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Abstract - This paper compares different fusion
processes in terms of error probability and robustness.
To begin with, simple fusion operators are studied in the
general framework of two binary sensors (Maximum
Likelihood and logical fusion functions like ‘or’,
‘and’…). In the sequel, the comparison is extended to
likelihood vectors adding other fusion operators (T-
norms, T-conorms, means operators). Finally, different
models of fusion processes informed with the source
uncertainty are proposed and demonstrate to have good
robustness properties.

Keywords: sensor data fusion process, error probability,
robustness, imprecision, reliability, uncertainty.

1. Introduction

The combination of uncertain information is a
fundamental need in the case of multi-sensor system
observations [1]. Considering that we know the physical
sensor model density of the conditional measure of the
hypothesis, the fusion process capability  is evaluated by
the Bayes risk. Two frameworks are successively
presented: the combination of detection or binary
information and the combination of likelihood vectors.

In the binary framework, the behavior of typical logical
fusion processes AND, OR are compared to the
Maximum Likelihood application in terms of the Bayes
risk. We highlight that the Maximum Likelihood is
adaptive in function of the known capability of each
sensor. It selects the logical operator with the minimum
Bayes risk.

The Maximum Likelihood combination presents the
drawback to be sensitive to the lack of knowledge of the
sensor capabilities.

In the frame of likelihood vectors we compare the
behavior of  the typical operators MIN, MAX and MEAN
with the Maximum Likelihood optimal operator in terms
of capabilities and sensitivity.  It is shown how the usage
of sub-optimal  operators allows to reach more robust
results, but poorer performances.

Different models of uncertainty (reliability, entropy and
precision) are presented. It is demonstrated that an

operator informed by the sources uncertainties provides
more robust results while preserving performances.

2. Multidetector fusion

2.1 Optimal Multidetectors fusion

A fusion operator could provide a decision D accounting
with the elementary decisions of each sensor (d1, d2),
with the sensors capabilities (Pd, Pfa) and with the a
priori hypotheses (H1, H0) (figure 1). The decision D is
the choice of a final hypothesis between H1and H0.
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Figure 1 : multidetectors fusion schema

Assume that we know the detection probability Pd and
the false alarm probability Pfa for each detector, the
target presence probability P(H1) and the target absence
probability P(H0), (P(H0)+P(H1)=1). This knowledge
infers the decision error probability for the sensor i (1):
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The fusion operator carries out a logical combination of
elementary detection from each sensor. Considering two
sensors, there is 16 possible logical functions. But a
fusion operator µ requires the monotonous  property (2):

[ ]
)B()(A B A ,2  B A,  if monotonous is 

(2)                   0)( with , 1,02 : 

µ≤µ⇒⊆∈∀µ

=∅µ→µ
Ω

Ω

This property restricts to six usable logical functions [2]
(table 1).

Table 1 : The six logical operators



Sensor 1 Sensor 2

d1 d2 f 1 f 2 : and f 4 : dictate d1 f 6 : dictate d2 f 8 : or f 16

0 0 0 0 0 0 0 1

0 1 0 0 0 1 1 1

1 0 0 0 1 0 1 1

1 1 0 1 1 1 1 1

0 Pd1*Pd2 Pd1 Pd2 Pd1+Pd2-Pd1*Pd2 1

0 Pfa1*Pfa2 Pf1 Pf2 Pfa1+Pfa2-Pfa1*Pfa2 1

Pd fusion

Pfa fusion

Monotonous logical functions

error probability Pe fusion = P0*Pfa fusion+P1*(1-Pd fusion)

The fusion using the Maximum Likelihood criteria (3) is
compared to the previous operators. 
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where λ is the decision threshold.
The Maximum Likelihood involves an optimal decision
rule which could be written as a weighted sum of each
elementary decision (4) [3, 4]:
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The conditional probability of the couple (d1,d2) given by
the hypothesis (H0, H1) is related to elementary detector
statistics (table 2).

Table 2: Conditional probabilities of the couple (d1,d2)

d1 d2 P(d1,d2|H0) P(d1,d2|H1)
0 0 (1-Pfa1)×(1-Pfa2) (1-Pd1) ×(1-Pd2)
0 1 (1-Pfa1)×Pfa2 (1-Pd1)×Pd2

1 0 Pfa1×(1-Pfa2) Pd1×(1-Pd2)
1 1 Pfa1×Pfa2 Pd1×Pd2

The total error probability is given by (5):
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We assume for each sensor:  Pd > Pfa. The first sensor
capabilities are constant. We represent the error
probability due to the different fusion processes with the
second sensor capabilities variable (Pd2). The Maximum
Likelihood selects the most appropriate logical
combination operator accurately to relative merits of each

detector. On figure 3 in sequence: first sensor dictate -
logical OR - second sensor dictate. The Maximum
Likelihood is an operator with a variable behavior. 

We notice :
- The logical AND is appropriate when sensors have
a high Pfa.
- The logical OR is appropriate when sensors have a
low Pfa.
- The dictate is the optimal solution when one of the
sensor is very much better than the other.

Figure 2: Error probabilities of the logical and Maximum
Likelihood fusion processes in the binary frame.

2.2 Optimal Multi-detector fusion applied to
Gaussian density measures.

The values of Pfa, Pd, Pe for each sensor are defined by
the knowledge of the conditional density to hypothesis.

We assume the following distributions for:
- first sensor:          P(x|H0)=N (0, σ²), P(x|H1)=N (m1, σ²)
- second sensor:     P(y|H0)=N (0, σ²), P(y|H1)=N (m2, σ²)

The analysis is restrict to Gaussian densities but most of
the useful densities are exponential distributions for
which it is easy to generalize the subsequent calculations.
The Pfa and the Pd are statically estimated (figure 3), (6).

dx )H|p(xPfa T 0∫= ∞ , dx )H|p(xPnd T
1∫= ∞− (6)

(Pnd =1-Pd)

The error probability is calculated like previously (1), (5).



Pfa area of  sensor  2
Pnd area  of
sensor  2
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P(x |H 0)
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Figure 3: Gaussian measures description
We consider two sensors with conditional independent
measurements. Each sensor admits distributions with
the same standard deviation but  with different averages.
The first one is separated from three σ of its
measurement noise and the second one is separated from
six σ of its measurement noise. The first sensor threshold
is fixed and the second one is moving (figure 4).

3  σ
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V a r i a b l e
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f o r  s e n s o r   2

Figure 4: Experiment description

The Maximum Likelihood (ML) fusion have a variable
and optimal behavior which always chooses the logical
function providing the best performance (figure 5), here
in the sequence : logical AND - second sensor dictate -
logical OR - first sensor dictate.

Figure 5: Error probabilities of the logical and Maximum
Likelihood fusion processes in Gaussian measures frame

2.3 Model sensitivity

The values of Pd and Pfa are actually never well known
because the knowledge of the conditional distributions to
the classes is imprecise. The influence of these misread
distributions on the fusion process is analyzed according
to  figure 6.
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Figure 6: Sensitivity analysis

To damage the measures, the signal distribution of the
second sensor is translated nearer to the noise (figure 7).
The previous analyze is repeated with the add-on of the
biased Maximum Likelihood decision (figure 8).



Figure 7: Biased measures description

Figure 8:  Error probabilities of the fusion processes and
of the biased Maximum Likelihood fusion process

The error probability of the biased Maximum Likelihood
compared to the actual optimal Maximum Likelihood has
increased while it believes doing the best fusion (figure
8). We can observe this waste of efficiency reported to
the normalized optimal performance (figure 9).

Figure 9:  Waste of optimality of the biased ML fusion
process

This waste of optimality can be minimized using sub-
optimal schemes doing a compromise between robustness

and precision. In the sequel, we will exhibit these
methods on the more complete frame of likelihood
vectors fusion.
In the article [2] we can observe the loss of performances
of fusion based on entropy criteria (which is well known
to lead to robust estimators).

3. Likelihood vectors fusion

3.1 Framework and likelihood vectors fusion
Operators

Each sensor provides a likelihood vector. The detector
model is more sophisticated ; it gives for each measure X
the estimated value of the conditional probability of the
classes  (figure 10).

M e a s u r e  p o i n t  X  =  x

P(x |H 1 )

P (x |H 0)

Figure 10: Likelihood vector model
Two likelihood vectors from the measurement point x
and y are respectively provided from the first and second
sensor: V1=[P(x |H1); P(x |H0)], V2=[P(y |H1), P(y |H0)].

The operator combines the vectors to one global
likelihood vector. Its maximal component determines the
class affectation. The fusion operators used have to verify
some properties. There are chosen among the family of
the Triangular-norms and Triangular-conorms operators,
which respectively generalizes conjunction and
disjunction operators [5].

The T-norm function is: T(x, y) ∈ [x, y]² → [0, 1]
It satisfies to these properties :
Bounds conditions: T(0,0)=0 and T(x,1)=T(1,x)=x
Monotony:        T(x, y) ≤ T(z, t) if x≤z and y ≤ t
Commutativity: T(x, y) = T(y, x)
Associativity:         T[x, T(y, z)] = T[T(x, y), z]
Symmetrically, T-conorms  are defined :

⊥(x, y) ∈ [x, y]² →[0, 1]
Bounds conditions: ⊥(1, 1)=1 and ⊥(x, 0)= ⊥(0, x)=x
With the same monotonous, commutative and associative
properties.
T-norms and T-conorms are dual:
⊥(x, y)=N[T(N(x), N(y))], where N(.) is a negation
operator.



The associative property is crucial because it allows to
decompose a function of several variables on several
functions of two variables.

Some couples of T-norm and T-conorms are :
Min: T(x, y)=min (x, y), which is the extension of the
logical AND.
Max: ⊥(x, y)=max (x, y), which is the extension of the
logical OR.
The linear conjunction:           T(x, y)=max (0, x + y-
1) The linear disjunction:   ⊥(x, y)=min (1, x +
y)
The probabilistic weighting:   T(x, y)=x.y, which is
the Maximum Likelihood operator
and its T-conorrm :   ⊥(x, y)= x + y - x.y

3.2 Schweizer and Sklar operators family

We often search intermediary operators  among the
previous operators. Many authors have defined
parameterized family of T-norm able to seek the T-norm
set [6, 7, 8,9]. We are particularly interested by the T-
norm family proposed by Schweizer and Sklar (8):
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It is useful to represent these different functions in the
plane of likelihood ratio (figure 11). We plot the
combination function by fixing a constant ratio (here
k=0.5) between the normalized likelihood ratios of the
sensors for the following values of p : −10; −5; −3; −2;
−1.5; −1; −0.5; 10-6; 0.5; 1; 3; 10.
When the parameter p is moving, we observe that the
operator of Schweizer and Sklar seeks the T-norms (right
part of the figure) and T-conorm (left part) set (figure
11).

Figure 11:     Likelihood ratio plane

So we can estimate the parameter p in order to have
robust behavior while preserving  T-norms properties
which are fundamental for the implementation of the
fusion process.

In this framework the error probability of each sensor i
(9) is calculated:
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Point o_i corresponds to the intersection of the noise and
signal distributions for each sensor.

The first sensor performances are fixed (its distribution
mean m1 and standard deviation are constant). The
second sensor performances are variable (the signal
distribution mean m2 increases). For each couple (m1,
m2), the global decisional error probability of the fusion
process is calculated (10), where x and y are the
estimated measures of the first and second sensor. This
analyzing form is kept up to the end of the article.
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We observe that the probabilistic T-norm does the Bayes
optimum (ML) and covers a large range of operators
(figure 12).

Figure 12:     Error probability of the Schweizer and Sklar
operators family

3.3 Model sensitivity

Like previously, we assume a bad knowledge of the
probabilistic density functions. The mean of the
conditional probability density  function of the second
sensor is biased  : m2 biased = m2 × R . We are examining
the robustness of the Schweizer and Sklar operators
family by moving its parameter p.



The figures represent the waste of optimality of the
biased fusion operators compared to the true optimal ML.
The ML is optimal but not robust. We find an
improvement of robustness but a waste of optimality for
some values of p (figure 13, 14)

Figure 13:     Waste of optimality of the fusion operators
compared to the truly optimal ML (R=0.2)

Figure 14:     Waste of optimality of the fusion operators
compared to the truly optimal ML (R=6)

The Schweizer and Sklar operator parameterized with
p=-0.4 seems to do a quite good compromise.

4. Estimator informed by the
uncertainty

4.1 Benefits of the uncertainty model

The previous paragraph has shown there is a compromise
to do between optimality and robustness. A precise

estimator result involves to use a rich model, so the
sensitivity to tiny variations inflates. A robust estimator
is at the same level of information less efficient than an
optimal estimator when hypotheses are satisfied. A mean
to obtain a robust result, without waste of efficiency
moreover with upgrading the process,  is to add
information. How ? By modeling uncertainty.

The bet made is that the model of uncertainty is easily
identifiable and a measure of uncertainty based on this
model will allow to upgrade the fusion capabilities. In
fact it is often quite easy to determine whether or not a
result has more chance to be accurate than another. We
will model the uncertainty of the likelihood vector by the
help of the measure imprecision and the lack of
knowledge on the probabilistic density functions. This
leads to the subsequent models :
- sources reliability account combination
- sources entropy account combination
- sources imprecision account combination

Sources reliability account combination:
Reliabilities Fij relative to the measures mi and to the
event Hj are introduced in the fusion process (11) [10,
11].
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Sources entropy account combination:
The fusion is weighted by the information quantity given
by each source i. This weighting strategy gives the Joint
Likelihood Vector (12).
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j={0;1} for the hypothesis H0 and H1.
i={1;2} for the first and second sensor measure.

Sources imprecision account combination:
The model use the covariance of likelihood vectors:

[P(x| H1) ; P(x| H0) ; σ1],  [P(y| H1) ; P(y| H0) ; σ2]
Where x and y are the measure points of the first and
second sensor. σ1 and σ2  represent the measure precision
of the sensors. The fusion operator combines the
likelihood vectors by weighting their components with
the normalized standard deviations W=σ1/(σ1+σ2):

P(x, y| H1) = P(x| H1) 
1-W  × P(y| H1)

 W

P(x, y| H0) = P(x| H0) 
1-W  × P(y| H0)

 W

The fusion is improved in terms of capabilities and
robustness. For instance, we will demonstrate these
benefits by analyzing the behavior of operators informed



by the first uncertainty model. It’s the source reliability
account combination model.

4.2 Behavior of some reliability account
combination model.

We introduce a reliability for each sensor: F1 and F2.
There are the probabilities that the first and second
sensor measures are reliable. In this case the measures
obey to a Gaussian probability density function P(x|Hj)
and P(y|Hj). The sensor error probability is calculated
like previously.
(1-F1) and (1-F2) are the probabilities that the first and
second sensor measures are  not reliable. In this case we
assume that the measures obey to the same uniformed
probabilistic density function Q(x) and Q(y). It represents
a new type of error which occurs with the probability (1-
Fi) in a measure sequence.

The error probability of the sensor i for the hypothesis H1

and H0  (13) is:
(13)
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The fusion process error (14) have to account with the
four possible cases  of sensor reliabilities.
 (14)
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To demonstrate the gain of the reliable process, we
compare the Maximum Likelihood informed with
reliability and the ML without reliability. We recall the
ML is the probabilistic weighting operator:
T(P(x|H1), P(y|H1)) = P(x|H1)×P(y|H1), 
T(P(x|H0), P(y|H0)) = P(x|H0)×P(y|H0)
The decision D is
max{T(P(x|H1), P(y|H1));T(P(x|H0), P(y|H0))}

In the process with reliability, the conditional probability
density functions P(x|Hj) and P(y|Hj) become:
P’(x|Hj)=1-F1(1- P(x|Hj))
P’(y|Hj)=1-F2(1- P(y|Hj))
We easily note :
If F1→1, P’(x|Hj)→P(x|Hj).
If F1→0 and F2>F1, P’(x|Hj)→1 so P(y|Hj) is used with
its maximal reliability F2.

The following result demonstrates the benefits provided
by  this uncertainty model. The chart represents the error
probability of the ML informed and ML uninformed by
reliability in function of the Gaussian distribution
average of the second sensor measures (figure 15, 16).

4.3 Robustness to the lack of knowledge.

Modeling the uncertainty is benefic to increase the fusion
capabilities. The purpose is here to highlight the
robustness of a process informed by uncertainty, for
instance the reliability. We assume a lack of knowledge
on the reliability of the second sensor: F2-30%F2<F2< F2-
30%F2. The main goal is to prove that the fusion process
is not sensitive to a misreading of reliability compared to
an uninformed process. The process decision is biased by
using the false F2. The error probabilities of the fusion
processes is calculated with the true values of reliability.

We establish that a bad knowledge on the reliability does
no harm if the ratio F1/F2≠1 (figure 15). The error is
increased if the ratio is closed to 1 (figure 16), but is still
being less important than the process without reliability.

Figure 15:        Error probability of the reliable Maximum
Likelihood operator (F1=0.6, F2=0.2)



Figure 16:        Error probability of the reliable Maximum
Likelihood operator (F1=0.6, F2=0.6)

Reliabilities are taken into account. The objective is to
select between all admissible operators (T-norms) the
more robust to the misreading of reliabilities, and
measure the benefit toward reliable Maximum
Likelihood. For this propose we will compare the ML
operator and the parameterized operators from the
Schweizer and Sklar family erroneously informed with
the optimal ML operator truly informed  (figure 17).

Figure 17:    Waste of optimality of the reliable Schweizer
and Sklar operators (F1=0.6, F2=0.6) compared to the
truly optimal reliable Maximum Likelihood operator

The conclusion is that reliable Maximum Likelihood is
quite robust and the value p=-0.1 for the Schweizer and
Sklar operator is also quite robust.
The loss using inadequate value of p (p=10) inflates the
error but the performance is often still better than for
unreliable Maximum Likelihood.

5. Conclusion

Three order models have been considered in this paper :

First order model:
Data quality is ignored. Robustness is incompatible with
precision. The robust operator is less accurate than the
optimal operator if the hypothesis are verified. A
compromise between must be selected.

Second order model:
Data quality are introduced, the model is informed by
this quality which is easily measurable. The process is
more accurate and robust. A way to preserve the
capabilities and to win robustness is to use  operators
informed by  uncertainty models.

Third order model:
We introduce the quality of the quality. The gain of
efficiency obtained is not worth particularly if the
information sources have very different capabilities
(S1/S2≠1). Using a robust operator, selected between all
admissible operators (T-norms) does not improve in a
sensitive way the result.

For multisensor data fusion second order model have
attractive properties. That is why we are currently
investigating different types or second order models
based on a mix of:

- sources reliability account combination
- sources entropy account combination
- sources imprecision account combination
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