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Abstract—Joint decision and estimation (JDE) is for solving
problems involving inter-dependent decision and estimation and
was proposed recently based on a generalized Bayes risk. The
currently available JDE algorithm processes data in a batch
manner. This batch method is computationally inefficient or
infeasible for many dynamic JDE problems where measurements
are made available sequentially. Therefore, this paper follows
the same JDE framework based on the generalized Bayes risk
and proposes a recursive version of the JDE algorithm, which
fits the dynamic JDE problems more naturally and inherits
JDE’s theoretical superiorities. Further, a joint performance
measure in the measurement space is proposed for dynamic JDE
problems. To the authors’ knowledge, this is the only performance
evaluation framework currently available for JDE evaluation.
Finally, an illustrative example of the recursive JDE algorithm
is elaborated and numerical simulations comparing it with the
traditional two-stage algorithms (i.e., decide-then-estimate and
estimate-then-decide) are presented.

Keywords: joint decision and estimation, recursive, gener-

alized Bayes risk, performance evaluation

I. INTRODUCTION

Solutions to many practical problems involve both decision

and estimation, which, when tightly coupled, often give rise to

difficulties. This is the so-called joint decision and estimation

(JDE) problem. To be clear, we interpret estimation as infer-

ring a continuous-valued (random or non-random) quantity,

while decision is to make a choice from a discrete candidate

set. JDE problems are not uncommon. Take target tracking and

recognition (or classification) as an example. Here we would

like to know both target state (e.g., position and velocity)

and attribute (e.g., target type). Inference of the target state

is an estimation problem while determination of the target

attribute is a decision process, and they often affect each

other. The inter-dependence between estimation and decision

often incurs additional difficulty for solving JDE problems.

Without knowing the target class, which may contain infor-

mation of target motion, it is hard to estimate target state.

On the other hand, good decision relies heavily on accurate

estimation of target state. Conventional solutions ignore this

inter-dependence either completely (e.g., separate estimation

and decision) or partially (e.g., decision-then-estimation or

estimation-then-decision), making their performance suffer.

As early as in 1968, Middleton and Esposito [1] first

proposed an integrated framework to solve the “simultaneous
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signal detection and estimation” problem. In their view, math-

ematically speaking detection can be considered as a special

case of estimation, or estimation can be viewed as a general-

ized detection process. In practice, however, their differences

should be retained since they are usually treated differently.

In a similar framework, a solution for the multiple-hypothesis

case was given by Fredriksen et al. [2]. As pointed out in

[3], their solution is estimation-oriented. Kadota [4] provided

both estimation-oriented and decision-oriented methods for

a specific example. A limitation of their work is that the

problem formulation is not general: the null hypothesis H0

always has the special form with the estimand (quantity to be

estimated) θ = 0, which need not be estimated at all (if H0

is decided). This formulation is natural for signal reception

problems but limited for many other applications [5]. More

recently, Baygun and Hero [6] proposed integrated methods for

simultaneous signal detection and estimation under false alarm

constraints, where H0 is general and composite. However,

their “estimation” actually means classification, which belongs

to decision in our terminology.

In general, the existing methods for solving JDE problems

can be classified into the following four categories:

(a) Decision-then-Estimation.

It tries to make the best decision from the data first,

and estimation is obtained based on this decision as if

it were certainly correct. This is the most natural way of

thinking and the majority of the JDE problems are solved

in this way. However, although its major drawbacks are

obvious — the possible decision errors are completely

ignored by the estimation process and the decision is made

regardless of the estimation accuracy it would lead to —

an effective remedy is hard to come by within this two-

stage framework.

(b) Estimation-then-Decision.

Some JDE algorithms, e.g., the generalized likelihood

ratio test (GLRT) and the marginalized likelihood ratio

test (MLRT) follow this strategy. It estimates the state (or

the unknown parameters) first and decision is made based

on this estimation. It has some inherent flaws and will

not work well if the estimation depends heavily on the

decision or the estimation is not secondary in the problem.

(c) JDE Based on Density Estimation [7], [8].

This method was proposed to the joint target tracking

and classification (JTC) problems. Its cornerstone is the
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estimation of the mixed density-probability. In order to

solve jointly the tracking and classification problem, the

joint target and classification density-probability

{f({x, Y }1|Z), f({x, Y }2|Z), · · · , f({x, Y }i|Z)}

are inferred recursively by particle filtering or numerical

integration. Here, Z is the available measurement, Yi the

ith target class and x the corresponding target state. For

a JDE problem, in general this hybrid quantity has the

form {x, Y }i , {x(Yi), Yi(x)}, which signifies explicitly

the mutual dependence between x and Y . Although this

posterior mixed density-probability may be a complete

Bayes solution for JDE problems, it is not considered

in this paper for several reasons. First, we are focusing

on the point estimation and decision. Fortunately, most

JDE problems belong to this category. However, a density

estimation based method tries to infer the whole density.

It is an overkill for many problems unless the problem

is truly a density estimation problem. Second, density

estimation is even harder than the JDE problem itself.

Generally speaking, we should avoid intermediate sub-

problems that are even harder than the original problem.

Third, performance of this method is not necessarily good

since the goal of the JDE problem under consideration is

to find the jointly optimal decision and (point) estimation,

not the joint density-probability of target state and class.

Thus, it is better to direct the effort to achieve the final

goal directly rather than to detour to approximate the joint

density-probability and then to make approximation again

to reach the final goal based on the estimated density-

probability.

(d) JDE Based on Generalized Bayes Risk [9], [10], [5].

The foundation of this method is a novel Bayes risk, which

is a generalization of those for decision and estimation

respectively. It has the potential of arriving at the globally

optimal solution. The generalized Bayes risk, which ex-

plicitly considers the inter-dependence between decision

and estimation, is theoretically superior to the conven-

tional two-stage methods (i.e., decision-then-estimation

and estimation-then-decision) and the method of separate

decision and estimation. In this framework, decision cost

and estimation cost are converted to a unified measure by

additional weight coefficients and hence the final results

depend on both decision and estimation performances.

The power of this JDE method was elaborated in [9],

[10] by several challenging JDE applications. However,

the currently available JDE method is a batch process,

which does not fit the dynamic problem well since in many

cases the data are coming sequentially. In this paper, we

specifically denote this method as the batch JDE method

unless stated otherwise.

This paper follows the spirit of the batch JDE algorithm and

develops a recursive implementation. In many applications

(e.g., radar and sonar), measurements are obtained sequen-

tially. The computational demands of the batch JDE algorithm

are increasing as the data cumulating and will eventually

exhaust the system resources. Thus a recursive JDE (RJDE)

algorithm would be attractive and it would fit the problem

more naturally. The concept of recursive estimation is natural

and well accepted. But recursive decision is not orthodox in

decision theory and some people may have reservations. In the

conventional decision framework, once a decision is made, it

is final. For a dynamic problem, however, a tentative decision

is made based on all the available data up to the current time.

When new data arrives, it is rational to review the decision and

update (maintain or change) it by incorporating the new data.

This justifies recursive decision, which fits the dynamic JDE

problem. It is important to point out that, in general, this RJDE

algorithm is only an approximation of the batch JDE method

and may have degraded performance. This is similar to the

case where the optimal linear estimator does not always have

a recursive form [11]. Further studies are needed to examine

the possibility or the conditions that make them equivalent.

This paper is organized as follows. The batch JDE method

is reviewed in Sec. II. The RJDE algorithm is developed in

Sec. III and an illustrative example is presented in Sec. IV.

A performance measure for jointly measuring the decision

and estimation quality in dynamic cases is proposed in Sec.

V. Section VI provides results of numerical simulations.

Conclusions are given in Sec. VII.

II. JOINT DECISION AND ESTIMATION

The Bayes decision risk is defined as

R̄D ,
∑
i

∑
j

cijP{Di, Hj}

where cij is the cost of deciding on Di while the true hypoth-

esis is Hj . P {Di, Hj} is the joint probability of decision and

hypothesis. The optimal decider minimizes this Bayes risk.

The batch JDE method generalizes the R̄D as

R̄ ,
∑
i

∑
j

(αijcij +βijE[C(x, x̂)|Di, Hj ])P{Di, Hj} (1)

where C(x, x̂) is the estimation cost function. By introducing

the weight coefficients {αij , βij} and the conditional expected

estimation cost E[C(x, x̂)|Di, Hj ], both estimation errors and

decision cost contribute to R̄ and the correlations between

decision and estimation are accounted for. Although various

C(x, x̂) are possible (provided they satisfy some admissibil-

ity conditions), quite often the mean square error (mse) is

adopted:

E[C(x, x̂)|Di, Hj ] = E[(x − x̂)′(x− x̂)|Di, Hj ]

= mse(x̂|Di, Hj)

In the sequel, this square error is chosen as the estimation

cost function unless stated otherwise. The weight coefficients

(design parameters) αij and βij are application-dependent and

up to the user to choose.

Algorithm I: The batch JDE algorithm [9], [10], [5].

1) Initialize the algorithm by an initial decision partition

D0 = {D0
1,D

0
2 , · · · ,D

0
m} of the data space Z . (Actually

any set of decision region, not necessarily a partition,
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works in this framework [9]. For simplification, however,

we only consider partition here.)

2) E-step: At each iteration l, for the given partition Dl =
{Dl

1,D
l
2, · · · ,D

l
m} of the data space Z , compute the

optimal state estimate x̂l. For Z ∈ Dl
i,

x̂l = x̌
(i)
l =

∑
j

x̂
(j)
l P̄ (i){Hj |Z}

x̂
(j)
l = E[xl|Z,Hj ]

P̄ (i){Hj|Z} =
βijP{Hj|Z}∑
h βihP{Hh|Z}

3) D-step: Compute the conditional expected estimation cost

̺lij , mse(x̂l|D
l
i, Hj)

= E[(x̂l − xl)
2|Dl

i, Hj ]

=

∫
z∈Di

∫
X

(x̂l − xl)
2dF (z, xl|Hj) (2)

To save space, here we used (•)2 = (•)′(•) to denote the

inner product of two vectors. Given ̺lij , determine the

new decision partition Dl+1 = {Dl+1
1 ,Dl+1

2 , · · · ,Dl+1
m }

by minimizing Eq. (1), which is a standard Bayes decision

problem.

4) Repeat the E- and D-steps until the change of the general-

ized Bayes risk R̄ is smaller than a prespecified threshold.

5) Output the final decision and estimation {D̂, x̂}.

The generalized Bayes risk, which is the foundation of the

batch JDE algorithm, extends the traditional Bayes risk in

several aspects: (a) It is a joint risk for both decision and

estimation. The decision cost, the estimation error and their

couplings are all considered in this framework. (b) Unlike

hypothesis testing, the decision candidate set and the hypoth-

esis set are not necessarily one-to-one in the JDE framework.

(c) The estimation cost function C(x, x̂) rather than C(x̃) is

involved (where x̃ , x− x̂), which empowers the algorithm to

cope with the case where x and x̂ are of different dimensions.

Further, the coefficient βij converts possibly incommensurable

estimation risks E [C(x, x̂) |Di, Hj ] to a unified risk, render-

ing the summation meaningful [9]. (d) The weight coefficients

{αij , βij} provide extra flexibility to fine tune the algorithm.

Further, the relative weights of the decision and estimation

in a JDE problem are captured by the relative magnitudes of

{αij , βij} [9], [10], [5].

Convergence of the batch JDE method is guaranteed, since

steps 2 and 3 will make R̄ at least non-increasing during

iterations. However, it does not necessarily converge to the

joint optimal solution in general (see Appendix B).

III. RECURSIVE JDE

In many dynamic applications the measurements are ob-

served sequentially. Although the batch JDE method of [9] is

theoretically superior, because of its batch processing nature,

it may be computationally inefficient (even infeasible) as data

cumulate, since once new measurements are available, it starts

over again without utilizing the previous results. Following the

same spirit of generalizing the Bayes risk, a RJDE algorithm is

developed in this section. It is attractive that it preserves the

superiorities of the batch JDE algorithm and avoids starting

from scratch when new measurements become available.

The RJDE tries to find the optimal JDE solution recursively

by minimizing Eq. (1) based on sequential data. Ideally, if

the decision partition of the data space Zk (the space of

Zk, where Zk is given in Eq. (5)) and ̺ij (Eq. (2)) can be

calculated recursively, the RJDE and batch JDE would have

the same results, which is, unfortunately, difficult in general.

Hence some approximations have been made to develop a

recursive algorithm. As the data arrive sequentially for each

time k, unlike the batch JDE which computes the decision

partition of Zk, only the space Zk of the current data zk are

partitioned conditioning on all previous data Zk−1. Further,

the conditional expected estimation cost ̺ij is approximated

by εkij of Eq. (7) at time k, which is computed based on the

partition of Zk with additional conditions on Zk−1. Here it is

assumed that the underlying hypothesis Hj does not change

over time, but it can be generalized to the Markov chain case.

Algorithm II: The RJDE algorithm.

1) Initialize the algorithm by the initial parameters, i.e.,

expected estimation cost ε0ij and P{Hj}.

2) The posterior cost at time k is

Ck
i (Z

k) =
∑
j

ckijP{Hj |Z
k} (3)

where

ckij = αijcij + βijε
k
ij (4)

Zk = [z′1, z
′
2, · · · , z

′
k]

′ (5)

3) For time k + 1, update

x̂
(j)
k , E[xk|Z

k, Hj ] → x̂
(j)
k+1

based on Eqs. (16)–(17) in Appendix A. The posterior

probability of hypothesis Hj is updated

P{Hj|Z
k} → P{Hj |Z

k+1}

by Eq. (18) in Appendix A. These quantities are the

functions of measurement zk+1 and can be obtained once

zk+1 is available.

4) Compute the intermediate cost by replacing the term

P{Hj|Zk} in Eq. (3) with P{Hj |Zk+1},

Ck
i (zk+1|Z

k) =
∑
j

ckijP{Hj|Z
k+1}

=
1

ǫ

∑
j

ckijf(zk+1|Z
k, Hj)P{Hj |Z

k} (6)

where ǫ , f(zk+1|Zk) is the normalization factor. Con-

ditioned on all past measurements Zk, the intermediate

cost Ck
i (zk+1|Zk) is a function of zk+1.

5) The decision partition of space Zk+1 for the current data

zk+1 can be determined from Eq. (6) (conditioned on Zk)

{Dk+1|Zk} = {Dk+1
1 ,Dk+1

2 , · · · ,Dk+1
M |Zk}
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where

Dk+1
i = {zk+1 : Ck

i (zk+1|Z
k) ≤ Ck

l (zk+1|Z
k), ∀l}

Note that in order to make the algorithm recursive, only

the partition of Zk+1, not of Zk+1, is computed.

6) Compute the conditional expected estimation cost (con-

ditioned on Zk)

εk+1
ij , mse(x̂k+1|Z

k, Dk+1
i , Hj) (7)

based on the currently available partition of Zk+1. The

̺ij of Eq. (2) in the batch JDE algorithm is replaced

by εk+1
ij , which is further conditioned on all previous

measurements Zk and computed based on partition of

Zk+1 while ̺ij is computed based on partition of the

whole data space Zk+1. This replacement is made since

only partition of Zk+1, not of Zk+1, is obtained in step

5. Playing the same role as ̺ij does in the batch JDE,

εk+1
ij accounts for the (conditional) estimation accuracy

that decision would lead to.

7) Update the intermediate cost Ck
i (zk+1|Z

k) to the poste-

rior cost Ck+1
i (zk+1|Zk) by plugging Eq. (7) into (6)

Ck+1
i (zk+1|Z

k) =
∑
j

ck+1
ij P{Hj |Z

k+1}

=
1

ǫ

∑
j

ck+1
ij f(zk+1|Z

k, Hj)P{Hj|Z
k}

where

ck+1
ij = αijcij + βijε

k+1
ij

Note that Ck+1
i (zk+1|Zk) is also a function of zk+1.

8) Recalculate the decision partition {Dk+1
1 , · · · ,Dk+1

M |Zk}
of Zk based on Ck+1

i (zk+1|Zk) of step 7.

9) Go to step 6 until the termination conditions (e.g., be-

tween two iterations the decision does not change and

the change of the expected estimation cost is smaller than

a prespecified threshold) are satisfied. Output the JDE

solution of time k + 1:

D̂k+1 = {Di : zk+1 ∈ Dk+1
i } (8)

x̂k+1 = x̌
(i)
k+1 =

∑
j

x̂
(j)
k+1

βijP{Hj|Zk+1}∑
l βilP{Hl|Zk+1}

(9)

10) The posterior cost at k + 1 is obtained by taking in the

value of the latest measurement zk+1, Ck+1
i (Zk+1) =

Ck+1
i (zk+1|Zk). Then let k = k + 1 and go to step 2.

The recursion of steps 6–9 is guaranteed to converge, which

can be proved similarly as the case of batch JDE. As men-

tioned before, recursive estimation is widely used for dynamic

problems, while the concept of recursive decision is not

orthodox in decision theory. However, since measurements are

coming sequentially, at each time k, a tentative decision can

be made based on the current and previous data. This tentative

decision can be viewed as the decider’s output at time k and

it is final if no more data are available. However, once new

measurements arrive, this tentative decision should be updated.

Hence recursive decision fits the sequential nature of dynamic

problems.

IV. ILLUSTRATIVE EXAMPLE

Now consider a simple joint target tracking and classifi-

cation problem. The target belongs to two possible classes

Hj , j = 1, 2. Based on measurements, we want to simulta-

neously identify the target class and estimate its state. Clearly

this is a JDE problem. The dynamics model and measurement

model of the target are given by the following linear equation

system

xk+1 = F
(j)
k xk + w

(j)
k (10)

zk = θ
(j)
k xk + v

(j)
k (11)

It is assumed that the target class does not change over time;

the initial target state is normal distributed; the target class is

Bernoulli distributed; and their distributions are all known:

x0 ∼ N (x̄0, P0) (12)

P{H0} = p0, P{H1} = 1− p0 (13)

Further, the standard Kalman filter assumptions [11], [12]

apply to this example: the process noise w
(j)
k and measurement

noise v
(j)
k are mutually uncorrelated white Gaussian noise

sequence with zero mean and covariances Q
(j)
k and R

(j)
k

respectively. They are also uncorrelated with the initial state

x0. The RJDE algorithm presented in Sec. III is given below:

1) Initialize the algorithm by Eqs. (12)–(13).

2) Assume at time k, ckij and P{Hj|Zk} are obtained from

previous loop.

3) When the new measurement zk+1 is available, update the

conditional state estimation and the corresponding mse by

Kalman filter [13], [14]

x̂
(j)
k+1 = x̂

(j)
k+1|k +K

(j)
k (zk+1 − ẑ

(j)
k+1|k) (14)

P
(j)
k+1 = P

(j)
k+1|k −K

(j)
k+1S

(j)
k+1(K

(j)
k+1)

′ (15)

where

ẑ
(j)
k+1|k = θ

(j)
k+1F

(j)
k x̂

(j)
k

P
(j)
k+1|k = F

(j)
k P

(j)
k (F

(j)
k )′ +Q

(j)
k

S
(j)
k+1 = θ

(j)
k+1P

(j)
k+1|k(θ

(j)
k+1)

′ +R
(j)
k+1

K
(j)
k+1 = P

(j)
k+1|k(θ

(j)
k+1)

′(S
(j)
k+1)

−1

Then, the posterior probability of target class Hj follows

P{Hj |Z
k+1} =

f(zk+1|Zk, Hj)P{Hj |Zk}∑
l f(zk+1|Zk, Hl)P{Hl|Zk}

=
N

(j)
k+1(zk+1)P{Hj |Zk}∑

l N
(l)
k+1(zk+1)P{Hl|Zk}

where N
(j)
k+1(zk+1) = N (zk+1; ẑ

(j)
k+1|k, S

(j)
k ).

4) Calculate the intermediate cost Ck
i (zk+1|Zk) by Eq. (6).
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5) The decision partition {Dk+1|Zk} = {Dk+1
0 ,Dk+1

1 |Zk}
is determined by

(ck01 − ck11)L
k+1

D1

≷
D0

(ck10 − ck00)

where

Lk+1 ,
P{H1|Zk+1}

P{H0|Zk+1}
=

f(zk+1|Zk, H1)

f(zk+1|Zk, H0)
Lk

6) Based on the decision region {Dk+1|Zk}, εk+1
ij is up-

dated by

εk+1
ij , mse(x̂|Zk, Di, Hj)

= E[mse(x̂(ij)|Zk+1, Di, Hj)|Z
k, Di, Hj ]

+ E[(x̂(ij) − x̂)2|Zk, Di, Hj ]

= E[mse(x̂(j)|Zk+1, Hj)|Z
k, Di, Hj ]

+ E[(x̂(j) − x̌(i))2|Zk, Di, Hj ]

where the index k + 1 for Di and x were dropped for

simplicity. The third equality holds if zk+1 ∈ Dk+1
i since

x̂
(ij)
k+1 , E[x|Zk+1, Dk+1

i , Hj ]

=

∫
xf(x|Zk+1, Dk+1

i , Hj)dx

=

∫
xf(x|Zk+1, Hj)dx

= E[x|Zk+1, Hj ] = x̂
(j)
k+1

and by Eq. (9), it yields x̂k+1 = x̌
(i)
k+1. These quantities

are not defined if zk+1 is not in Dk+1
i . Further, in this

case, mse(x̂
(j)
k+1|Z

k+1, Hj) = tr(P
(j)
k+1) (see Eq. (15) for

P
(j)
k+1) does not depend on measurement Zk+1, so

εk+1
ij = E[tr(P

(j)
k+1)|Z

k, Dk+1
i , Hj ] + ε̃k+1

ij

= tr(P
(j)
k+1) + ε̃k+1

ij

where ε̃k+1
ij , E[(x̌

(i)
k+1 − x̂

(j)
k+1)

2|Zk, Dk+1
i , Hj ] is dif-

ficult to calculate. It can be approximated by ˜̃εk+1
ij and

obtained numerically by the Monte Carlo method,

ε̃k+1
ij ≈ ˜̃εk+1

ij , E[(x̌
(i)
k+1 − x̂

(j)
k+1)

2|x̂
(j)
k , Dk+1

i , Hj ]

=

∫
zk+1∈Dk+1

i

(x̌
(i)
k+1 − x̂

(j)
k+1)

2dF (zk+1|x̂
(j)
k , Hj)

≈
1

Li

Li∑
li=1

[x̌
(i)
k+1(z

(ij)
k+1,li

)− x̂
(j)
k+1(z

(ij)
k+1,li

)]2

where z
(ij)
k+1,li

(li = 1, 2, · · · , Li) are the simulated mea-

surements (from the distribution f(zk+1|x̂
(j)
k , Hj)) that

lie inside the decision region Dk+1
i . And

x̂
(j)
k+1(z

(ij)
k+1,li

) = E[xk+1|z
(ij)
k+1,li

, Zk, Hj ]

x̌
(i)
k+1(z

(ij)
k+1,li

) =
∑
j

x̂
(j)
k+1(z

(ij)
k+1,li

)

×
βijP{Hj |z

(ij)
k+1,li

, Zk}∑
l βilP{Hl|z

(ij)
k+1,li

, Zk}

can be calculated by the Kalman filter. If some Dk+1
i

are empty, then x̂
(j)
k+1(z

(ij)
k+1,li

) and x̌
(i)
k+1(z

(ij)
k+1,li

) can be

replaced by predictions.

7) Based on the updated estimation error {εk+1
ij }, ckij are

evolved to ck+1
ij by replacing εkij with εk+1

ij in Eq. (4).

8) The decision partition {Dk+1|Zk} is recalculated accord-

ing to ck+1
ij :

(ck+1
01 − ck+1

11 )Lk+1
D1

≷
D0

(ck+1
10 − ck+1

00 )

9) Go to step 6 until the termination criterion is satisfied.

Output the JDE solutions {x̌
(i)
k+1, D̂

k+1} at time k+1 by

Eqs. (8)–(9).

10) Let k = k + 1 and go to step 2.

The numerical results of this example are given in Sec. VI.

V. PERFORMANCE EVALUATIONS

Decision performance and estimation performance are often

evaluated by the correct-decision rate and the estimation mean

square error (mse) respectively. For a JDE problem, however,

these two evaluation criteria are incomprehensive and often

incapable of comparing different algorithms — e.g., one

algorithm may have a higher correct-decision rate but also

a larger mse. In this case, it is not straightforward to tell

which algorithm is superior. In [10], Li et al. proposed a joint

performance measure (PM) based on the statistical distance

between the real measurement and the one-step predicted

measurement. Following the same spirit, we propose a joint

PM for dynamic problems. The mean prediction-measurement

distance γk is defined as

γk ,
∫ ∫

d(zk, ẑk|k−1)dF (ẑk|k−1|x̂k−1, D̂
k−1)

× dF (zk, xk, Hj)

where

d(z1, z2) — distance between the data z1 and z2;

zk — real measurement at time k;

ẑk|k−1 — one-step predicted measurement.

The philosophy of choosing the distance between the real

measurement zk and the predicted measurement ẑk|k−1 as a

performance measure lies in the following remarks:

“A first-rate theory predicts; a second-rate theory

forbids and a third-rate theory explains after the

event.” —Aleksander Isaakovich Kitaigordski [15]

and

“A theory is a good theory if it satisfies two require-

ments: It must accurately describe a large class of

observations ... and it must make definite predictions

about the results of future observations.” — Stephen

Hawking [16]

Therefore, a better algorithm should predict the future mea-

surement better (in terms of some distance measures), and

hence, the mean prediction-measurement distance γk is jus-

tified to be a PM. Further, γk jointly evaluates the decision

and estimation parts of the RJDE algorithm since the errors
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Table I
SIMULATION PARAMETERS

Parameter [F (1), F (2)]k [θ(1), θ(2)]k αij βij cij R
(j)
k Q

(j)
k x̄0 P0 J

Case 1 [1, 1.2] [1, 1] 1

[

0.5 0.2
0.2 0.5

] [

0 1
1 0

]

2 1 1 10 1000

Case 2 [1, 1.2] [1, 0.8] 1

[

0.5 0.25
0.25 0.5

] [

0 1
1 0

]

5 1 1 10 1000

resulting from both parts contribute to γk. So, γk is eligible

to be a joint PM.

In a discrete setting, γk can be approximated by the sample

average εk,

γk ≈ εk ,
1

I

I∑
i=1

ε
[i]
k , where ε

[i]
k =

1

J

J∑
j=1

d(z
[i]
k , z

[i]
k|k−1,j)

and

ẑ
[i]
k|k−1,j ∼ f(ẑk|x̂

[i]
k−1, D̂

k−1,[i]) — the jth one-step predicted

measurement on the ith run of the Monte Carlo simulation;

J — total number of the one-step predicted measurement

generated at each step;

I — total number of runs;

z
[i]
k — real measurement at time k on the ith run.

VI. NUMERICAL SIMULATIONS

Two cases of an illustrative numerical example and

their simulation results are presented in this section. The

RJDE method is compared with the traditional decision-

then-estimation (DTE) and estimation-then-decision (ETD)

methods in terms of the root mean square error (RMSE),

the probability of correct classification (PC ) and the joint

performance measure (JPM) εk. The performance of the ideal

case (which always classifies the target correctly) is also

provided as a performance bound.

In the DTE method, decision is made first at each time k

based on the ratio Lk of the posterior probabilities of H1 and

H0 (provided c10 > c00 and c01 > c11):

if Lk >
c10 − c00

c01 − c11
, decide ĵk = 2;

else, decide ĵk = 1.

Then estimation is obtained by assuming this decision is

always correct, x̂k = E[x|Zk, Hĵk
]. Since the decision part

is optimal in that it minimizes the Bayes decision risk, this

method should performs the best in terms of the PC (if cij is

chosen as in Table I).

In the ETD method, the best estimation of the target state is

obtained by the autonomous multiple model (AMM) algorithm

[17], x̂k =
∑2

j=1 x̂
(j)
k µ

(j)
k , where µ

(j)
k is the model probability.

(AMM is chosen since the target class is invariant overtime.

See [17] for details.) This step is optimal in the sense that

it minimizes the unconditional estimation mse. Then decision

is made based on the ratio of the measurement likelihoods

conditioned on x̂k and Hj .

It should be pointed out that although the first steps of these

two two-stage algorithms are optimal (optimal decider and

optimal estimator respectively) in their own domains (in terms

of Bayes decision risk and estimation mse respectively), the

JDE algorithm has the potential to simultaneously beat them in

terms of both these two criteria. This relies on specific types

of available data: [9] elaborates the case and [10] gives an

example and simulation results.

Two numerical cases with different parameter sets are given

in Table I and simulation results are given in Fig. 1. We are

trying to jointly track and identify the target. The ground truth

was generated according to Eqs. (10)–(11). All the simulation

results were obtained from 1000 MC runs. The initial target

state was Gaussian distributed with mean x̄0 and covariance P0

and the target class was Bernoulli distributed with p0 = 0.5.

Case 1: The dynamic matrix Fk depends on the target

class but the measurement matrix θk does not. Since there

is no model ambiguity, obviously the ideal case sets the

performance lower bounds for RMSE and JPM and an upper

bound (PC = 1) for PC . In terms of RMSE, the ETD performs

the best, as expected, the RJDE is in the middle, and the DTE

is the worst. Their performance differences are not significant.

With respect to PC , RJDE and DTE have almost the same

performance and are much better than ETD. However, as

mentioned before, each of these criteria only measures one

aspect of the algorithms’ performance for the JDE problem.

In terms of JPM, our RJDE method beats the two traditional

methods, meaning that it can make a better tradeoff between

the estimation error and decision error. DTE also outperforms

ETD in terms of JPM, since DTE has much better decision

accuracy than ETD does, while DTE is only slightly worse

than ETD in terms of RMSE.

Case 2: This is a more difficult scenario. Fk and θk are

all dependent on the target class. The measurement noise

covariance R is also increased to a larger value than in case 1.

In terms of RMSE and PC , the RJDE method still performs

in the middle of the other two algorithms. But unlike case 1,

the performance differences among these three algorithms are

much more significant, especially in RMSE. RJDE is still the

best in terms of JPM, while ETD is better than DTE in this

case. The simulation results also show that the correct-decision

rate and estimation mse together are incapable of telling which

algorithm is better for a JDE problem, since an algorithm may

win in one but lose in the other. So, the power of JPM emerges

since it provides a unified measure and evaluates the overall

performance of decision and estimation simultaneously.
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Figure 1. Simulation results of case 1 (left column) and case 2 (right column). The first row is the RMSE, the second row is PC and the
third row is JPM.

VII. CONCLUSIONS

This paper proposes a recursive joint decision and estima-

tion (RJDE) algorithm, which fits the dynamic JDE problems

better since usually measurements come sequentially. The

RJDE follows the same spirit of the (batch) JDE method based

on a generalized Bayes risk and thus inherits its virtues and

theoretical superiorities. The RJDE algorithm is elaborated by

two cases of an illustrative example and its performance is

demonstrated by numerical simulation. It outperforms the tra-

ditional decision-then-estimation and estimation-then-decision

methods in terms of a joint performance measure. To the

authors’ knowledge, this is the only comprehensive and sys-

tematic measure available to evaluate the performance of a

dynamic JDE algorithm. In this paper, it is assumed that the

underlying hypotheses Hj are time invariant. But our method

can be generalized to the Markov chain case, which is con-

sidered as part of future work. Finally, additional issues, such

as determining the parameters αij , βij in realistic applications

and evaluating the performance difference between the batch

JDE and RJDE, are also under further investigation.
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APPENDIX

Appendix A: The posterior PDF of target state xk is updated

by the Bayes formula (assume Hj does not change over time),

f(xk+1|Z
k+1, Hj)

=
f(zk+1|xk+1, Z

k, Hj)f(xk+1|Zk, Hj)

f(zk+1|Zk, Hj)

=
f(zk+1|xk+1, Hj)f(xk+1|Zk, Hj)

f(zk+1|Zk, Hj)
(16)

where

f(xk+1|Z
k, Hj)

=

∫
f(xk+1|xk, Z

k, Hj)f(xk|Z
k, Hj)dxk

=

∫
f(xk+1|xk, Hj)f(xk|Z

k, Hj)dxk (17)

An analytic form can be derived for the Gaussian case. If

f(xk+1|xk, Hj) = N (xk+1; F
(j)
k xk, Q

(j)
k )

f(xk|Z
k, Hj) = N (xk; x̂

(j)
k , P

(j)
k )

then, from Eq. (17) it follows

f(xk+1|Z
k, Hj)

= N (xk+1; F
(j)
k x̂

(j)
k , F

(j)
k P

(j)
k (F

(j)
k )′ +Q

(j)
k )

P{Hj|Zk} can also be obtained recursively:

P{Hj |Z
k+1} =

f(zk+1|Zk, Hj)P{Hj |Zk}

f(zk+1|Zk)

=
f(zk+1|Zk, Hj)P{Hj |Zk}∑
l f(zk+1|Zk, Hl)P{Hl|Zk}

(18)

where the assumption that the underlying hypothesis Hj does

not change over time bas been used in Eq. (18). Further,

f(zk+1|Z
k, Hj)

=

∫
f(zk+1|xk+1, Z

k, Hj)f(xk+1|Z
k, Hj)dxk+1

=

∫
f(zk+1|xk+1, Hj)f(xk+1|Z

k, Hj)dxk+1

Its analytic form for the Gaussian case can be derived:

f(zk+1|Z
k, Hj) = N (zk+1; θ

(j)
k+1F

(j)
k x̂

(j)
k ,

θ
(j)
k+1(F

(j)
k P

(j)
k (F

(j)
k )′ +Q

(j)
k )(θ

(j)
k+1)

′ +R
(j)
k+1)

Appendix B: Convergence of the batch JDE method is

guaranteed. Since the iterations of steps 2 and 3 in Algorithm

I are optimizations with respect to the decision part and the

estimation part respectively, they do not increase R̄. Let

c′ij = (αijcij + βijE[C(x, x̂)|Di, Hj ])

be the generalized cost. For a given expected estimation cost

E[C(x, x̂)|Di, Hj ], c
′
ij is fixed. Then, as in step 3, the partition

D = {D1,D2, · · · ,Dm} is chosen to minimize

R̄ =
∑
i

∑
j

c′ijP{Di, Hj}

similarly as the traditional Bayes decision procedure does. R̄ is

clearly non-increasing in this step. Next, for the given partition

D, it yields

R̄ =
∑
i

∑
j

cijP{Di, Hj}

+
∑
i

∑
j

βijE[C(x, x̂)|Di, Hj ]P{Di, Hj} (19)

The first term in Eq. (19) is a constant and the second term

can be minimized by chosen the optimal x̂ (conditioned on the

partition D) as in step 2, which also does not increase R̄. Thus

the iteration converges, but not necessarily to the joint optimal

solution in general, since the iterations may be “trapped” at

some local optimum.

REFERENCES

[1] D. Middleton and R. Esposito, “Simultaneous optimum detection and
estimation of signals in noise,” IEEE Transactions on Information

Theory, vol. 14, no. 3, pp. 434–444, May 1968.

[2] A. J. Fredriksen, D. Middleton, and V. Vandelinde, “Simultaneous
detection and estimation under multiple hypotheses,” IEEE Transactions

on Information Theory, vol. 18, no. 5, pp. 607–614, September 1972.

[3] P. K. Varshney and A. H. Haddad, “A receiver with memory for fading
channel,” IEEE Transactions on Communications, vol. 26, no. 2, pp.
278–283, February 1978.

[4] T. T. Kadota, “Optimal, causal, simultaneous detection and estimation
of random signal fields in a Gaussian noise field,” IEEE Transactions

on Information Theory, vol. 24, no. 3, pp. 297–308, May 1987.

[5] M. Yang, “When decision meets estimation: Theory and applications,”
Ph.D. dissertation, University of New Orleans, December 2007.

[6] B. Baygun and A. O. Hero, “Optimal simultaneous detection and estima-
tion under a false alarm constraint,” IEEE Transactions on Information

Theory, vol. 41, pp. 688–703, 1995.

[7] S. Herman and P. Moulin, “A particle filtering approach to FM-band
passive radar tracking and automatic target recognition,” in Proceedings

of the IEEE Aerospace Conference, vol. 4, 2002, pp. 1789–1808.

[8] S. Challa and G. W. Pulford, “Joint target tracking and classification
using radar and ESM sensors,” IEEE Transactions on Aerospace and

Electronic Systems, vol. 37, no. 3, pp. 1039–1055, July 2001.

[9] X. R. Li, “Optimal Bayes joint decision and estimation,” in Proceed-

ings of International Conference on Information Fusion, Quebec City,
Canada, July 2007, pp. 1316–1323.

[10] X. R. Li, M. Yang, and J. Ru, “Joint tracking and classification based
on bayes joint decision and estimation,” in Proceedings of International

Conference on Information Fusion, Quebec City, Canada, July 2007, pp.
1421–1428.

[11] X. R. Li, “Recursibility and optimal linear estimation and filtering,”
in Proceedings of IEEE Conference on Decision and Control, Atlantis,
Paradise Island, Bahamas, December 2004.

[12] B. D. O. Anderson and J. B. Moore, Optimal filtering. Englewood
Cliffs, NJ: Prentice Hall, 1979.

[13] R. E. Kalman, “A new approach to linear filtering and prediction
problems,” Journal of Basic Engineering, vol. 82, no. 1, pp. 35–45,
1960.

[14] R. E. Kalman and R. S. Bucy, “New results in linear filtering and
prediction theory,” Journal of Basic Engineering, vol. 83, pp. 95–107,
1961.

[15] X. R. Li, Z. Zhao, and V. P. Jilkov, “Practical measures and test for
credibility of an estimator,” in Proceedings of Workshop on Estimation,

Tracking, and Fusion — A Tribute to Yaakov Bar-Shalom, Monterey,
CA, USA, May 2001, pp. 481–495.

[16] S. Hawking, A Brief History of Time. Bantam Dell Publishing Group,
1988.

[17] X. R. Li and V. P. Jilkov, “Survey of maneuvering target tracking —
part v: Multiple-model methods,” IEEE Transaction on Aerospace and

Electronic Systems, vol. 41, no. 4, pp. 1255–1321, Oct. 2005.

2073


