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Abstract - Using graphical models to represent

independence structure in multivariate probability

model has been studied since a few years. In this

framework, Bayesian networks have been proposed

as an interesting approach for uncertain reason-

ing. Within the framework of pattern recognition,

many methods of classi�cation were developped based

on statistical data analysis. Belief networks were

not considered as classi�ers until the discovery that

Naive Bayes, a very simple kind of Bayesian net-

work, is surprisingly e�ective. In this paper, we

propose to use belief networks classi�ers with opti-

mal variables that is to say networks which have to

manage discrete and continuous variables.

Keywords: Bayesian network classi�er, Uncertain rea-

soning, Medical diagnosis.

1 Introduction

Among the existing approaches for uncertain reason-
ing, network-based approaches have been widely ac-
cepted [1, 2, 3]. Bayesian networks and valuation based
systems are two well known frameworks for this kind of
graphical representations. Bayesian networks are im-
plemented for the probabilistic inference [4], while val-
uation based systems can represent several uncertainty
formalisms in a uni�ed framework [5]. While Bayesian
networks are powerful tools for knowledge representa-
tion and inference under uncertainty, they were not
considered as classi�ers until the discovery that Naive
Bayes, a very simple kind of Bayesian network that
assumes the variables are independent given the clas-
si�cation node, are surprisingly e�ective [6].

The domain of applications of Bayesian networks are
numerous including prediction, decision analysis, diag-
nosis and Data Mining. Especially in the framework
of diagnosis, several applications have been introduced
like medical diagnosis (PathFinder), hardware diagno-

sis (Microsoft troubleshooter) and systems engineering
diagnosis [7].

Handling continuous attributes is a major problem
in machine learning and pattern recognition. In addi-
tion, these variables have rich interdependencies with
other discrete attributes. Many approaches in machine
learning deal with continuous attributes by discretiz-
ing them [8]. In statistical data analysis and pattern
recognition, the typical approach is to use a paramet-
ric family of distributions to model the data [9]. Dis-
cretization procedures, which su�er from the obvious
loss of information, do not have to determine any pa-
rameters and seems to be an interesting choice.

In this paper, we deal with the problem of Bayesian
networks classi�ers which have to manage discrete and
continuous variables. It is organized as follows. Sec-
tion 2 proposes an overview of Bayesian network clas-
si�ers. We present the principle of our methodology
in section 3 which it is based on an optimal histogram
building (cf. section 4). Finally, in the section 5, we
present some results on real databases extracted from
problems of medical diagnosis.

2 Bayesian networks as classi-

�ers

A Bayesian network for a set of variables X =
fX1; � � � ; Xi; � � � ; Xng consists of a network structure
S that encodes a set of conditional independence as-
sociated to each variable Xi. The structure S of the
network is a direct acyclic graph where nodes corre-
spond to the variables Xi and arcs encode conditional
independencies.

One of the most e�ective classi�er is the so-called
Naive Bayesian classi�er [9]. When represented as a
Bayesian network, it has the simple structure S pro-
posed in Figure 1. This classi�er learns from training
data the conditional probability of each variable Xi

given the class label C. Classi�cation is then done



Figure 1: Naive-Bayes network

by applying Bayes rule to compute the probability
P (CjX1; � � � ; Xn) and then predicting the class with
the highest posterior probability. This computation
is feasible by making the strong assumption that the
variables Xi are conditionally independent given the
value of the class C.

Several authors are interested in this basic bayesian
network classi�er [2, 6, 10]. In the recent years, a lot of
e�ort has focused on improving Naive Bayesian classi-
�ers, following two general approaches : selecting fea-
tures subset and relaxing independence assumptions.
In this last �eld, Friedman and al. propose "Tree Aug-
mented Naive-Bayes" (TAN) which approximates the
interactions between variables by using a tree struc-
ture imposed on the Naive Bayesian structure [6]. An
example of this kind of network is proposed at the �g-
ure 2 where solid lines are edges required by the Naive-
Bayes classi�er and dash lines are correlation edges
between attributes. This classi�er has several advan-

Figure 2: Tree Augmented Naive-Bayes network

tages including robustness and polynomial computa-
tional complexity. One limitation of the TAN classi�er
is that it applies only to discrete attributes and contin-
uous variables must be prediscretized. In this paper,
we deal with the problem of an optimal sampling of
the continuous variables [8].

3 Proposed methodology

The existing algorithms developed for the inference
and the training in the bayesian networks use some
discrete variables. Unfortunately, real databases (Data
Mining applications, biomedical datasets, ...) have to
manipulate variables which take real values. In or-
der to take into account these variables, it is necessary
to preliminary discretize these values into discrete val-
ues [8]. Having optimal variables in the sense of a
certain criterion will allow to loss a minimum of infor-
mation concerning the variables and have an optimal
classi�er. We propose to take into account this loss of
information in building optimal variables. According
to these considerations, our methodology is based on
several steps which consists in :

� sampling the continuous variables with an optimal
criterion,

� building the belief network S from these optimal
variables Xi,

� evaluating the a priori probability P (XijC) from
the training dataset,

� evaluating the a posteriori probability
P (CjX1; � � � ; Xn) from the Bayes rule for a
new example to classify.

In order to approximate the probability densities of the
continuous variables, we build optimal histograms of
these variables. These histograms are optimal approx-
imations of the a priori unknown real distributions in
sense of the maximum likelihood criterion. An initial
histogram with equal bins is iteratively transformed
in a variable width bin histogram by using a modi-
�ed Akaike information criterion. In practice, it is a
problem of merging bins in order to achieve an opti-
mal partition that is to say an optimal approximation
of the real distribution (cf. section 4.4).

4 Optimal variables

4.1 Probability density approximation

Let be A1A2 : : : Ap : : : Aq an initial partition Q of an
unknown distribution � with q = Card(Q). The aim
is to approximate � with a histogram built on a sub-
partition C = B1B2 : : : Bc of Q with c bins such as
c � q. The probability distribution �̂C built with C is
an optimum estimation of � according to a cost func-
tion to de�ne. C results from an information criterion
called IC issued from the basic Akaike's information
criterion (AIC) [11], AIC� or �� [12] which are respec-
tively Hannan-Quinn's criterion and Rissanen's crite-
rion. These criteria have the following form :

IC(c) = g(c)�
X
B2C

�̂c ln
�̂c(B)

�c(B)
(1)

where g(c) is a penalty which di�ers from one criterion
to another one. Let us note " a random process of a



probability distribution � supposed absolutely contin-
uous to an a priori given probability distribution �.
Let ! be the set of all values taken by ". The proba-
bility density f of � is given by the Radon-Nycodim's
derivative such as :

8 � 2 ! f(�; �) =
d�

d�
(�): (2)

The probability density f is approximated from N

samples (�k) of " by means of a histogram with c bins
obtained with these N values. An optimum histogram
to approximate the unknown probability distribution
� is obtained in two steps. The �rst one consists in
merging two contiguous bins in a histogram with c bins
among the (c� 1) possible fusions of two bins. This is
made by minimizing the IC criterion. The second one
consists in �nding the "best" histogram with c bins.
The optimum histogram with c = copt bins is the one
which minimizes IC.

4.2 Maximum likelihood estimator for

a partition Q

Let Q be a partition with q bins and let �1 : : : �N be
a N-observation sample and let be �Q the probability
distribution according to Q. The maximum likelihood
estimator �̂Q of �Q is given by the following equation :

8 p 2 ! �̂Q(Ap) =
1

N

X
�k2Ap

�k (3)

where Ap is a bin of the partitionQ. This result derives
from the density expression of �Q :

8 � 2 ! f(�Q; �) =
X
A2Q

�̂Q(A)

�(A)
1A(�) (4)

with 1A(�) = 1 if � 2 A and 0 otherwise.

4.3 Selection of the bin number of a

histogram

The obtaining of the optimum histogram is based on
the use of an information criterion IC which gives the
number of bins optimal thanks to a cost function based
on the Kullback's contrast or the Hellinger's distance.
We de�ne the cost to take �̂ when � is the true prob-
ability density by :

W (�; �̂) = E�

 
 

"
f(�̂; �)

f(�; �)

#!
(5)

where E� is the mathematical expectation according
to � and  is a convex function. According to the
expression of  the cost function leads to di�erent in-
formation criteria to choose the histogram with c bins.
So, if  is the Hellinger's distance we get :

AIC(c) =
2c� 1

N
� 2

X
B2C

�̂c(B) ln
�̂(B)

�(B)
: (6)

It can be seen that it is identical to the classical
Akaike's information criterion [13]. If the cost func-

tion W (�; �̂) is expressed according to the KullBack's
contrast, we obtain two new criteria such as :

��(c) =
c(1 + ln(lnN))

N
� 2

X
B2C

�̂c(B) ln
�̂(B)

�(B)
(7)

AIC�(c) =
c(1 + lnN)

N
� 2

X
B2C

�̂c(B) ln
�̂(B)

�(B)
: (8)

These criteria can be used to select the optimum his-
togram with c bins to approximate the unknown prob-
ability density of a N-sample. Detailed demonstrations
are available in [11, 12].

4.4 Optimum histogram building pro-

cess

At �rst, an initial histogram with q = Card(Q) =
2:In[

p
N � 1] bins [14] is built giving the partition Q,

where In[] denotes the integer part. Then, a partition
with (q � 1) bins is considered. For each possible fu-
sion of two contiguous bins among (q�1) the criterion
IC(q � 1) is computed. The choice of the best fusion
is made according to the minimization of IC(q � 1).
When it is done, we look for the best partition with
(q � 2) bins according to the same rule. Finally, the
histogram with c bins such as IC(c) for c 2 f1; : : : ; qg
is retained. Figure 3 shows an initial histogram built
with a N-sample (N = 90) randomly generated ac-
cording to a gaussian distribution with mean equal to
0 and with a variance equal to 1. This initial histogram
is made of 16 = 2:In[

p
90 � 1] bins. Final histogram

Figure 3: Initial histogram

according to �� criterion is given in �gure 4.

5 Results

The proposed approach is applied to several datasets
but especially on biomedical databases where the good



Figure 4: Optimum histogram with ��

Table 1: Misclassi�cations costs associated to the
Heart database

Reality

Decision absence presence

absence 0 5
presence 1 0

classi�cation rate is very important to help the prati-
cians in their diagnosis.

5.1 Heart database

A �rst database concerns the Heart disease dataset
given by the UCI Machine Learning group [15]. The
purpose of the dataset is to predict the presence or
absence of heart disease given the results of various
medical test carried out on a patient. This database
contains 13 attributes (taking real, binary or nominal
values), which have been extracted from a larger set
of 75. The database originally contained 303 examples
but 6 of these contained missing class values and so
were discarded leaving 297. 27 of these were retained
in case of dispute, leaving a �nal total of 270. There are
two classes : presence and absence (of heart-disease).
Table 1 gives the di�erent costs of the possible misclas-
si�cations.

Figures 5 and 6 propose the optimal sampling of
the 10th attribute (a real value corresponding to the
oldpeak = ST depression induced by exercise relative
to rest) of the Heart dataset. The initial partition
of this histogram contains 31 bins (2

p
270 � 1). We

can note (see optimal histogram on the �gure 6) that
only 5 values are taking into account in order to model
this variable. The Table 2 proposes, for the Heart
database, the number of �nal states of all the vari-
ables. Of course, variables taking binary or nominal
values are not sampling. In this table, only variables
which appear with an asterisk are build with the pro-

Figure 5: Initial histogram, Heart database

Figure 6: Optimal histogram, Heart database

posed algorithm.

Final results are presented on the Tables 3 and 4.
The proposed method allows to obtain 86:0% of good
classi�cation in taking into account the costs with op-
timal variables towards 83:3% for the best method pro-
posed by Friedman in [6].

5.2 Melanoma database

A second database consists in a set of 19 continuous
variables extracted from 83 images of dermatological
lesions used to early detect a kind of skin cancer (malig-
nant melanoma). Details concerning the features can
be found in [16]. The database is composed of 63 naevi
(no pathological lesions) and 20 melanoma.

Figures 7 and 8 propose the optimal sampling of
the 8th attribute (a photometric interpretation of the
homogeneity in the lesion) of the Melanoma database.
Figure 7 represents the initial histogram with 17 bins
(2
p
83� 1). The optimal histogram, proposed on �g-

ure 8, has only 3 bins allowing to reduce signi�cantly
the numbers of states of the variable. Final results
are presented in the following tables (Tables 5 and 6).
The proposed method allows to obtain 90:3% of good
classi�cation towards 54:2% for the method without



Table 2: Number of states for the variables of the Heart
database

Number of states

1 12*
2 2
3 4
4 17*
5 7*
6 2
7 3
8 12*
9 2
10 6*
11 3
12 7*
13 3

Table 3: Results without optimal sampling on the
Heart database

% Reality

Decision absence presence

absence 84.2 15.8
presence 31.3 68.7

Figure 7: Initial histogram, Melanoma database

optimal sampling.

Table 4: Results of the method with optimal histogram
on the Heart database

% Reality

Decision absence presence

absence 85.9 14.1
presence 13.3 86.7

Figure 8: Optimal histogram, Melanoma database

Table 5: Results without optimal sampling on the
Melanoma dataset

% Reality

Decision Naevus Melanoma

Naevus 90.0 10.0
Melanoma 57.1 42.9

6 Conclusions

Naive-Bayes has been used as an e�ective classi�er for
many years. This paper focuses on the advantages of
discrete data and information in belief networks clas-
si�ers. The main contribution of this work consists
in using optimal histogram in order to approximate as
well as possible the probability distributions of random
variables. We propose an optimal histogram building
scheme which induces a sampling of continuous vari-
ables existing in the network. This allows to :

� use only discrete variables to infer the network,

� extend the Naive-Bayes classi�er capabilities in
addition to an easy structure and an e�cient clas-
si�cation process.

Results on biomedical databases have been realized in
order to demonstrate the e�ectiveness of the proposed
methodology. Future work is concerned with the eval-
uation of the proposed methodology in the context of
several networks structures (Tree Augmented Naive-
Bayes, General Bayesian Network). In addition, an

Table 6: Results of the method with optimal histogram
on the Melanoma dataset

% Reality

Decision Naevus Melanoma

Naevus 90.0 10.0
Melanoma 9.5 90.5



extension of these networks in order to reason under
uncertainty with belief structures are in progress [5].
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