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Abstract—The contact lens problem in tracking has severe
measurement nonlinearity that will cause consistency problems
and large errors for existing nonlinear filtering techniques in-
cluding the EKF, the UKF and the particle filter. In our previous
work, the proposed measurement covariance adaptive (MCA) ex-
tended Kalman filter (MCAEKF) was shown to be consistent and
have superior tracking accuracy. The only drawback of the filter
is that it has loss in accuracy in the early stages of the filtering
due to the artificially enlarged measurement noise covariance. In
this paper, a novel track splitting technique is proposed to divide
an inaccurate track into a set of sub-tracks that are accurate
enough such that the linearized EKF consistency requirement
is satisfied for each sub-track. Simulation results show that the
proposed track splitting EKF (TS-EKF) approach can effectively
prevent filter divergence and has no loss in range accuracy in
the early stages of filtering.
Keywords: Tracking, contact lens problem, track splitting.

I. INTRODUCTION

0 The contact lens problem refers to the problem of track-

ing using nonlinear measurements whose uncertainty region

corresponds to a thin, curved, contact lens-like shape in the

states’ Cartesian coordinates. Typical contact lens problems

include long range tracking using measurements from polar

coordinates or range and direction sine r-u-v coordinates of,

e.g., a phased array radar, where the measurements are very

accurate in the range direction and very inaccurate in the

crossrange directions. As shown in [10] such problems have

severe measurement nonlinearity that will cause consistency

problems for existing nonlinear filters such as the extended

Kalman filter (EKF) and the unscented Kalman filter (UKF).

The problem is also very ill-conditioned in nature, which

makes the use of the particle filter (PF) very difficult and

expensive.1The converted measurement filtering approach [1],

0Proc. 14th Intl’l Conf. Information Fusion, Chicago IL, July 2011.
1In [4] a variation of particle filter for nonlinear filtering problems was

proposed, which is able to drive the particles to flow from the prior distribution
to the posterior distribution. For the contact lens problem, the filter was
reported to yield comparable tracking performance to a particle filter with
substantially fewer particles.

[6] is able to yield consistent filtering results and small overall

tracking errors. However, it was shown to have significant loss

of tracking accuracy in the range direction in the contact lens

problem [10]. An efficient filter for the contact lens problem

was presented in our previous work [10], where a Measure-

ment Covariance Adaptive (MCA) rule that guarantees the

consistency of the linearized EKF was proposed. Based on

the MCA rule, a novel filtering approach — Measurement

Covariance Adaptive Extended Kalman Filter (MCAEKF) —

was presented. The filter has low complexity and was shown

to outperform the existing algorithms in filtering consistency

and tracking accuracy for the contact lens problem. The MCA

approach was further extended in [11] to a generalized algo-

rithm that is also able to deal with range rate measurements.

The only drawback of the MCA approach is that it has loss

in range (or range rate) accuracy in the early stages of the

filtering due to the artificially enlarged measurement noise

covariance. Note that, like in the contact lens problem, filter

divergence in many nonlinear filtering problems occurs only

when the track accuracy is low. If the track is accurate enough,

local linearization can be effectively used, and the EKF will

yield consistent and near-optimal tracking performance. In

this paper we propose a track splitting approach to divide an

inaccurate track to a set of sub-tracks with each occupying

a part of the uncertainty region that is accurate enough to

guarantee the consistency of the linearized filter, e.g., the

EKF.2 The resulting track splitting EKF (TS-EKF) amounts to

generating a set of tracks that run in parallel and identifying

the best one later in the filtering process, which resembles the

Gaussian sum or Gaussian mixture filtering approach in the

literature.

The idea of using a sum of weighted Gaussian probability

density function to approximate another density function was

2For the same reason, we prefer the splitting of tracks over the splitting
of measurement uncertainties [8], because as the sub-tracks become accurate
enough the splitting will be no longer needed, which effectively reduces the
complexity of the algorithm.
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introduced [3], [9] for linear and nonlinear filtering problems

with non-Gaussian process and measurement noises. In [5],

a split and merge unscented Gaussian mixture filter was

proposed, which combines the Gaussian mixture approach

with the unscented Kalman filter (UKF). At the split stage,

the filtered state pdf is iteratively refined by splitting to

increase the level of detail in likely regions of the state

space. At the merge stage, Gaussian filtering densities are

merged based on a similarity rule to keep the complexity of

the algorithm under control. This filter was shown to have

improved performance over the UKF for tracking a target that

follows a synthetic trajectory. In [12], the Gaussian mixture

approach was used with the probability hypothesis density

(PHD) filter to integrate digital road-maps for the tracking

of ground vehicles using the ground moving target indicator.

For filtering problems involving heavy-tailed densities several

Gaussian sum particle filters were presented in [7]. This

approach approximates distributions by Gaussian mixtures,

and is implemented by a bank of particle filters. In comparison

to these works, the contribution of this paper is to propose

a systematic method to effectively divide a less accurate

track into a set of sub-tracks according to the consistency

requirement of the linearized filter. Simulation results show

that, for the contact lens problem, the proposed algorithm

yields near-optimal tracking accuracy and, unlike the MCA

approach, it has no loss of range accuracy in the early stages

of the filtering.

The paper is organized as follows. Section II formulates

the problem. The track splitting approach is described in

Section III. Section IV presents the simulation results to

demonstrate the performance of the tracking splitting ap-

proach. Conclusions are presented in Section V.

II. PROBLEM DESCRIPTION

The contact lens problem occurs when the target states are

defined in the Cartesian coordinates and are updated using

nonlinear measurements from a different coordinate system

e.g., polar or range-direction cosine (r-u-v). Fig. II shows

an illustrative example of the uncertainty region of such a

measurement.

From basic geometry, as the target range increases the

crossrange accuracy of the measurement decreases. With the

accuracy fixed in the range direction, the measurement un-

certainty region becomes a curved shape which is increas-

ingly non-Gaussian in Cartesian coordinates. When the range

of the target is above a certain limit, conventional filters,

such as EKF, UKF (initialized with the standard two point

differencing approach [2]) were shown to have significant

consistency problems and large tracking errors [10]. The

Converted Measurement Kalman filter (CMKF) [1] was shown

to be consistent. However, the CMKF has a loss in range

accuracy, because the accuracy of the converted measurement

in the range direction is significantly decreased to guarantee

the consistency of the conversion.

To reduce the loss in range accuracy, a Measurement

Covariance Adaptive (MCA) rule was proposed in [10] for the
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Figure 1. Example: A curved measurement uncertainty region which is very
accurate in the range direction, however has large uncertainty in the cross-
range.

very long range tracking problem using measurements from r-

u-v coordinates. It guarantees the consistency of the linearized

EKF by artificially inflating the measurement uncertainty re-

gion. In [11], the MCA rule was further generalized to handle

not only contact lens problem in range but also in range rate.

The key of the MCA approach is to characterize and quantify

the curvature of the posterior uncertainty region. Fig. 2 shows

a curved uncertainty region and the Gaussian uncertainty with

the same center and thickness. The impact of the curvature at

�����
� ��������������
������
���
��	��
����������������
�����
��
�����
�

��

�����
�

 ����!������
�������
�
������ �
������
�� ��	��
��������
������
�����	��
�
�
�
"�����
�

Figure 2. The quantification of the curvature of a curved (contact lens shaped)
uncertainty region

a point in the curved uncertainty region can be characterized

by the “distance” DC from the point to the corresponding

Gaussian uncertainty.

To be specific, consider the target state with positions and

velocities in 2D. Let x̂ = [ξ̂
ˆ̇
ξ ζ̂

ˆ̇
ζ]′ denote the center of the

two uncertainty regions (the elliptical and the contact lens).
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Range measurement: For a point x = [ξ ξ̇ ζ ζ̇]′ in the curved

uncertainty region, from simple geometry one has

re =

√
ξ̂2 + ζ̂2 (1)

rp =
ξξ̂ + ζζ̂√
ξ2 + ζ2

(2)

where re is the range at x̂ and rp is the range re projected on

x. Define the distance between the contact lens and the ellipse

as (see also Fig. 2)

Dr
C(x) =

(re)
2

rp
− re (3)

Range rate measurement: Suppose x̂ contains the true

velocity. As the position moves across the uncertainty region,

the projected range rate also changes. One has,

ṙe =
ξ̂
ˆ̇
ξ + ζ̂

ˆ̇
ζ√

ξ2 + ζ2
(4)

ṙp =
ξ
ˆ̇
ξ + ζ

ˆ̇
ζ√

ξ2 + ζ2
(5)

Dṙ
C(x) = |ṙp − ṙe| (6)

where ṙe is the range rate at x̂, ṙp is the range rate projected

on x.

The distance D∗
C(x) (∗ stands for r or ṙ) can also be

interpreted as the error introduced by the corresponding mea-

surement nonlinearity. For the posterior uncertainty region

to be (close to) Gaussian, its thickness, which is mainly

determined by the highly accurate nonlinear measurement,

e.g., range or range rate, should be significantly larger than

the maximum D∗
C(x), x ∈ Φ2σ, where Φ2σ denotes the

2σ region of the predicted track, which contains most of the

probability mass of the prior state distribution.

The general measurement covariance adaptive rule (GM-

CAR) [11] is given as follows:

• Calculate the minimum allowable standard deviation of

the measurement noise

σmin
∗ = cs max

x∈Φ2σ

{D∗
C(x)} (7)

where cs is a constant scaling factor (chosen as 2 in the

algorithm).

• To guarantee the consistency of the linearized EKF, the

standard deviation used by the filter update should not

be smaller than σM
∗ given in (8), which is the larger one

between σmin
∗ given in (7) and the actual measurement

standard deviation σ∗, i.e.,

σM
∗ = max{σmin

∗ , σ∗} (8)

The only drawback of the MCA approach is that it has

a loss in range (or range rate) accuracy in the early stages

of the filtering due to the artificially enlarged measurement

noise covariance. To demonstrate this, consider a 2-D tracking

scenario, where a target is tracked by a radar using range

and azimuth measurements.3 The target follows the continuous

white noise acceleration (CWNA) motion model [1] with

process noise intensity (PSD) q̃. The state of the target is

defined as

x = [ξ ξ̇ ζ ζ̇]
′

(9)

which follows

x(k + 1) = Fx(k) + v(k) (10)

where T is the sampling time and

F =

⎡
⎢⎢⎣

1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

⎤
⎥⎥⎦ (11)

The nonlinear measurement functions are given by

r =
√

ξ2 + ζ2 + wr (12)

a = arctan
ζ

ξ
+ wa (13)

The measurement noises wr and wa are assumed to be

mutually independent white Gaussian with zero means and

standard deviations σr = 0.2m and σa = 1mrad, respectively.

The radar is at the origin and makes measurements every

T = 1 s. The target was initially located at [105 250] km with

velocity [−2 −3]m/s. The process noise intensity of the target

motion is q̃ = 10−3 m2/s3.
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Figure 3. GMAC-EKF vs. EKF: NEES (Normalized Estimation Error
Squared [1])

Figs. 3–5 compare the performance of the Generalized

Measurement Adaptive Covariance Extended Kalman Filter

(GMAC-EKF) [11] and the EKF for the contact lens problem

considered. The results were obtained from 100 Monte Carlo

(MC) runs. It can be seen that the GMAC-EKF was consistent

3Measurement nonlinearity in range rate measurements can be easily
handled in the proposed track splitting approach. For the sake of brevity this
is not included in this paper.
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Figure 4. GMAC-EKF vs. EKF: RSME in position
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Figure 5. GMAC-EKF vs. EKF: RSME in range

and had small Root Mean Square (RMS) errors in position.

However the EKF was severely inconsistent and had large

position errors. Fig. 5 shows that in the early stages of the

filtering, both filters have loss in range accuracy (the RMS

estimation errors in range are larger than the standard deviation

of the range measurements σr = 0.2m). For the GMAC-

EKF this was because the MCA rule artificially enlarges the

standard deviation of the range measurements used by the

filter. For the EKF the loss in range accuracy was due to

the severe filter inconsistency. After 12 s both filters yield the

optimal range accuracy in steady state.

To avoid the loss of tracking accuracy in the early stages of

the filtering in the MCA appraoch, the track splitting technique

is proposed in Sec. III.

III. THE TRACK SPLITTING ALGORITHM

The basic idea of the proposed approach is to divide

inaccurate tracks into a set of more accurate Gaussian sub-

tracks. The issue to be addressed here is how to do this

effectively in the full dimension of the target state according

to the needs of the linearized filter.

A. Dividing a Gaussian distribution into N Gaussian distri-
butions in 1-D

First consider the basic problem of dividing a Gaussian

distribution with zero mean and standard deviation σ into N
Gaussian distributions with smaller variances in 1-D. Fig. 6

illustrates the proposed procedure for this problem. The first

step is to determine the range of coverage for the splitting,

which is the interval that covers the two-sides ασ region of

the original Gaussian pdf. Then this interval is evenly divided

to N pieces. Assuming a uniform pdf over each small piece,

their variances are calculated as

Rs(i) =
1

12

(
2ασ

N

)2

, i = 1, ..., N (14)

From simple geometry, the means of the corresponding sub-

Gaussian distributions are

ms(i) = −ασ +

(
i− 1

2

)
2ασ

N
(15)

To reflect the probability mass of the sub-Gaussian pieces, a

weight is associated with each one of them, which satisfies

ws(i) ∝ p(ms(i)) (16)
N∑
i=1

ws(i) = 1 (17)

where p(ms(i)) is the probability density from the original

Gaussian distribution evaluated at ms(i).

B. Track splitting in the full dimension of the state space

This subsection addresses the issue of how to effectively

do track splitting in the full dimension of the target state.

For the contact lens problem considered, the objective of the

track splitting is to increase the crossrange position accuracy

of the sub-tracks, which corresponds to the most inaccurate

dimension of the track. To illustrate the procedure, we use the

2-D tracking example considered in Sec. II. Suppose at time

k, one has the predicted track (x̂(k|k − 1), P (k|k − 1)). Let

Pp(k|k − 1) denote the position covariance matrix extracted

from P (k|k − 1). Using the eigen decomposition, the two

eigenvectors, denoted as uj , j = 1, 2 and the corresponding

eigenvalues aj can be obtained. Suppose a1 is the larger eigen-

value, which corresponds to the variance in the crossrange

direction of the predicted track in position. If the a1 is so

large that according to the general MCA rule σM
∗ in (8) is

larger than σ∗, track splitting should be performed.

For track splitting, first the the coarse Gaussian distribution

along u1 is divided into N pieces, which is the 1-D problem

addressed in Sec. III-A. Here, the parameter α which deter-

mines the range of coverage is selected as follows

α =

⎧⎨
⎩

3.5, for the first time the track splitting
is performed,√

3, otherwise
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Figure 6. Track splitting in 1-D

The number N is chosen as the minimum number so that the

crossrange variances of the sub-tracks

Rs = Rs(i) =
1

12

(
2α

N

)2

a1, i = 1, ..., N (19)

are small enough to satisfy the MCA rule (1)–(8) without

increasing the actual range error standard deviation σr.

Then the N sub-tracks with cross-range position variance

(19) are generated as follows

H = [u1(1) 0 u1(2) 0] (20)

S = HP (k|k − 1)H ′ +Rs (21)

W = P (k|k − 1)H ′S−1 (22)

x̂i
s(k|k − 1) = x̂(k|k − 1) +Wms(i) (23)

P i
s(k|k − 1) = (I −WH)P (k|k − 1)(I −WH)′

+WRsW
′ (24)

where u1(1) and u1(2) are the first and second components

of the position eigenvector u1. Matrix H is the equivalent

of the observation matrix that projects the full state onto u1.

The probability mass associated with each of the sub-tracks is

calculated as

ws(i) ∝ exp−
1
2ms(i)

2W ′P (k|k−1)W (25)
N∑
i=1

ws(i) = 1 (26)

Figs. 7–10 show the results of track splitting with param-

eters N = 2, α =
√
3 and N = 10, α = 3.5. In each case,

the uncertainty regions before and after the track splitting

are shown for position and velocity respectively. For track

splitting in 3-D, the crossrange state space is spanned by the

two principle eigenvectors of the predicted position covariance

matrix. Accordingly the track splitting will be done along both

eigenvectors, which generates N1N2 sub-tracks with N1 and

N2 being the number of divided Gaussian pieces along the

two directions.
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2.483

2.4835

2.484
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2.485
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Y
 (m

)

Figure 7. Track splitting in position (α =
√
3, N = 2).
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Figure 8. Track splitting in velocity (α =
√
3, N = 2).
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Figure 9. Track splitting in position (α = 3.5, N = 10).
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Figure 10. Track splitting in velocity (α = 3.5, N = 10).

C. The removal of unlikely sub-tracks

The sub-tracks run in parallel and process the same set of

measurements, and a sub-track may further split into more

sub-tracks when its accuracy is below the required level in

the crossrange direction. Tracks that do not contain the actual

target states tend to diverge, and unlikely sub-tracks should be

removed in the filtering process to reduce the complexity of

the algorithm. For this, the accumulated sum of the normalized

innovation from the sub-track is used as the test statistic.

Ts(k) =
k∑

i=3

νs(i)
′Ss(i)

−1νs(i), s = 1, ...,M(k) (27)

where s is the index of the sub-tracks; M(k) is the number of

sub-tracks at time k; νs(i) = z(i)−ẑs(i) is the innovation from

sub-track s at sampling time i, and Ss(i) is the corresponding

innovation covariance.4 From [1], all the innovations are

orthogonal to each other, thus, if track s contains the true target

state, Ts(k) follows a Chi-square distribution with freedom

(k − 2)Dz , where Dz is the dimension of the measurement

vector. In the 2-D example considered Dz = 2 for the

range and azimuth measurements. At every sampling time,

the following test is performed for every sub-track.{
if Ts(k) < χ2

(k−2)Dz
(β), keep the subtrack,

otherwise, remove the subtrack
(28)

where χ2
(k−2)Dz

(β) is the threshold such that

P
(
x < χ2

(k−2)Dz
(β)

)
= β, x ∼ χ2

(k−2)Dz
(29)

and β is chosen to be close to 1, e.g., 0.9999 to remove

unlikely sub-tracks with high confidence.

D. Sub-track probability evaluation

The likelihood of each sub-track being the correct track of

the target needs to be evaluated. Suppose there are M(k − 1)
(k ≥ 3 and M(k − 1) ≥ 1) sub-tracks that are propagated to

time k. Each track has a probability associated which satisfy

M(k−1)∑
s=1

ps(k − 1) = 1 (30)

If sub-track s is further split into N sub-tracks with indices

from g, ..., g + N − 1, the probabilities these new sub-tracks

are given by

pg+j−1(k − 1) = ps(k − 1)ws(j), j = 1, ..., N (31)

where ws(j) follows (25)-(26). Suppose after the sub-track

splitting and removal at time k, there are M(k) sub-tracks

left. With the new measurement z(k), probability of sub-track

s is updated as follows

ps(k) ∝ ps(k − 1)
1

|Ss(k)| 12
· exp− 1

2 νs(k)
′Ss(k)

−1νs(k) (32)
M(k)∑
s=1

ps(k) = 1 (33)

where νs(k) is the innovation of sub-track s at time k and

Ss(k) is the corresponding covariance.

IV. SIMULATION RESULTS

To show its performance, the proposed track splitting tech-

nique with EKF (TS-EKF) is compared to the GMAC-EKF

using the same tracking scenario in Sec. II. The simulation

results are from 100 MC runs.

Fig. 11 shows the average number of the sub-tracks. With

the number peaked around 14 and dropped to about 13, the

TS-EKF has moderate complexity. The number of sub-tracks

can be further reduced by merging similar sub-tracks, which

4In the event of track splitting, sub-tracks inherit the statistic (27) their
parent tracks.
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Figure 11. The average numbers of sub-tracks

is not discussed in this paper. The implementation of the TS-

EKF is also fully parallelizable, which can significantly speed

up the implementation of the algorithm.

2 4 6 8 10 12 14 16 18 20
100

120

140

160

180

200

220

240

260

280

300

320

Time (s)

R
M

S
E

 in
 p

os
iti

on
 (m

)

GMAC−EKF
TS−EKFmax
TS−EKFave

Figure 12. The track splitting approach vs. GMAC-EKF: position errors
(reporting time: 20 s).

Figs. 12–13 compare the RMSE in position from the

GMAC-EKF and the TS-EKF. Two methods were used to

report the tracking results from the TS-EKF. In the first method

TS-EKFmax the most likely sub-track was selected at the

reporting time (20 s in Fig. 12 and 100 s in Fig. 13). The

track estimates at previous times were obtained by tracing

back the history of the selected sub-track. The second method

TS-EKFave reported the mixture of the sub-tracks at each

sampling time. It can be seen at 20 s the GMAC-EKF has

smaller RMSE (Root Mean Square Errors) in position than

TS-EKFmax. This is because with track splitting TS-EKFmax

requires an extra period of time to correctly identify the best

sub-track. As shown in the same figure, when the sub-track

selection is done at 20 s, TS-EKFmax yielded significantly
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Figure 13. The track splitting approach vs. GMAC-EKF: position errors
(reporting time: 100 s).

improved tracking accuracy in position than the GMAC-

EKF before 17 s. Note that the GMAC-EKF reaches the

performance bound of the linearized filter for the overall

position estimation errors. The result that TS-EKFmax is able

to beat the GMAC-EKF in position accuracy by a significant

amount is because the TS-EKFmax uses information from

latter measurements to decide which sub-track should be

selected. Fig. 13 compares the position errors of the trackers

when the reporting time is 100 s. Similarly the TS-EKFmax

yields better tracking accuracy than the GMAC-EKF before

80 s. Also note that the mixture approach TS-EKFave has

slightly larger position errors than the GMAC-EKF, because

TS-EKFave uses a Gaussian mixture approximation of a

coarser Gaussian density. However when the actual posterior

pdf of the target states is significantly non-Gaussian, the result

will be different.
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Figure 14. The track splitting approach vs. GMAC-EKF: range accuracy
(reporting time: 20 s).
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Figure 15. The track splitting approach vs. GMAC-EKF: range accuracy
(reporting time: 20 s).

Figs 14–15 compare the tracking accuracies in the range

direction of the GMAC-EKF and the TS-EKF. It can be seen

that, in the early stages of the filtering, both TS-EKFmax and

TS-EKFave are able to avoid loss in range accuracy.
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Figure 16. The track splitting approach vs. GMAC-EKF: consistency test
(reporting time: 20 s).

Figs 16–17 compare the consistency of the filters with

their Normalized Estimation Error Squared (NEES) [1]. It

can be seen that TS-EKFmax has a certain loss in filtering

consistency due to the selection of the single most likely sub-

track for the report. While TS-EKFave has only moderate loss

in consistency, i.e., the consistency of the overall set of the

sub-tracks is good.

V. CONCLUSIONS

The paper proposes a novel track splitting technique for

the contact lens problem in tracking. The algorithm is able to

systematically perform track splitting according to the needs
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Figure 17. The track splitting approach vs. GMAC-EKF: consistency test
(reporting time: 100 s).

of the linearized filter so that filter divergence is effectively

prevented. Simulation results show that the proposed algorithm

has good tracking accuracy and, unlike the GMAC-EKF, it

is able to avoid the loss of tracking accuracy in the range

direction in the early stages of the filtering.
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