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Abstract – An information-theoretic method of low-level 
multi-INT sensor fusion is presented, the end product of 
which is the entropic map, i.e. a collection of Gaussian 
clusters of information relevant to a given target signature 
formed over a geographical basis.  The method is 
designed to be computationally efficient with minimal 
side-information.  To that end, an unbiased estimate of 
information from finite data is derived along with a data-
dependent, information-optimal measurement partition.  A 
method for the determination of the information-optimal 
sensor suite is given for a possibly geographically 
dependent target signature.  Finally, it is shown that a 
multi-relational entropic measure of dependence can be 
superior to suboptimal error-based techniques of 
estimation of multiple sensor measurements of a real 
process.  

Keywords: Entropic map, entropy, sensor fusion, 
resource management. 

 

1 Introduction 
Collaborative intelligence, surveillance, and 
reconnaissance (ISR) presumes that there exists a 
common object of information as well as a common 
reference for sharing information among agents/sensors.  
The object may be described as a multi-dimensional 
hypercube with dimensions corresponding to distinct 
sensors over a common geographical basis (Fig. 1) and 
will be referred to as an entropic map.  In general, the 
sensor space of the hypercube is a subspace of a larger 
dimensional space in which the entities and events of 
interest are fully described, i.e. there is not necessarily a 
functional relationship between measurements of an entity 
of interest and sensor coordinates of the hypercube.  For 
this reason descriptors of inter-dimensional association 
based on measures of central tendency are not always 
sufficient to quantify all entity related information present 
in the measured sensor space. However, entropic 
measures do possess the ability to quantify multi-valued 
relationships and when estimated as proposed here, also 
have additional mathematical properties that allow 
entropy estimates to be identified with “information”.   

Fig. 1.  Low level multi-INT sensor fusion shown as the 
first level of an information fusion architecture. 

Entropic measures provide a quantification of spatial 
coherence both within and between dimensions and can be 
considered to be a generalization of covariance measures 
with the price of generalization being increased 
computation.  Operational optimization of collaborative 
distributed sensors networks involves the maximization of 
useful information in terms of some metric of the network.  
For a generic network, the cost function of optimization 
might be taken as a ratio of environmental information 
discovered to information transmitted between 
agents/sensors.   

Interest in information-theoretic techniques of sensor 
fusion has markedly increased over the past several years.  
Hero et al. [1] use Fischer’s information measure as an 
optimization criterion for the scheduling of sensors in a 
sensor management algorithm. Hero notes that since the 
information-theoretic measures are model-independent 
and otherwise general, they decouple the risk/reward 
optimization from the collection task in the sensor 
management algorithm design.  Hero cautions that the use 
of Fisher information is only justifiable when the 
underlying posterior distribution is smooth.  The use of 
Fischer’s information measure is of limited value in for 
multi-INT fusion since sensor measurements may be 
categorical or otherwise nonsmooth.  Varshey [2], had 
similarly advocated information-theoretic measures as 
general cost functions in a sensor optimization algorithm.  
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Varshney was interested in distributed sensor detection 
and do framed his problem as a communication channel 
between sensor readings and the binary detection 
condition whereby their Shannon’s mutual information 
was to me maximized.  

Mahler  [3] mentions central entropy and cross-entropy 
as a measure of statistical dispersion, but relies primarily 
on models for radar-centric sensor fusion strategy of 
developing “hard” and “soft” mixture model clusters.  
This distinction is not as critical in the case of multi-INT 
fusion where sensors returns are relatively independent in 
the character of the target each sensor identifies.  On the 
other hand, Schuck et al. [4] go beyond the problem of 
detecting and locating the existence of a target and 
concentrate on its identification.  In this context, while a 
single-INT sensor such as radar may be used to measure 
simultaneously several independent attributes of a target.  
Schuck therefore relies to a greater extent than Mahler in 
the use of information-theoretic measures for hypothesis 
discrimination since the identification problem is not only 
soft, but also multi-relational. However, it should be noted 
that Schuck limits himself to one-dimensional entropy 
measurements and considers the contributions of 
independent sensors or attributes only after the assignment 
of targets probabilities are made based on that sensor 
return alone. Thus, Schuck does not fuse measurements, 
but rather fuses hypothesis using information-theoretic 
measures. 

The utility of entropic measures is more than their use 
as a metric of discrimination of multimodal probability 
distribution or as a measure of relative probability 
concentration.  Entropic measures have special properties 
arising from the fact that the logarithm is a group 

isomorphism from  ,R   to  ,R   in that they enforce 

Bayes’ law in the relation between the frequentist 
counting of measurements and the probabilistic 
interpretation of the measurements as they relate to each 
other.  While probabilities may be inferred, it is not 
necessary to estimate probability density functions to 
directly apply entropic measures in the assessment of 
measured data.  This property avoids the curse of the 
concentration of measure phenomenon to estimates that 
produce tailed probability distributions whereby the 
integral of the probability estimate in measurement voids 
may be greater than that over regions of the measurement 
space in which measurements exist.  This is a common 
cause of overfitting. 

The paper is organized as follows: a brief background is 
given on information-theoretic measure estimation in 
Section 2.  In the absence of a priori information, 
estimates of the measures are calculated over uniform 
partitions of the sensor space; however, since the bias of 
the measures is a function of the particular distribution of 
sensor readings as well as the cardinality of the partition, 
Section 3 gives the estimate information-optimal partition 
for a particular sensor dimension.  Section 4 demonstrates 
the utility of mutual information for the association of 
simple asynchronous sensed signals.  In the case of many 

associations, the combinatorics of the estimates becomes a 
significant bottleneck, thus Section 5 presents a branch 
and bound algorithm for the selection of mutual 
information-optimal sensor suites of common partition 
cardinality.  Finally, Section 6 presents methods for 
forming the entropic map from multi-INT sensors. 

2 Entropic Measures 
When restricted to finite probability spaces, normalized 
measures of mutual information satisfy all of the Rényi 
postulates for measures of dependence [5].  By this token, 
entropy is the most general measure of statistical certainty 
when also estimated on a finite probability space which 
always is the case when given finite data.  The mutual 
information between two or more random variables, 

; , quantifies the uncertainty in signal, Y, 
conditioned on another, X, i.e. 
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and is zero only if one signal’s distribution is independent 
of the other, e.g., H | H  [6].  Entropy is defined 
by the equation: 
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for fixed record size, N, with binning frequencies, n, 
forming a partition,  . Mutual information can be 
calculated over the partitions for X and  for Y. 
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which is a root-N consistent estimator of self-information 
for some bin width under a mild assumption of bounded 
tail behavior [7].  Note that the measure can be easily 
aggregated for multiple scopes by uniformly binning the 
data so the estimates yield themselves well to parallel 
computing architectures with each thread scaling by N.  
Uniform binning over the span of the data values gives 
estimates invariant to affine transformations of individual 
variables, such as those caused by improperly calibrated 
linear sensors.   

3 Estimation of Entropic Measures 
The choice of binning interval for mutual information 
estimation is a compromise between resolution and 
computing resources given the measurements at hand.  
Estimates of the entropic functional may be calculated by 
substitution of estimates of probability.  The probability of 
j occurrences in a particular bin given N occurrences 
uniformly distributed over k bins is given by the binomial 
probability distribution, f (·) , 

2036



 

 p j 



In the case 
binning is the
dimension.  H
are informativ
that categorie
within the d
combinations 

N

k

 
 
 

 where 

computation o
that the subop
lengths meas
between dimen
data is ordered
can be directl
the difference
entropy estima

 N

k
H 

where  p j is

derived from 
continuous p
combined wit
function, G, of

 

where k is the 
variation of th
parameter of G
real.  Followin
estimator deri
of a compositi
functions, 

 

where ni is 
consecutively 
sum of squ
probabilities o

4 Speak
In order to de
theoretic conc
created to g
represented p
switched voice

 


1| ,

1

f j N k

N jk
j



    
 

of unordered 
 number of ca

However, it is p
ve with respec
es are mutuall
ata sensor.  
of categories f

N is the nu

of all combinat
ptimal aggrega
sured by the
nsional catego
d, the entropic 
ly estimated as
e of the entro
ated by 

1

N

j

j p
k

N


   






s given by (4

a uniformly
process, a re
th a computat
f, 

argma

number of uni
he mutual info
G and where λ,
ng [8], G may 
ved from a fin
ion of the sam

1
3

1

k

i

n
G k






 

 


the number
indexed bins. 

uares of the
of adjacent bins

ker Networ
emonstrate the
cepts, a discre
generate artifi
airs of speake
e communicati



 

; 0,1,

1  

j

N j
k





data, the max
ategories of a 
possible that no
ct to a target o
ly dependent 
Of course, t

for each numb

umber of cat

tions for may b
ation of catego
e Kullback-Le
ories may be ne
optimal probab
s the binning 
opic functiona

 
log

p j j

N

 
 
 

).  If the me

y sampled tim
egularity cond
ional constrain

ax ;

iform bins of th
rmation estima
, the penalty fa
be chosen as a

nite difference
mpling and con

2

1
2

i i
n n

N N








r of occurren
 The roughnes

e differences 
s. 

rk Identifi
e aforemention
ete-event queu
cial speech p
ers conversing
ion networks.  

, 2,..., N

 

ximum feasibl
categorical dat
ot all categorie
output and als
on each othe

the number o
ber of bins, k, 

tegories.  Th

be infeasible s
ories by linkag
eibler distanc
ecessary.  If th
bilistic structur
that maximize

al and partitio

 p j

N





 (5

easurements ar

me series of 
dition can b
nt in a penalt

 (

he dimension o
ate as well as 
actor, is positiv
a bias-correcte

e approximatio
ntinuous proces

N





 (7

nces found i
ss penalty is th

in estimate

ication 
ned informatio
uing model wa
patterns whic
g over publicl
This model wa

(4) 

le 
ta 
es 
so 
er 
of 
is 

he 

so 
ge 
ce 
he 
re 
es 
on 

5) 

re 

a 
be 
ty 

(6) 

of 
a 

ve 
ed 
on 
ss 

7) 

in 
he 
ed 

on 
as 
ch 
ly 
as 

based 
the pr
(Figur

The 
silent, 
in con
speake
model 
of spe
simula
each sp

Thes
runtim
speake
specifi
traffic 
speake
 

 

Fig. 3

Fig.

on ITU-T Rec
robablistic sta
re 2).  

four states ma
Speaker B talk

nversation sim
ers refraining f

was duplicate
eakers (A & B
ated 1000 seco
peaker (Figure
se patterns w

me for post an
ers were en
ically, the mut

patterns acro
ers over a varyi

Fig

3.  Artificial sp

. 4.  Mutual inf

commendation 
ate machine d

ay be decribed 
king/A silent, 

multaneously (d
from speaking
ed to represent
B, C & D).  
onds and gener
e 3).  

were written to
nalysis to det
ngaged in c
tual informatio
oss each pair
ing time sampl

g. 2.  State mac

eech traffic pa

formation for c

P.59 and is de
diagram show

as: Speaker A 
both speakers 
double talk), 

g (mutual silen
t two independ
Each model 

rated traffic pa

o a file durin
ermine which
conversation.

on was calculat
r-wise combin
le window (Fig

chine. 

atterns (44 sec.

communicating

epicted in 
wn below 

talking/B 
engaging 
and both 

nce).  The 
dent pairs 
ran for a 

atterns for 

ng model 
h pairs of 

 More 
ted on the 
nation of 
gure 4). 

 

 
sample).  

g pairs. 

2037



It was obse
communicatin
mutual inform
decreases as 
Thus, the exam
of pairwise co
of sensed sign

To examine
statistics, the 
traffic pattern
information d
speakers were
conversation. 
speaker id is s
speakers show
latter figure sh
of chance co
attribute mutu
speaker pairs
discernable by
errors indicate
side informat
augment the
informationall
computational

Fig. 5.  

Fig. 6.  M

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

Mutual
Information

erved that the 
ng pairs remain
mation betwee
the length of

mple shows pr
orrelations for 
als over a netw
e the effect 
model was co

ns for 1000 
data was exa
e associated w

 The plot of
hown in a sma

wn oriented by
hows type 1 an
orrelations ov
ual information
.  Although 
y a human, the
es that additio
tion from a d
e discrimina
ly optimal c
lly by the comb

Mutual inform

Mutual inform

1

2

3

4

5

6

Id

mutual inform
ns almost con
en non-comm
f observation 
romise with th
the asynchron

work. 
of more pair
onfigured to g
conversations.

amined to de
ith which othe
f mutual info
all scale in Figu
y its edge in 
nd type 2 error
verwhelm the 
n statistic with
the correct p

e number of typ
onal sensor me
datastore) cou
tion.  The

collaborative 
binatorics of th

mation versus sp

mation for 2000 

1

2

3

6

mation betwee
stant, while th

municating pair
time increase

he small numbe
nous associatio

rs with simila
generate speec
  The mutua

etermine whic
er speakers in 
ormation versu
ure 5 and for a
Figure 6.  Th
s as the numbe

simple singl
h the number o
pairs are easil
pe 1 and type 
easurements (o
uld be used t
e search fo
sensors scale

he associations.

peaker id. 

speakers. 

4

5

6

Id

en 
he 
rs 
s.  
er 
on 

ar 
ch 
al 
ch 

a 
us 
all 
he 
er 
le 
of 
ly 
2 

or 
to 
or 
es  
. 

 

5 S
Given 
geogra
determ
mutual
and th
Shanno
merit 
combin
progra
need n
the br
measu
for pa
might 
rare t
monot
from t
interva

 I

for a

the fin
integer
which 

 

Fig. 
dimen
inform

 
At 

subord
decrea
satisfie
inform
the ne
critical
efficie
bound 

In gen

 1
,I X

To th
of dim
conser

n

Sequential
a characterist

aphical region
mined by the 
l information 
he target.  O
on’s joint mu
evaluated ove
natorial opt

amming.  In ge
not be calculat
ranch and bo

urements as a r
artition entropy
conceivably b

that high dim
tonicity of the 
the convexity
al of the positiv

  1
;I X Y I X

any  1 2
, ,X X X

nite data bias c
r combinations
are evaluated 

7.  Branch an
sions are show

mation estimate

any node in 
dinate branche
asing mutual i
ed for the c

mation value, t
xt unexplored 
l aspect of th

ent bound.  Usi
on mutual info

 1 2
, ;I X X Y

neral, 

2
, , , ;

n
X X Y

the first degree
mensionality l
rvatively given

6 

l Network
tic signature o
n, an optimal

maximization
estimate betw

Optimal senso
utual informat
er the candida
timization p
eneral, a dimen
ted a priori, bu
ound algorithm
result of the fin
y. Therefore, 
e n-dimension
mensional set
estimated mut

y of the natur
ve real number

1 2
, ;X X Y I

3
, ,

n
X X  X
correction.  Th
s via a spannin
in order.  

and bounding t
wn at the node l
es. 

the search 
es are evalu
information.  I
current maxim
the algorithm 
branch under 

his algorithm 
ing a Venn dia

formation can b

  1
  ,Y I X Y

  1
, ,I X X 

e of interaction
in a problem 

n for ease of co

5 

k Determin
of a target in
l sensor suite

n of the bias 
ween the set o
or suite selec
tion as the cr
ate set of sen
problem in 
nsional stoppin
ut can be foun
m for a fixe
nite data bias 
while the spa
al, in practice, 
ts are feasibl
tual informatio
ral logarithm 
rs, i.e.,   

 1 2 3
, , ;X X X Y

X  and is not a

he algorithm en
ng tree, the br

tree.  Indices 
level of the joi

of the spann
uated and ord
If the inequali
mal estimated
backtracks an
the current no
is the selecti

agram [9], the 
be shown: 

  2
  ,Y I X Y

 1
;

n
X Y I X




n, the bound on
of dimension

omputation as 

4 

nation 
a certain 

e can be 
corrected 

of sensors 
tion with 

riterion of 
nsors is a 

integer 
ng criteria 

nd through 
ed set of 
correction 

anning set 
it is often 

le.  The 
on follows 

over any 

Y   (8) 

altered by 

numerates 
anches of 

 
of sensor 

int mutual 

ning tree, 
dered by 
ity is not 
d mutual 
nd selects 
ode.  The 
on of an 
following 

  (9) 

;
n

X Y  (10) 

n a branch 
nality n is 

1,2,3 

2,3 
 or 
3,1 

3

2038



 

     
      
 

1

,

; ;

max ; \ ;

| 1, 2, ...,

n n l

k
n l n l

i i j

i

j

I Y I Y

I Y I X Y

X j M



 




 



 


X X

X X (11) 

where  nX  is the input set at level n and Ω is the set of 
available inputs was found to be particularly efficient 
[10].  Note that since the average mutual information of a 
null input set is zero, this inequality also imposes an 
implicit bound for irrelevant sensor rejection.  

6 The Entropic Map Algorithm 
The expectation-maximization algorithm is adapted for 
the optimization of input/output space mutual information 
clusters.  The work here demonstrates that adaptation in 
the input dimensions only.  Generalization to the total 
input-output space is simply a matter of inclusion of the 
output dimension into the optimization vector. 

The Expectation Maximization (EM) algorithm used for 
clustering of local mutual information estimates is as 
described by [11] for the iterative optimization of the 
maximum likelihood estimates of the Gaussian multi-
mixture model for probability distribution estimation 
except that estimates of MI are the operand.  The 
algorithm is distilled into the following equations:  
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where d is the dimensionality, N the number of records, j 
indexes the Gaussian clusters, µ is the mean vector, σ the 
covariance, and x is the data vector.  

Consider a system of two sensors and a target signal.  
As a result of information-theoretic subset selection, 
Sensors X and Y are jointly determined to provide the 
most information relating to the target signal.  The 
distribution of mutual information is illustrated by Figure 
8.  The map should approximate the target signature well 
with the minimal number of parameters.  For this 
example, the potential sensed signals will be limited to 
two contemporaneous with the target signal.  The joint 
average mutual information was calculated with a division 
of all signals into 50 uniformly spaced bins and for 
examined with exponential transformations of the sensed 
signals: x2 to x2.  To demonstrate the consistency and 
utility of the entropic map constructed by the E-M 
technique, we will also construct an improved forward 
regression – orthogonal least squares (FR-OLS) radial 
basis function network (RBFN) of Chen et al., [12] and a 

mutual information based Gaussian mixture model where 
the mutual information estimates are clustered using a 
linkage length minimization scheme, which produces 
irregularly shaped clusters as opposed to the Gaussian 
clusters of the EM method. 

Empirical results indicated that the FR-OLS algorithm 
seemed to perform best if the data points were separated 
in the input hyperspace by a Euclidean distance of at least 
0.01.  The ratio of training to test set data was selected as 
4:1 and was divided using a round-robin scheme.  The 
FR-OLS RBFN which minimizes the root mean squared 
error (RMSE) of the target signal is chosen as one which 
best approximates the data set with a minimum of 
overfitting.  At each instance of node addition, a locally 
optimal global spread constant was recalculated in order 
to minimize the combined test and training set error.  The 
spread constant is the node width parameter defined as the 
Euclidean distance from the node center that generates 
node output of 0.5 before multiplication by the linear 
height factor.  The minimum total error was found at the 
incremental addition of the seventh node for a spread 
constant of 1.4790 and a RMSE calculated over the entire 
data set and normalized to equal 100 (Table 1).   

Two different methods of mutual information clustering 
for node center location are examined.  The first method 
(Figure 9) clusters the values of mutual information 
estimates by minimal linkage lengths with Gaussian node 
centers located at the weighted mean along each 
dimension.  An analysis of the mutual information 
distribution using an incremental nearest neighbor cluster 
scheme indicates that the input space may be naturally 
divided into only six clusters.   The data set is normalized 
and a single spread constant is determined through 
minimization of the normalized target RMSE (84.2) 

As can be seen by Figure 8, there is a high degree of 
mutual information for the singularly prominent sensor 
state with lower values of mutual information irregularly 
spread throughout regions of the input space.  Note that 
the iterative FR-OLS RBFN method locates node centers 
in close proximity where they could effectively be 
replaced by one node at a slightly different location with 
no significant effect to the overall mapping.  Furthermore, 
one FR-OLS RBFN node is placed outside of the range 
supported by the data.   

The second method (expectation-maximization) 
specifically assumes Gaussian clusters that will later 
conform to the Gaussians of the RBFN.  In order to check 
the assertion that forming a Gaussian mixture model based 
on mutual information is most efficient in this instance, 
only five nodes are allowed.  However, after fitting the 
nonlinearly optimized global node width scaling factor to 
the unequally sized radial basis nodes, it is found that a 
higher accuracy is achieved.  This result supports the 
claims of efficiency of this methodology.  A summary of 
results is shown in Table 1.  
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