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Abstract—A robot that can drive autonomously, actively seek-
ing more information about the environment as it attempts to
infer it, has significant value in many application areas. Range
scanners and depth sensors are one of the most popular sensors
used in mobile robotics to accomplish several higher level tasks
such as local planning, obstacle avoidance, and mapping and
localization among others. For any application, it has been
observed with laser range-scanners and depth sensors, that the
sampling density, i.e., the number of range measurements per
unit length of the scanned contour, can vary greatly even within
a single scan measurement. The number of samples and their
distribution are important factors, for example, when estimating
the alignment between two range scans obtained from two
different positions. In this paper, an on-line placement algorithm
is proposed that computes where the robot must move next so that
it is able to sample the environment uniformly and densely. The
algorithm guarantees that a minimum number of measurements

per unit length of the observed space is obtained, i.e. a high
spatial measurement density. At any given time instant the
robot computes a Next-Best-View relative to its current position
while satisfying a locally-defined constraint function based on
the sampling density of points. Two variants of this algorithm,
suitable for different practical applications are demonstrated with
experiments on real robots in interesting scenarios.

Keywords: Reactive Sensing, Adaptive Systems

I. INTRODUCTION

The ability of a robot to dynamically determine its next-

best-pose is extremely useful in practical applications such as

autonomous exploration, search-and-rescue or environmental

mapping, but is equally challenging to implement. The dif-

ficulty in implementing such a strategy is two-fold. Firstly,

the notion of “best” view can vary a lot across different

applications and designing a single algorithm that can satisfy

different application-specific requirements is challenging. In

this paper we address this problem by designing an algorithmic

framework that can be easily modified to suit different appli-

cations, especially for range scanners. The second difficulty is

that such algorithms are inherently online, and hence obtaining

a globally optimum viewpoint is not always possible. The

robot is restricted to use only local and partial information

since it does not have access to global information.

Several autonomous exploration algorithms exist, for a wide

variety of specific applications but none directly addresses the

problem of a uniform point-sampling strategy. In this paper,

we design a locally optimal constraint function and find a

feasible solution in a convex optimization framework. As a

practical application example, consider a robot attempting to
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Fig. 1. An example scan along a straight corridor obtained from a Pioneer and
a SICK scanner. The plot in 1(b) shows that the expression for the sampling
density in Equation (3) gives a good estimate of the true sampling density.

build a map of the environment. It is implicitly assumed

that the robot knows where and how to look for information

or that information useful for building the map is always

available to the robot. This is not necessarily true and a

truly autonomous robot must try to actively seek more useful

information. Indeed, a densely sampled range measurement

will improve the performance of robot-based mapping.

Since the individual measurements are a function of the pose

of the sensor, the objective is to determine a set of poses from

which the robot can take the subsequent measurements while

guaranteeing that the environment is sampled uniformly and

densely. Note that the definition of a measurement can vary

from task to task. We start with a simple approach in which

the measurement is simply the 2D location of the observed

point. We propose a dynamic placement method for a mobile

robot given the task of collecting such measurements, say for
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performing a high-level task such as search-and-rescue, in a

manner that at least the minimum required sampling density

is obtained in as much of the environment as possible.

The contributions of this paper can be summarized as

follows- the expression for the sampling density at an arbitrary

point on a 2D range-measurement scan is derived in terms of

the measured range at the point and the relative incidence

angle. Using this relation, the problem of finding the next

relative pose in 2D, such that the minimum sampling density

criterion is met, is cast as a convex set feasibility problem.

In this formulation, each measurement obtained at the given

time instant imposes a constraint on the possible poses that the

robot can take at the next time instant to satisfy the sampling

requirements. We show that it is not always possible to find

a feasible pose that can satisfy the constraints imposed by

all points, and further, we solve the problem of finding the

largest subset of constraints that admit a feasible solution.

Few variants of the algorithm based on slight modifications

to the constraints are also discussed. We show experiments

demonstrating that the proposed algorithm is indeed able

to provide a set of poses from where uniformly and dense

sampling of the environment is possible and conclude with

proposing several real-world application scenarios.

II. DERIVATION OF SAMPLING DENSITY AT A GIVEN POINT

Fig. 2. Top-view of the setup. A segment XP of length x is being scanned
by a range scanner mounted on a robot at R. φ is the angular sweep of the
laser incident upon the segment.

In this section, the expression for the sampling density

at a point is derived in terms of the incidence angle, the

measured range at the point, and the angular resolution of the

2D range measurement scan. Referring to Figure 2, consider a

robot at point R mounted with a sensor of angular resolution

φr scanning a particular segment XP of length x of the

environment. Rays RX and RP are the incident rays on the

ends of this segment which subtends an angle φ at point R.

Let line XP be the perpendicular to line RP through X . The

segment is at an angle θ with respect to XZ . Suppose the

measured range at point P is r. Hence, length(RP ) = r.
Let PN be the normal to the segment XP at P . As the

relative orientation of the line segment with the robot changes,

the subtended angle φ changes and consequently the number

of sampled points on XP changes. Let M be the number

of sample points incident on the line segment for the given

configuration.

The sampling density d is then given by

d =
M

x

=
φ

xφr

.
(1)

Consider ∆ XZP. The angle φ can be computed using

φ = tan−1

(

xcosθ

r − xsinθ

)

. (2)

We are interested in finding the sampling density at a

particular point P in the scan. To find the density d at point P ,

we have X move arbitrarily close to P along line XP while

keeping P fixed. As we allow X to move closer to P , Z also

moves closer to P along line RP . The angle θ remains the

same while the subtended angle φ shrinks towards zero. An

intermediate position, X ′, is shown. It can be easily shown

using the figure that the angle between the incident ray at P
and the surface normal at P is θ.
In the limiting case as limX → P , substituting the value

of φ in Equation (1) and taking the limit x → 0 the following

equation is obtained:

d = lim
x→0









tan−1

(

xcosθ

r − xsinθ

)

xφr









=
cosθ

rφr

.

(3)

Thus, for a given fixed angular resolution of sampling

sensor, it can be seen that the sampling density d at an arbitrary

point P is directly proportional to the cosine of the incident

angle between the surface normal at that point and the incident

ray, and inversely proportional to the measured range at P .

This matches our expectation that the sampling density is

lower in regions which are farther away from the robot, and

oriented at an oblique angle with respect to the robot. In the

rest of the paper, we assume without loss of generality that

φr = 1.

Almost all sensors used today have a fixed angular resolution.

The plots in Figure(1) shows the sampling density obtained

by the two methods. The true density in the plot is obtained

by clustering points locally and fitting a straight line segment
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for a range scan, and estimating the sampling density per unit

length of the estimated segment. The estimated density is the

one computed using Equation 3.

For a range scan consisting of N points, we will denote the

sampling density at point Pi, obtained at time t by d
(i)
t for

i = 1 to N . The desired sampling density is given by dr and

remains constant.

III. PROBLEM FORMULATION AND SOLUTION

Consider a robot which needs to collect spatially dense

measurements of an unknown environment. Let {P} represent

the set of current measurements, and let {n} be the corre-

sponding surface normal at each of the points. The algorithm

presented here computes the next relative 2D position such

that the maximum number of deficient points are eliminated.

In other words, finding the next position such that when

rescanned from that position, the regions which have been

sampled rarely at the current iteration, are sampled densely at

the next iteration. Thus, the robot seeks regions in space which

have a low spatial density of measurement. Consider the case

of a single point Pi = [ui vi]
T

whose measured range is

ri and the angle between the surface normal at Pi, and the

incident laser ray is θi. Let the unit surface normal at Pi be

given as n̂i = [ni1 ni2]
T
. Then, according to Equation (3)

the current sampling density at Pi is equal to d
(i)
t =

cos(θi)

ri
.

Let x = [x1 x2]
T
be the position of the robot, relative to its

current position, from where the robot should take the next

scan measurement. Then, the measured range of Pi from this

new pose is ‖Pi − x‖ and the cosine of incidence angle at Pi

is ni
T p where p is the unit vector from x to Pi. Thus we have

the sampling density from the new pose x given by

d
(i)
t+1 =

ni
T p

‖Pi − x‖

=
ni

T (Pi − x)

‖Pi − x‖
2

=
ni1(ui − x1) + ni2(vi − x2)

‖Pi − x‖
2 .

(4)

Let f(d
(i)
t , dr) be a non-negative scalar function that mea-

sures the dissimilarity between the current density and the

desired density. We show that the problem of finding x, such

that the sampling density requirements of points in P , at time

t+1 is satisfied, is a convex feasibility problem. Thus, the set

S =
{

x | d
(i)
t+1 > f(d

(i)
t , dr) for i = 1 to N

}

(5)

is a convex set, where N is the number of points in {P}.

A. Analysis of the constraints

Note that the problem is a feasibility problem and hence

the objective function is 0. We now show that each of the N
constraints in Equation (5) is convex. For brevity we will just

use fi instead of f(d
(i)
t , dr) in the rest of the section. Consider

the constraint d
(i)
t+1 > fi. From Equation (4) we obtain

ni
T (Pi − x)

‖Pi − x‖2
≥ fi. (6)

Noting that fi > 0 and rearranging the terms, the condition

is equivalent to

xT x−

(

2Pi
T −

ni
T

fi

)

x+ Pi
TPi −

ni
TP

fi
≤ 0 (7)

which is the interior of a circle whose center is at

C =

[

Pi −
n

2fi

]

(8)

with radius given by

si =
1

2fi
. (9)

Thus, each of the points in the subset is a convex constraint

and the set S is an intersection of N convex sets making it

a convex set itself [1]. The problem can be solved in closed

form or with any standard optimization solver [2] quickly.

B. Finding the maximum sized non-empty subset.

The result of the convex feasibility problem is the intersec-

tion of a family of subsets of ℜ2, each of which is convex

and determined independently of the other. The result of the

intersection could be an empty set which means we could not

satisfy all the points to have the desired sampling density in the

subsequent scan. This situation is likely when a large number

of deficient points exist far apart from one another. Points

which have already been sampled with sufficient density are

eliminated from future computations. Thus, from the points

that remain to be sampled yet with the required density, a

balancing act must be performed to satisfy as many points as

possible. Formally speaking, a maximum sized subset of the

set of convex sets, such that the intersection of all the members

of the subset is non-empty must be determined. Given a set S
of convex subsets of ℜ2,

S = {Si} i ∈ I,

where each Si is the convex set corresponding the ith con-

straint only, a subset Smax of set must be obtained such that

the cardinality of Smax is maximum and the intersection of

all sets in Smax is non-empty. This problem is NP-Complete.

Consider an undirected graph G = (V,E) with each vertex

representing a constraint, while two nodes of this graph are

connected by an edge if and only if the two constraints

are compatible, i.e., for any i1, i2 ∈ I , we have i1 and i2
compatible if and only if Si1 ∩ Si2 6= φ. This implies that the

constraints imposed by points Pi1 and Pi1 admit a feasible

solution. Let Imax ⊂ I such that
⋂

Si 6= φ for i ∈ Imax.

Thus, the problem can be broken down to finding a region

in the graph G such that every two nodes in this region are

connected by an edge. Such a region is known as a maximal
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Fig. 3. Maximal clique of the constraints graph. Each node represents a
constraint and two nodes are connected if and only if they have a common
solution. A maximal clique is a region in which every two nodes of the graph
are connected and hence this region of the graph always admits a feasible
solution. A maximal clique consisting of nodes 2, 3, 4, 5 and 6 is shown
here.

Fig. 4. Laser points obtained from a SICK LMS scanner in green. Deficient
points are shown in red. The blue points form a maximal clique, while the
circles show the radii estimated from a Linear f() function. Clearly, the
regions with low sampling density are picked out and a goal position in the
vicinity of such regions is obtained.

clique in the graph. The problem of determining Imax, and

hence Smax, is equivalent to the problem of finding the largest

size maximal clique in the graph G. This problem is known

to be NP-Complete but several efficient algorithms exist to

solve it. In our implementation, we use the Bron-Kerbosch

algorithm [3] to determine Imax.

Figure 4 shows a laser scan (green) and the deficient points

(red). The blue points show the maximal clique found. In the

inset image, the white circles show the feasible region for

each point. The optimal point lies in the intersection of these

circles. A maximal clique is shown in Figure 3.

IV. RELATED WORK

For the problem of planning the next best view, several

algorithms have been proposed with the classical paradigm-

given a model of the entity to be scanned, generate a list

of sensor poses, such that maximum coverage and minimum

reconstruction error is achieved, such as [4]. Some methods

also aim on achieving high sampling density to obtain ex-

tremely accurate reconstructions but the placement algorithms

must have the object model as an input. Moreover, the entity

to be scanned is usually in a controlled environment. In

our algorithm we do not assume any model or structure to

the environment. As long as we can estimate the sampling

density of the current set of measurements, our algorithm can

perform in any setting. Maver and Bajcsy [5] and Pito [6]

used cues obtained from occluding edges of the object to

plan for the best view, the premise being that the occlusion

boundaries always represent the unobserved volume of the

object. Whaite and Ferrie [7] describe a method utilizing

an information based measure of uncertainty for autonomous

exploration. The work of Stachniss et. al. [8] integrates the

concept of information-based exploration into the classical

particle-filter-based SLAM algorithms. Again, the purpose is

to maximize the expected information gain by choosing a

subset of the possible actions. In our algorithm, the sam-

pling density can be though of as a measure of available

information in different parts of the measurement. In [9], a

multi-robot information path planner (MIPP) algorithm - a

greedy-recursive algorithm- is used to plan informative paths

for robot teams. Given the start and destination points, cost

functions to evaluate the sensing cost and the traveling cost,

the MIPP aims to find a set of k paths, one for each robot,

such that the total information function of all the robots is

maximized. The work in [10] and [11] also investigates this

problem from an information-theoretic perspective. A different

approach is presented in the work of Chen and Li in [12].

In this work, a genetic algorithm based viewpoint planner

computes admissible viewpoints which satisfy all the given

visibility constraints and minimize the defined cost function.

The cost function could be defined as a weighted linear

combination of the sensor constraints, such as maximum range

and angular resolution or the distance to be traveled between

consecutive poses and so on [13] [14]. A survey of automated

reconstruction can be found in [15]. These algorithms belong

to the family of algorithms dedicated to solving the so-called

Next-Best-View problem. The work presented in this paper

is adaptable to many different applications since it assumes

no prior knowledge or model of any kind and computes its

solution based only on the environment it is observing at the

given time, i.e., the algorithm works in an on-line fashion,

producing different output as the input changes dynamically.

Other autonomous exploration algorithms rely on heuristic

methods such as the one proposed by Yamauchi [16]. In [17],

the observability of the landmarks from different candidate

poses is used to design a utility function for optimization.

More recently, machine learning based methods have been

used in autonomous exploration. The work of Kollar and Roy

[18] investigates a reinforcement learning approach to this

problem.
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Fig. 5. Choice of f and corresponding radius functions.

V. VARIANTS OF THE ALGORITHM

Note that in Equations (4) through (9) the function f can

be arbitrarily chosen to measure the dissimilarity between

the obtained and desired densities. We propose the following

choices of f based on experimental observations.

A. Linear

The most straightforward way of choosing a dissimilarity

measure would be a linearly increasing function as shown in

Figure 5 given by

f(d, dr) = dr − d (10)

where dr is the desired and fixed density and d is the

obtained density at a point. From Equation (9), we see that the

radius of the circle defines the size of the feasible region for

the point. If the robot samples this region from any point in the

interior of the circle, then the sampling density in the future

scan would be at least equal to or greater than the desired

density. Thus, points whose sampling density is already greater

or equal to the desired density can be thought of forming a

feasible region of infinite radius. Figure 5 shows the plot of

radius as a function of the sampling density for the f given

in Equation (10).

B. Hyperbolic

A linear function assigns very large radii to points with

density very close to the desired density and very small radii

Fig. 6. A Pioneer 3DX robot exploring the Library building. The trajectory
of Variant I - Patrolling robot is overlaid on the map. Note that the robot was
only looking at the latest scan to compute its goal in a local sense. The map
is computed off-line and overlaid for visualization. The robot explores new
unseen regions by moving closer and aligning such that the subsequent views
have good sampling in the current low-sampled regions. (d = 30 samples/m)

to points with low density. This is acceptable, yet practically

does not produce good results. Choosing f to be the hyperbolic

function given by

f(d, dr) = 1/d, (11)

gives a linearly increasing radius with increasing sampling

density which can be clipped at d = dr. This choice of f
gives better results simply because the solution of the maximal

clique problem is a large enough subset.

C. Square root function

To bias the system to prefer points in the rarely sampled

regions over points that are close to the desired density, we

can use the following f :

f(d, dr) =

√

1−

(

d

dr

)2

(12)

. The plots of the f functions and the corresponding radius

functions are show in Figure 5.

VI. RESULTS

Experimental Setup

We used a Pioneer-3DX robot equipped with a SICK LMS-

200 laser range-finder with a maximum range of 10 meter

and angular resolution of 2 samples per degree. The robot

is also equipped with a Pentium dual-core 1.66 Ghz laptop

on Linux. The different software modules for interacting with

the hardware and implementing the algorithm are controlled

by the ROS framework [19]. The environment was a typical
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urban indoor environment with obstacles at different locations.

Once the goal position is determined, we use a local planner to

design the path from the current location to the goal position.

A. Variant 1 - A Patrolling Robot

In this variant of the algorithm, the robot is given the task of

exploring the environment in an intelligent manner- for exam-

ple a robot patrolling an unknown, unmapped environment. In

this variant the robot computes its goal position based solely

on the measurement it is observing at that time instant. When

it reaches at the goal position given by the algorithm, it starts

over from this new position looking at only the scan from this

new position. A large part of this measurement would belong

to the previously seen region, but sampled rarely then. From

this new position, more environment would be visible and the

robot will seek to move towards the rarely sampled regions of

this newly visible environment. The sampling density was set

to 30 samples/meter.

B. Variant 2 - Hyperbolic Function with cumulated sampling

density

The robot can also try to find a optimum goal position by

keeping a track of the deficient points. Let d
(i)
t and d

(i)
t+1 be

the corresponding sampling densities in the neighborhood of

a point Pi when it is scanned from two distinct poses x0
and x1. After the second scan, the effective sampling density

d
(i)
eff ≥ max(d

(i)
t , d

(i)
t+1). In general it can be assumed that the

sampling density will improve as more and more scans from

distinct poses are taken. While performing the reconstruction

process, the matches found by a scan-registration algorithm

can be used to add newly seen points or merge with existing

ones. Points which have their effective density above the

required are discarded, but the robot maintains a global list of

deficient points that is used for computation in all subsequent

scans. Points older than a certain time threshold are also

discarded. At any given time step, the robot will remove some

points which are rescanned, while more and more points are

visible continuously. The exploration terminates when there

are no more deficient points in the global list. Figure 8 shows

the run from this variant of the algorithm. The sampling

density was set to 30 samples/meter.

Note that in either setting, the obtained trajectories are

sensitive to initialization of pose and orientation.

VII. CONCLUSION

The main contribution of this paper is an algorithm for

producing sensor measurements that are most suitable for sam-

pling the environment uniformly and densely. The proposed

algorithm ensures that the consecutive scans have a sampling

density that is always above the minimum required for most

parts of the currently visible environment. The problem of

finding poses from where such high density scans can be

measured, was cast as a convex feasibility problem whose

solution can be obtained very quickly. Further, the problem of

finding the maximally sized subset, such that their intersection

is nonempty, is solved using the equivalence with the maximal

(q) Run A (r) Run B

Fig. 7. Two example runs from the far ends of the environment for variant
I. Following each run from the bottom-most image to the top, we can see
that the robot tries to move towards regions where the sampling density was
low in the previous time-step. The Pioneer-3DX employed a simple local
planner for obstacle avoidance as a sub-module. The positions from where
the robot made subsequent decisions have been overlaid on the map which
was computed offline. Please zoom in to the images for more detail.
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Fig. 8. The robot exploring with memory. The trajectory is overlaid on
the map. The obtained trajectory is sensitive to initialization as can be seen
in the failed effort shown in red. Note that although here we computed the
complete map offline, mapping is implicit in this variant since the robot needs
to maintain a global list of points in a fixed world coordinate system. To
achieve mapping, we used the gmapping package [20]. (d = 30 samples/m.)

clique problem. Results show that the proposed algorithm

can create suitable paths for the robot from where a roughly

uniformly sampled map of the environment can be obtained.
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