) The above algorithm may be generalised to
other �lter and signal plants. However, if the plants
do have noise process noises, one will have to use
bounds for the error covariances Pe;i by using the
techniques of [7]. In fact if one is unable to assume
that the plant noises are independent, one will have
to �nd upper bounds for the dominant plant (the best
matching plant) and then use lower bounds for the
other plants.

The purpose of �gures 1 and 2 is to illustrate the ac-
curacy of the previous algorithm. They both show the
percentage error between the predicted error and the
simulated error. The simulated error is averaged over
800 data points. In �gure 1, the process noises covari-
ance are held �xed at 5 while the observation noises
are varied from 0.05 to 0.5; in �gure 2, the observation
noises are held �xed at 0.05 and the CV process noise
is varied from 2 to 40 (that of the CA plant is held at
5). In both cases the accelerations were changed from
0 to 95.
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Figure 1: % error in the predicted error vs simulated
error; process noise is constant.

3 A �xed gain version of the

IMM

The IMM algorithm has been proven to be one of the
most powerful adaptive �lters so far devised. Here we
present a stripped down version of its CA CV imple-
mentation which uses �xed gains.

Consider a model where the noise matrices for the
CA / CV plant are respectively Gv = [�t2=2 �t]>
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Figure 2: % error in the predicted error vs simulated
error; observation noise is constant.

and Ga = [�t2=2 �t 1]>. The noise matrix for the
CV process noise is then GvQvG

>
v , where Qv is the

covariance of the noise process, with an analoguous ex-

pression for the CA noise matrix. Now let K
(�)
1 be the

equilibrium gain computed with the appropriate pro-
cess noise matrix in the CA or CV model. The stripped
down IMM algorithmwe will use involves taking a sym-
metric transition matrix P where paa = pvv = 0:95 and
pva = pav = 0:05. One then proceeds with the usual
IMM algorithm, save that the likelihood calculations
use the equilibrium predicted covariances of the CA or
CV models:

�(�)
n =

e�
1
2 (yn�Hx̂i

njn�1)
>(S(�))�1(yn�Hx̂njn�1)

p
2�S(�)

;

where S(�) = H(�)(P(�))�(H(�))> +R and yn is the x
or y observation, (P(�))� is the predicted covariance for
the CA or CV model, H(�) is the observation matrix
for the appropriate model, and R is the observation
noise covariance.

The �nal modi�cation is that one uses �xed gains
in the update equations viz

x̂
(�)
njn = F(�)x̂

(�)
n�jn�1 +K(�)

1 (yn �H(�)F(�)x̂
(�)
n�1jn�1):

3.1 Assumptions for the �xed gain

IMM

Here we show that the moment matching in the IMM
algorithm can be thought of a small perturbation from
�xed gains if the transition probabilities paa = pvv are
close to 1. Recall the moment matching condition:

Pmatched;j
n =

2X
i=1

�ijn
�
Pi + (x̂in � x̂0jn )(x̂in � x̂0jn )>

	
;

where x̂0jn =
P2

i=1 �
ij x̂in. Following the derivation in

[3], we can show that second term in the above sum

can be bounded by
P2

j=1(�
ij
+)

2(1� Æij)P
e;j
+ , provided

the Markov chain is symmetric. Here Pe;j is the true
error covariance (i.e. the error covariance of the jth

model when tracking the const. acceleration plant).
If the target is not performing exotic maneuvers, we

may treat the �ijn s as constant and set � = (�12+ )2. If
p12 = p21 = 1� a then one can show � � (1� a)2.

Thus, for either the CA or CV model, under the
perturbation P�1 ! P�1 + ��P�, the change in the
state (as opposed to model) transition matrix A =
(I�KH)F will be given by

(I�(P�+�F�PF>)H>(P11 + �(F�PF>)11+R)�1H)F;

where P� is the predicted covariance and R is the
observation noise covariance. Taylor expanding yields

A+ �K(F�PF>)11HF(P
�
11 +R)�1

� �F�PF>H>(P�11 + �(F�PF>)11 +R)�1HF;

where �P is the perturbed matching covariance. There-
fore, if one chooses p11 and p22 (in the Markov chain)
close to 1, � will be small, and one can basically dis-
pense with moment matching and possibly even work
with �xed gains without too much loss of performance
{ and at very cheap computational cost as will be seen.

3.2 Issues in range and bearing vs

Cartesian coordinate �ltering

While it is clear that large uncertainties are unavoid-
able at long range, geometric e�ects also play a role at
very close ranges. It has long been known [1] that for
all but highly specialised non-linear �lters, it is prefer-
able to transform the radar observation into Cartesian
coordinates before �ltering (even though this will in-
troduce biases which must be corrected). Filtering the
observations directly in range and bearings using the
IMM or Kalman/extended Kalman �lters yields poorer
results than �ltering the transformed data { even at
close range.

Provided targets perform benign maneuvers, it is
clear it is not unreasonable to use linear �lters such as
the CA �lter in Cartesian coordinates. Even though
the motion could be nonlinear, the �lters will be able
to catch-up with the target's changing dynamics { pro-
vided provided the �lters are stable, and the maneuvers
are benign enough.

To simulate benign maneuvers, we chose a scenario
where an accelerating target moved in a straight path
whose perpendicular distance to the radar was �xed.
At large ranges, the error in the bearing will de-
grade the positions accuracy, and this is reected in
the transformed coordinates. In these circumstances
it might be preferable to pre-�lter the bearing data.
However, the �ltering in range and bearings at close
range may prove disastrous because of geometric af-
fects. An illustrative example is shown in Figure 3.
The second �gure shows that the CA Kalman �lter
may still adapt quickly enough to the given accelera-
tions; as seen from Figure 3, the IMM on the other
hand is handicapped by the CV component, whose
gains cannot keep up with the acceleration as easily
and yield the spike at the peak acceleration.
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Figure 3: IMM �lter in range and bearings
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Figure 4: CA Kalman �lter in range and bearings

4 Simulations

The simulations were done according to three scenar-
ios.

Scenario 1: A target was simulated moving at
an acceleration of 5 with a radar scan rate of one rota-
tion every 2 seconds. The target moved in a straight
line with a distance of closest approach to the radar of
500 at the 60th data point; 120 data were generated,
and then translated into range and bearings. The
data were then contaminated with mean zero i.i.d
Gaussian with �2 = 0:0025 for the range and 0.0001
for the bearing. Noisy range and bearing data were
then transformed back into Cartesian coordinates,
and each coordinate was �ltered separately using one
of the 3 schemes mentioned above. The results in
this scenario were too close to bother giving the RMS
values of each component. The relative computation
costs were 242 ops for the �xed gain �lter, 590 for
the CA Kalman �lter, and 1332 for the IMM �lter.

Scenario 2: The target accelerates for 10 time
steps, moves at constant velocity for another ten, and
then performs a coordinated turn for the next 30,
upon which it continues to move at constant velocity
for the next 20. These dynamics are similar to those
used in [4]. Here the IMM had all �0s initialised to
0.5 and all covariances for the CA and IMM models

were initialised to the identity. All the state vectors
were initialised exactly. As in the previous set of runs,
all plants had identical observations and plant noises
for the gain calculations.

Scenario 3: This scenario was performed with the
data used in [4]. No graphics are provided but the re-
sults are contained in table 2. Here the target performs
2 low acceleration turns, a moderate acceleration turn
and then a high performance turn right after an gain-
ing speed in a straight line acceleration. Only one set
of measurements was available, so the results are aver-
aged over only one run { unlike the results in table 1,
where the results were averaged over 100 runs.

4.1 Simulation graphics and results

The �rst set of simulations (�gures 5 to 7) shows
that the �xed gain IMM is competitive in the regu-
lar Kalman CA's regime. That is all three �lters per-
formed equally well in when tracking a purely acceler-
ating target.
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Figure 5: CA Kalman �lter
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Figure 6: IMM �lter

The second set of simulations illustrates that the
stripped down IMM outperformed the CA �lter on av-
erage by at least 30% in the y-component of the RMS
error (see Table 1). Clearly the full CA CV IMM �lter
would do much better in high maneuvering segments
than the stripped down or regular Kalman �lter how-
ever. The number of operations per cycle in the IMM,
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Figure 7: Fixed gain IMM

�xed gain IMM and CA implementations, were respec-
tively 242, 590, and 1322 ops.

Table 1: Average RMS over 100 trials

IMM Fixed Gain CA
x-RMS 1.213 1.23 1.256

y-RMS 0.311 0.311 0.437

Overall 1.252 1.252 1.330

Cost/ops 1326 242 590

Table 2: RMS over a maneuvering course

IMM Fixed Gain CA
x-RMS 0.5829 0.5827 0.5830

y-RMS 0.7664 0.7663 0.7664

Overall 0.9628 0.9627 0.9630

Remark: All calculations were done with Matlab and
the number of ops were counted with its built-in func-
tion. As far as op counting, the Kalman equations
were optimised as much as possible. That is, the stan-
dard form of the Kalman equations were used, as op-
posed to the symmetric form. Substitutions were im-
plemented to reduce the amount of computation from
iteration to iteration. The substitutions were kept con-
sistent from �lter to �lter.

5 Conclusions

Three types of �lters were compared in three sets of
simulations. One of these �lters is a stripped down
�xed gain version of the IMM CA CV �lter. In the �rst
set of simulations, the �xed gain IMM was shown to be
competitive in the regular Kalman CA's regime. All
three �lters performed equally well in when tracking a
purely accelerating target.

The second set of simulations showed that the
stripped down IMM outperformed the CA �lter on av-
erage by at least 30% in the y-component of the RMS
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Figure 8: CA Kalman �lter in 2nd set
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Figure 9: Fixed gain �lter in 2nd set

error. The third set of simulations were only averaged
over on run, but still supported the same conclusions
as the �rst.

The �xed gain �lter is therefore a viable alterna-
tive to having a straight CA Kalman �lter. It has the
added bonus that since its output is a convex combi-
nation of the equilibrium gains of stable �lters, this
last one will be stable (e.g. [3]). The CA CV IMM
�lter may, because of moment matching, exhibit local
instabilities. That is, the matrices governing the state
vector transition could have eigenvalues larger than 1.

A future direction of research is to use nonlinear �l-
ters based on convolution as in [5] or based on Wiener
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Figure 10: IMM �lter in 2nd set



chaos expansion [6], and incorporate the coupled na-
ture of the 2 dimensional observation process. It is be-
lieved that nonlinear �lters would yield better results.
Filtering the transformed range and bearings sepa-
rately with either the IMM �lter or straight Kalman
�lter will likely give far inferior results to the use of an
appropriate non-linear �lter.
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