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Abstract—Using Kalman techniques, it is possible to perform
optimal estimation in linear Gaussian state-space models. When
the Gaussian assumptions are inadequate, the Kalman-type
filters fail to be optimal. Classical filtering methods, such as
the particle filter or Zakai filter can still be optimal as they
provide not only the mean and covariance matrix estimations
but also the conditional probability density of the state, given
the observations. In this article, we propose a new method to
calculate the filtering distribution. Our method is grid-based,
and uses the convolution method to calculate the prediction step.
The novelty of our approach is that we apply a fast Fourier
transform technique to obtain a competitive numerical algorithm.
Our approach is compared to classical methods such as UKF,
EKF and particle filters.
Keywords: Non linear filtering, Kalman type filtering,
Convolution method, fast Fourier transform

I. INTRODUCTION

Many problems in statistical signal processing, times se-

ries analysis and econometrics can be stated as follows.

The sequence {xk; k ∈ N}, xk ∈ RNx , is assumed to

be a hidden Markov process with initial distribution p(x0).
The observation {yk, k ∈ N}, yk ∈ RNy , are condition-

ally independent given the process {xk; k ∈ N}. Within

a Bayesian framework, all relevant information about the

sequence {x0,x1, · · · ,xk} given the observations up to and

including time k can be obtained from the conditional posterior

distribution p(x0,x1, · · · ,xk|y0,y1, · · · ,yk). In our approach

we are interested in estimating recursively in time the density

p(xk|y0,y1, · · · ,yk), commonly called filtering distribution.

This problem is known as the Bayesian filtering problem or

optimal filtering.

Except from a few special cases, including linear Gaussian

state space models and hidden finite space Markov chains, it

is impossible to evaluate the filtering distribution analytically.

In the literature, there exist four different methods for Non-

linear Bayesian filtering: Kalman type filters [8] [10], particle

filtering [12], quantization method [15] and Zakai filter [2]

[16]. The last method is grid-based, where the prediction

equation is approximated using finite differences. Despite

the increasing development of computer processing power in

the recent years, this approximation has found little applica-

tion. The question of how to calculate filtering distribution

p(x0,x1, · · · ,xk|y0,y1, · · · ,yk) efficiently, so as to satisfy

as many real-time constraints as possible, still remains, in

particular when the space dimension is greater than two. Just

like the difficulty encountered in 3-D fluid dynamic computa-

tion, the principal problem for multidimensional applications

is that a large-scale system has to be solved at each time step.

This fact renders the approach unusable, because the number

of points in a multidimensional regular grid is considerable.

Special techniques have been used, such as adaptative local

refinement and multigrid method.

Current research has now focused on Monte Carlo integra-

tion methods, which also have the important advantage of not

being subject to the assumption of linearity or Gaussianity in

the model [13] [5] [12].

The main objective of this article is to propose a new

approach to calculate the filtering distribution by convolution

method. The approach is based on the fact that the probability

density function of the sum of two independent random

variables is the convolution of each of their density functions.

Nevertheless, the numerical convolution remains quite time-

consuming and this make the calculation non practical for mul-

tidimensional case. For this reason we propose the technique

of Fast Fourier Transformation (FFT).

The paper is organized as follows. First we present the

problem, and recall the principle of Bayesian filter. Next, the

convolution filter approach for dynamical systems is detailed.

Finally this approach is tested on some simulated case studies.

II. PROBLEM STATEMENT

Let us consider the following generic stochastic filtering

problem in a dynamic state-space form [7]

xn+1 = f(xn,un) + wn (1)

yn = g(xn) + vn (2)

Where equation (1) and (2) are called state equation and

measurement equation respectively. xn represents the state

vector, yn is the measurement vector, un represents the input

vector in a controlled environment. f : RNx × RNu �→ RNx

and g : RNx �→ RNy are two vector valued functions. wn

and vn represent the dynamical noise and measurement noise

respectively, with appropriate dimensions. The state equation

(1) characterizes the state transition probability p(xn+1|xn),
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whereas the measurement equation (2) describes the proba-

bility p(yn|xn) which is further related to the measurement

noise model. These equation reduce to the following special

case where a linear Gaussian dynamic system is considered

xn+1 = Anxn + Cnun + wn (3)

yn = Hnxn + vn (4)

where x0 ∼ N (μ0, Σ0), wn and vn are sequence of mutually

independent random variables such that wn
i.i.d.∼ Fw and

vn
i.i.d.∼ F v . In equations (3) and (4), An, Cn and Hn

are called transition, input transfer and measurement matrix,

respectively. It is a very common choice to assume that the

noise probability density functions (pdfs) Fw = N (0,Σw)
and F v = N (0,Σv) are Gaussian, with known parameters.

The analytic filtering solution is given by the Kalman filter

[9], in which the mean and state-error correlation matrix

are calculated and propagated. In such a framework, Kalman

techniques are optimal in the sense of minimizing the mean

squared error. There are however, a number of cases where the

Gaussian assumptions are inadequate, as for example when the

measurement function is non linear.

In the following, we present the principle of sequential

Bayesian estimation. Two assumptions are used to derive the

recursive Bayesian filter : (i) The state follows a first-order

Markov process p(xn|x0:n−1) = p(xn|xn−1); (ii) the obser-

vations are independent of given states. For notation simplicity,

we denote by Yn the filtration y0:n := {y0, · · · ,yn} and by

p(xn|Yn) the conditional pdf of xn given Yn. From Bayes

rule we have

p(xn|Yn)

=
p(xn,Yn)

p(Yn)
=

p(xn,yn,Yn−1)
p(Yn)

=
p(yn|xn,Yn−1)p(xn,Yn−1)

p(yn,Yn−1)

=
p(yn|xn)p(xn|Yn−1)p(Yn−1)

p(yn|Yn−1)p(Yn−1)

=
p(yn|xn)p(xn|Yn−1)

p(yn|Yn−1)

=
p(yn|xn)

p(yn|Yn−1)

∫
p(xn|xn−1)p(xn−1|Yn−1) dxn−1

(5)

As shown in (5), by knowing p(xn−1|Yn−1) the posterior

density p(xn|Yn) obtained by applying the following three

steps:

· Prediction: The prior p(xn|Yn−1) defines the knowledge

of the model

p(xn|Yn−1) =
∫

p(xn|xn−1)p(xn−1|Yn−1) dxn−1

(6)

where p(xn|xn−1) is the transition density of the state

defined by equation (1).

· Correction: The likelihood p(yn|xn) determines the

measurement noise model in equation (2).

· Normalization: the denominator involves an integral

cn = p(yn|Yn−1) =
∫

p(y|xn)p(xn|Yn−1) dxn

Calculation or approximation of these three terms are the

essence of the Bayesian filtering and inference. From the

scientific computing point of view, the second and third terms

are not expensive, whereas the prediction step is very time-

consuming because a numerical integration has to be done

over the whole state space for each point of the space.

In the Zakai filter [2] [16], the step is performed by solving a

so-called Fokker-Planck equation. In the particle filters [5], this

step is done by propagating weighted particles according to the

dynamical model (1). Here we propose a different approach,

based on the fact that in the case of additive noise model,

where the equation (6) can be considered as a convolution of

two independent random variables, FFT can be used to solve

the problem.

III. PREDICTION BY CONVOLUTION METHOD WITH FFT

TECHNIQUES

A. Prediction by Convolution

Proposition 3.1: Let X and Y be two independent Rd r.v.

that admit pdf ϕ(x) and φ(y) respectively, then the pdf ψ of

v.a. Z = X +Y is product convolution of ϕ and φ. ∀x ∈ Rd

ψ(x) = ϕ∗φ(x) =
∫

ϕ(x−y)φ(y) dy =
∫

ϕ(y)φ(x−y) dy.

(7)

The equation (6) can be interpreted as an application of the

above result for model (1). Let q−n (x) := p(xn|Yn−1) be the

prior pdf of xn given Yn−1 and qn−1(x) := p(xn−1|Yn−1)
the pdf of v.a. xn−1 given Yn−1, Fw is a known Gaussian

distribution, then xn = f(xn−1,un−1)+wn−1 is sum of two

independent random variables. From Proposition 3.1 we have

q−n (x) =
∫

Fw(x− f(y,un−1))qn−1(y) dy ∀x ∈ Rd (8)

because the noise wn−1 has a Gaussian distribution Fw.

B. Discrete Fourier Transformation

For notation simplicity, we present here only the case in

dimension one. Multidimension Fourier transformation can be

found in the literature [1], [11] and [6].

The sequence of N complex numbers s(0), · · · , s(N − 1)
is transformed into the sequence of N complex numbers

Ŝ(0), · · · , Ŝ(N − 1) by the discrete Fourier transform (DFT)

according to the formula:

F(s)(k) = Ŝ(k) =
N−1∑
n=0

s(n)e−
2πi
N kn, k = 0, · · · , N − 1

where i is the imaginary unit and e−
2πi
N is a primitive Nth root

of unity, the transform is denoted by Ŝ = F{s}. The inverse

discrete Fourier transform (IDFT) is given by

s(n) = F−1(Ŝ)(n) =
1
N

N−1∑
k=0

Ŝ(k)e
2πi
N kn, n = 0, · · · , N−1
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The circular convolution of two N-periodic functions xN (n)
and yN (n) is defined by

x ∗ y(n) =
N−1∑
k=0

x(k)y(n − k) =
N−1∑
k=0

x(n − k)y(k) (9)

The DFT is widely used in signal processing thanks to

following proposition

Proposition 3.2: Let X̂(k), 0 ≤ k ≤ N − 1 and Ŷ (k), 0 ≤
k ≤ N−1 be the DFT of N-periodic functions x(n) and y(n)
respectively, then the convolution of x and y can be obtained

as the product of the individual transforms.

F(x ∗ y)(k) = x̂ ∗ y(k) = X̂(k)Ŷ (k) k = 0, · · · , N − 1
x ∗ y(n) = F−1(X̂ · Ŷ )(n) n = 0, · · · , N − 1

(10)

This proposition is called convolution theorem.

A DFT decomposes a sequence of values into components

of different frequencies. Computing a DFT of N points in the

naive way, by using the definition, takes O(N2) arithmetical

operations, and it is often too slow to be practical. In 1965,

Couley and Tukey [4] proposed a way to obtain the same

result in O(N log N) operations. The difference in speed can

be substantial, especially for long data sets where N may be in

the thousands or millions and the computational burden can be

reduced by several orders of magnitude. The improvement is

roughly proportional to N/ log(N). This improvement made

many DFT-based algorithms practical. FFTs are of great

importance to a wide variety of applications [1], [11].

We can in practice limit the domain of discretization in a

region. This is a widely used in numerical PDE discretization.

For example, let’s consider a standard normal r.v. X ∼
N (0, σ2). By observing P (|X| > 6σ) < 1.97e−9, the support

of this function can be reasonably limited to [−6σ, 6σ]. It is

well known that to calculate convolution product of two non

periodic signals with limit-support, we can expand the support

by adding zeros. For instance, if {x(n), 0 ≤ n ≤ Mx − 1}
and {y(n), 0 ≤ n ≤ My −1} are Mx and My support signals,

we can defined two Mx + My-periodic signals

x̄(n) =
{

x(n) if 0 ≤ n < Mx

0 if Mx ≤ n < Mx + My

ȳ(n) =
{

y(n) if 0 ≤ n < My

0 if My ≤ n ≤ Mx + My

Then we easily verify that their Mx+My-circular convolution

coincide with classical convolution.

x ∗ y(n) =
k=∞∑

k=−∞
x̄(k)ȳ(n − k)

Example 1 : convolution of two uniform densities: Suppose

that X ∼ ϕ(x) = U [4, 5] and Y ∼ φ(x) = U [8, 10] are two

independent uniform r.v. Then the pdf of Z = X +Y ∼ ψ(x)
is convolution of U [4, 5] and U [8, 10], and it has a trapeze

form:

ψ(x) =
1
2

∫
1[4,5](y)1[8,10](x − y) =

1
2

∫ 5

4

1[8,10](x − y)dy

=
1
2

∫ x−4

x−5

1[8,10](t)dt =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0 x ≤ 12
(x − 12)/2 x ∈ (12, 13]
1/2 x ∈ (13, 14]
(14 − x)/2 x ∈ (14, 15]
0 x > 15

(11)

It is very easy to solve this example by FFT method. At first,

we discretize the densities U [4, 5] and U [8, 10] on a regular

uniform grid to get X and Y ; then we apply FFT to these two

functions to obtain X̂ = F(X) and Ŷ = F(Y ); at the end,

the density ψ(x) can be calculated by a inverse FFT transform

Z̄ = F−1(F(X) · F(Y )) = F−1(X̂ · Ŷ )
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Figure 1. Convolution of U [4, 5] and U [8, 10] by FFT, compared to
analytical solution

Figure 1 shows the numerical results∗. We note that the FFT

solution coincide perfectly with analytical one (11).

IV. FILTERING VIA CONVOLUTION

We describe in this section our approach and the algorithm.

Consider the following filtering problem where the state equa-

tion is linear:

xn+1 = Anxn + Cnun + wn (12)

yn = g(xn) + vn (13)

We suppose here the matrix An is invertible.

A. Affine transformation

Given ϕn(dx) the pdf of the r.v. xn, the r.v. defined by

x⊥
n+1 := Anxn +Cnun is an affine transformation of xn, and

∗The densities have been normalized to 1
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its pdf can be calculated analytically by

ϕ⊥
n+1(dx) = P (Anxn + Cnun ∈ dx)

= P (xn ∈ A−1
n (dx − Cnun))

= ϕn(A−1
n (dx − Cnun))

The implementation of ϕ⊥
n+1(dx) is quite simple. Let

Ωd
n denote the uniform Cartesian regular grid at time

n, and ∀(x1, · · · , xd)′ ∈ Ωd
n a point of the grid, and

ϕn(x1, · · · , xd) the discretized density of ϕn(·) such that∑
(x1,···,xd)∈Ωd

n
ϕn(x1, · · · , xd) = 1. Then by affine transfor-

mation, (x⊥
1 , · · · , x⊥

d )′ = An(x1, · · · , xd)′ + Cnun, the pdf

ϕ⊥
n+1(·) evaluated at (x⊥

1 , · · · , x⊥
d )′ can be obtained by

ϕ⊥
n+1(x

⊥
1 , · · · , x⊥

d ) = ϕn(A−1
n [(x⊥

1 , · · · , x⊥
d )′ − Cnun])

= ϕn(x1, · · · , xd)

The grid formed by (x⊥
1 , · · · , x⊥

d ) is no longer Cartesian

(except in the case An = In), a linear operation can be

done to interpolate the solution to the Cartesian regular grid.

Concerning the computational effort, this operation is not

expensive, because the grid points (x⊥
1 , · · · , x⊥

d ) are structured

as an affine parallelogram grid. We note that this technique can

not be applied when the state transion is not linear.
Example 2: Projection and convolution of two Gaussian

densities: Let’s consider two independents Gaussian den-

sities: X ∼ N((6, 6)′, ([0.52 0.225; 0.225 0.52])); Y ∼
N((3, 3)′, ([0.32 0.081; 0.081 0.32])) and a projection matrix

A = ([1 0.2;−0.2 1]).
In this case, we can calculate analytically the density of

X + Y , AX and AX + Y , their means are respectively

(9, 9)′, (7.2, 4.8)′ and (10.2, 7.8)′. Their covariance matrix

are ([0.34 0.306; 0.306 0.34]), ([0.35 0.216; 0.216 0.17]) and

([0.44 0.297; 0.297 0.26]) respectively.

Figure 2 compares the analytical result with the result

obtained by using the convolution method. The analytical

density of X + Y , AX and AX + Y coincide perfectly with

their numerical solutions.

B. Algorithm

The steps of the algorithm of convolution by fast Fourier

transform (CF-FFT) can be detailed in algorithm 1.

Algorithm 1 Algorithm of filtering via convolution by FFT

Initialization.

Let x0 ∼ ϕ0(·), w ∼ φ(·) = FW (·), Ŵ = FFT(φ)
for n = 1, 2, · · · do

Projection:

x⊥
n ∼ ϕ⊥

n (·) = An−1ϕn−1(·) + Cn−1un−1

Prediction:

X̂⊥
n = FFT(ϕ⊥

n )
x−

n = IFFT(X̂⊥
n · Ŵ)

Update:

xn(·) = ϕn(·) = cnF v
nx−

n (·)
end for

Where F v
n (·) = exp

{− 1
2 |yn − g(·)|2Σv

}
and cn is a nor-

malization constant. The notation | · |2Σ denotes the norm in

2 3 4 5 6 7 8 9 10 11 12 13
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8

9

10
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12

13

Y

X

X + Y

AX

AX + Y

Convolution and projection

Figure 2. Comparison between analytical and FFT convolution solutions in
Gaussian case

RNy associated with the definite positive matrix Σ−1
v , i.e.

|u|2Σv
= u∗Σ−1

v u.

We call the first step projection step because the pdf of

An−1ϕn−1(·) + Cnun−1 is just an affine linear projection of

the pdf function p(xn−1|Yn−1).
At each time step the convolution increases the number of

grid points. Most of the time, however, the posteriori density is

concentrated in a small region of the grid, and the additional

nodes which have been added can be removed. In order to

keep the computational complexity bounded, the last step of

the algorithm performs a reframing operation on the grid

produced after the convolution by eliminating the nodes with

negligible value. The resulting grid is a Cartesian grid which

has generally a lower number of nodes and contains all the

relevant information about the predicted target density.

V. NUMERICAL RESULTS

In this section, we present numerical results in the linear

and non linear case. In the linear case, we will compare our

method with Kalman filter, and in the non linear case, the filter

is compared to the extended Kalman filter (EKF), Unscented

Kalman filter (UKF) and particle filter (PF).

A. Linear filtering

Let’s now consider a linear Gaussian dynamic system (3)-

(4). The model has been simulated with the following pa-

rameters : n = 0, 1, · · · , 50, μ0 = (−6, 4)′, Σ0 = 1.52I2,

Σw = 0.0125
(

1 0
0 0.52

)
, Σv = 0.52I2, un = (0, 0)′,

Hn = I2, A =
(

1 0.05
−0.05 1

)
, the real signal starts from

(−3, 4)′.
In this case, the Kalman filter [9] provides us the mean and

the state error correlation. It is optimal and can be considered

as the reference solution. Its statistics are sufficient in the sense

that its uniquely determine a probability in its entirety. Figure
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3 shows the numerical results. We plot in the same picture

the signal xn,the Kalman filter, the convolution by FFT filter

and the contour of pdf p(xn|Yn) at time n = 50. The CF-

FFT coincides perfectly with KF filter. Let MSE be the mean

squared error (MSE) of the estimator x̂n computed by

MSE =

√√√√ 1
T

T∑
n=1

(xn − x̂n)2

Where xn is the true signal value. The MSE of the KF filter

and CF-FFT are 6.1663e-01 and 6.1662e-01 respectively. The

difference is caused of space discretization, and it is negligible.
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Figure 3. Comparison between Kalman filter and convolution filter by FFT
in linear case

B. Non linear filtering

Consider the non linear measurement equation described by

g(x) =
(√

x2
1 + x2

2, arctan
(

x1

x2

))′

and Σv = ([1.02 0; 0 0.01752]). Both the distance and the

azimuth are observed. The same model as in equation (3) is

used. Figure 4 shows the result. Four filters are implemented

: EKF, UKF, PF and CF-FFT. For PF filter we have used

the PF-EKF method described in [3]. One can note that the

convolution filter is better than the other filters for n < 10,

because it converges more quickly. The filters almost coincide

after n ≥ 30. 1000 histories have been considered, figure 5

shows the RMS error in time average over MC runs:

ERMS(n) =

√√√√ 1
H

H∑
h=1

(xn(h) − x̂n(h))2, n = 0, 1, · · · , 50
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Figure 4. Comparison of four filters : EKF, UKF, PF and CF-FFT in non
linear case
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Figure 5. RMS error in time average over 1000 MC runs

VI. CONCLUSION

The convolution using FFT technique provides an easy way
to estimate condition posterior distribution when the state
dynamic is linear. The advantage of this method is that the
filter is optimal in both linear and non-linear measurement
cases. This method has been applied to the in PHD (Probability
Hypothesis Density) in multitracking context [14]. As all grid-
based methods, it will be difficult to implement in the high
dimensional case. However, the development in dimension 4
is in progress, and we have obtained encouraging results.
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