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Abstract—The paper deals with a performance analysis of
several local filters within three bearing-only tracking sce-
narios. Performance of the extended Kalman filter, unscented
Kalman filter, unscented Kalman filter with adaptive scaling
parameter, which represent generic filters, and the shifted
Rayleigh filter, which is designed solely for the bearing-
only tracking problem, is compared using the root mean
square error, averaged normalized estimation error squared
and non-credibility index. The simulations show that the
unscented Kalman filter with adaptive scaling parameter
achieves similar or even better performance than the shifted
Rayleigh filter.
Keywords: state estimation, nonlinear filtering,
bearings-only tracking.

I. INTRODUCTION

The bearings-only tracking (BOT) problem is of great
importance in many tracking and surveillance applications
[1]. The problem, sometimes referred to as target motion
analysis, consists in estimating the trajectory of an object
(typically position and velocity) from a noise corrupted
sensor data. The data are given by bearing of the object
relative to a moving observation platform.

This paper focuses on the problem of tracking a non-
maneuvering object for which despite its apparent simplic-
ity it is not possible to find an optimal solution based on
the Bayesian approach. Technically, the BOT problem is
a special case of state estimation problems of a dynamic
stochastic discrete-time nonlinear systems. The measured
bearings data in the BOT problem can be processed either
in a batch or recursively, however the paper concentrates
only on the recursive data processing.

The optimal solution to the recursive state estimation
problem of nonlinear systems in the form of a probability
density function (pdf) of the state is provided by the
Bayesian recursive relations (BRR’s). As their closed-form
solution is available in a few special cases only [2], usually
an approximate solution is adopted which is also the case
of the BOT problem. The approximate state estimation
methods can be classified according to a range of validity
of the state estimate into global and local methods. The
global methods such as the particle filtering [3], Gaussian
sum method [4] or the point-mass method [5] provide state

estimates which are valid in almost whole state space,
however their computational costs is high even with the
available computational power. Small computational costs
is a key attribute of the local methods [2]. The generic
local methods are often based on an approximation of the
nonlinear functions in the state or measurement equation
or on an approximate computation of first two moments
of a nonlinearly transformed random variable so that the
Kalman filter (KF) design technique can be used for the
BRR’s solution. This approach leads to description of the
conditional pdf’s of the state estimate by only the first
two moments, i.e. mean value and covariance matrix. This
rough approximation of the posterior estimates induces
local validity of the state estimates.

Recently, an advanced version of the local state estima-
tion methods (more specifically the sigma point methods)
has been proposed [6] that adapts a scaling parameter
inherent in the method to increase estimate quality.

As far as the BOT problem as a special case is concerned,
lately, a new moment matching state estimation method
designed solely for the problem has appeared under the
name shifted Rayleigh filter (SRF) [7]. The SRF was shown
to achieve a better performance in many BOT problems
than the generic local methods.

Performance of the local methods with the BOT prob-
lems was recently analyzed in a number of papers e.g.
[8], [9], however, the analysis was usually performed by
comparing the position root mean square error (RMSE)
with the Cramér-Rao lower bound (CRB) and by the
number of divergent tracks only.

The aim of the paper is to show that the advanced
generic local state estimation methods may achieve track
quality better than the BOT specialized methods. The
comparison will be accomplished not only by the traditional
performance measures but also using the relative track
metrics such as the non-credibility index (NCI) and average
normalized estimation error squared (ANEES) [10], [11]
which determine nonlinear tracking performance indepen-
dent of the scenario.

The paper is organized as follows: In Section II the BOT
problem will be introduced while the local filter used in the
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comparison will be described in Section III. The analysis
and comparison is accomplished in Section IV and the
conclusion remarks are given in Section V.

II. BEARINGS-ONLY TRACKING PROBLEM

The object is supposed to follow the continuous white
noise acceleration motion model [12]. The state of the
vehicle is defined as xk = [x1,k, x2,k, x3,k, x4,k]

T
=

[xk,yk, ẋk, ẏk]
T (i.e. it consists of the positions and

velocities in the x and y directions and thus its dimension
is nx = 4) which evolves as

xk+1 = Fxk +Gwk, (1)

with

F =


1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1

 , G =


0.5T 2 0

T 0
0 0.5T 2

0 T

 ,
where T is the sampling interval and wk is the Gaus-
sian zero-mean state noise with covariance matrix Q, i.e.
p(wk) = N {wk; 0,Q}.

The object is observed from a platform, which provides
the measurement zk at time k given by the angle from the
platform to the object. Suppose that at time k the platform
is located at coordinates [xp

k ,y
p
k ], then the measurement

zk is given by either

zk = arctan
xk − x

p
k + v

x
k

yk − y
p
k + v

y
k
+ vθk , (2)

for the angle referenced to the y axis or

zk = arctan
yk − y

p
k + v

y
k

xk − x
p
k + v

x
k
+ vθk , (3)

for the angle referenced to the x axis. The variables vx
k , vy

k
and vθk represent mutually independent zero mean noises,
independent of the state noise wk and the initial condition
x0. Here, vθk is the noise at the sensor with variance
Rθ and the translational noises vx

k and vy
k with variances

(σ x )2 and (σ y)2, respectively, are used to take account of
noisy perturbations of either the object or the platform.
Note that in this paper the four-quadrant inverse tangent is
considered.

Given the sequence of the measurements zk 4
=

[z0, z1, . . . zk]
T generated by (2) or (3) and the motion

model (1), the BOT problem is to obtain an estimate of the
state vector xk . As the measurement equations (2) and (3)
are nonlinear, it is clear that the BOT problem is a special
case of the nonlinear state estimation problem which con-
siders general forms of state dynamics and measurement
equation as follows

xk+1 = fk(xk,wk), (4)
zk = hk(xk, vk) (5)

with state and measurement noises described by the pdf’s
p(wk) and p(vk), respectively and the estimation goal is
to find the conditional filtering pdf p(xk |zk).

It must be noted that the state xk was shown [1] to be
unobservable for certain observer-object configurations and
that the observer must “outmaneuver” the object to achieve
observability of the state.

III. LOCAL STATE ESTIMATION METHODS

The local state estimation methods (also referred to as fil-
ters) are well-known because of their acceptable estimation
quality coupled with reasonable computational demands.
The basic idea of the local filters lies in certain extension
of the KF design technique allowing estimation of the state
on nonlinear systems. Indeed, the algorithms of the local
filters have identical structure with the KF (the way how
the filtering and predictive means and covariance matrices
are recursively computed). The generic local filter for the
BOT problem (1-3) can be summarized by the following
steps.

Alg. 1: Generic Local Filter

Step 1: Set the time instant k = 0 and define a priori initial
condition by the predictive mean x̂0|−1 = E[x0] = x̄0 and
the predictive covariance matrix P0|−1 = cov[x0] = P0.
Step 2: The state predictive estimate is updated with re-
spect to the last measurement zk according to

x̂k|k = x̂k|k−1 +Kk|k(zk − ẑk|k−1), (6)

Pk|k = Pk|k−1 −Kk|kPz,k|k−1KT
k|k, (7)

where Kk|k = Pxz,k|k−1(Pz,k|k−1)
−1 is the filter gain and

ẑk|k−1 = E[zk |zk−1
] = E[h(xk)|zk−1

], (8)

Pz,k|k−1 = E[(zk − ẑk|k−1)(zk − ẑk|k−1)
T
|zk−1
] =

= E[(h(xk)− ẑk|k−1)×

× (h(xk)− ẑk|k−1)
T
|zk−1
] + R, (9)

Pxz,k|k−1 = E[(xk − x̂k|k−1)(zk − ẑk|k−1)
T
|zk−1
]. (10)

Step 3: The predictive statistics are given by the relations

x̂k+1|k = E[xk+1|zk
] = Fx̂k|k, (11)

Pk+1|k = E[(xk+1 − x̂k+1|k)(xk+1 − x̂k+1|k)
T
|zk
] =

= FPk|kFT
+GQGT. (12)

Let k = k + 1 and algorithm continues by Step 2.

The difference between particular local filters can be
found in the approximation applied to the computation of
the measurement predictive statistics (8)–(10).

In the last five decades various approximations have been
proposed. These approximations can roughly be catego-
rized into two groups; approximation of a nonlinear func-
tion and approximation of a random variable description.
These two principal approaches are briefly discussed in the
following subsections.

A. Approximation of nonlinear function

The pioneering approach from early seventies, the ex-
tended Kalman filter (EKF), was based on approximation of
the nonlinear function by the Taylor expansion of the first
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order [13]. Following this idea the resulting approximate
statistics (8)–(10) are

ẑk|k−1 = h(x̂k|k−1), (13)

Pz,k|k−1 = Hk|k−1Pk|k−1HT
k|k−1 + R, (14)

Pxz,k|k−1 = Pk|k−1HT
k|k−1, (15)

where Hk|k−1 =
∂h(xk )
∂xk
|xk=x̂k|k−1 is the Jacobian matrix.

Employing the Taylor expansion of the second order
leads to the second order filter [12]. More recent ap-
proaches are based on a polynomial approximation of the
nonlinear function, e.g. on Stirling’s interpolation. These
filters are usually referred to as the divided difference filters
(DDF’s) [14], [15].

B. Approximation of random variable description

A principally different approach is based on an approx-
imation of a state variable description whilst the nonlinear
function is preserved. A characteristic representative is the
unscented transformation (UT) leading to the unscented
Kalman filter (UKF) [16]. Here, the state predictive esti-
mate is approximated by a set of points {Xi } (often called
σ -points) with corresponding weights {Wi } as

X0,k|k−1 = x̂k|k−1,W0 =
κ

nx + κ
, (16)

Xi,k|k−1 = x̂k|k−1 + si ,Wi =
1

2(nx + κ)
, (17)

Xnx+i,k|k−1 = x̂k|k−1 − si ,Wnx+i = Wi , (18)

where i = 1, . . . , nx and the term si represents the i-th col-
umn of the matrix

√
(nx + κ)Pk|k−1 =

√
(nx + κ)Sk|k−1

with Pk|k−1 = Sk|k−1ST
k|k−1. Then, each point is trans-

formed via the nonlinear function

Zi,k|k−1 = h(Xi,k|k−1), ∀i, (19)

and the resulting characteristics are given as

ẑk|k−1 =

2nx∑
i=0

WiZi,k|k−1, (20)

Pz,k|k−1 =

2nx∑
i=0

Wi (Zi,k|k−1 − ẑk|k−1)×

× (Zi,k|k−1 − ẑi,k|k−1)
T
+ R, (21)

Pxz,k|k−1 =

2nx∑
i=0

Wi (Xi,k|k−1 − x̂k|k−1)×

× (Zi,k|k−1 − ẑk|k−1)
T , (22)

where κ is the scaling parameter influencing distribution
of the σ -points and accuracy of the approximation with
recommended setting κ = 3 − nx if nx ≤ 3 and κ = 0
otherwise.

Note that there are alternative versions of the UT dif-
fering in σ -point set calculation only [17]. Also, approxi-
mations based on quadrature or cubature integration rules
[18], [19] and Monte Carlo or stochastic integration rules
[20] [21] belong to this group.

C. Properties of approximation techniques and local filters
Together with development of local filters, enormous at-

tention have been devoted to their analysis and comparison.
Among others, topics like stability of local filters or relation
between random variable description approximation and
function approximation have been treated, see [22]–[24]
and references therein. Recently, an attention has been
devoted to a better selection of the scaling parameters
in the filters based on the polynomial interpolation and
the unscented transformation. In [6] it was shown that
currently used rules for selecting the scaling parameter are
not sufficient and a novel adaptive approach for selecting
the parameter was proposed. The approach will be reviewed
and improved in the following text.

1) Scaling parameter maximizing likelihood: As was
mentioned above, in the case of the UKF, the scaling
parameter κ is basically chosen as κ = 3 − nx . This
recommended settings was determined by the analysis of
the unscented transformation which was based on a term-
by-term comparison of the Taylor series of the true mean
and covariance matrices (8)–(10) with the Taylor series
expansion of the approximated statistics, namely with the
Taylor expansion of relations (20)–(22) [16].

It can be seen that the parameter is set prior to estimation
experiment and does not reflect the particular point in
which the system description is approximated. This fact
was highlighted in [6] and an impact of various choices of
the scaling parameter on estimation quality was illustrated.
It was shown that the recommended setting is not always
the best in the sense of the mean square error of the state
estimate and the novel adaptive approach for the scaling
parameter setting was proposed.

The approach is based on maximization of the likelihood
function at each time instant with respect to κ , i.e. the
scaling parameter κML

k at time k is given by

κML
k = arg max

κ
p(zk |zk−1, κ) (23)

with p(zk |zk−1, κ) ≈ N {zk : ẑk|k−1(κ),Pz,k|k−1(κ)} where
the notation ẑk|k−1(κ) and Pz,k|k−1(κ) emphasize their
dependence on κ .

2) Scaling parameter maximizing posterior probability:
Although the beneficial impact of the adaptive setting of the
scaling parameter on estimation quality was shown in [6],
there are other criteria that can be used to adapt the scaling
parameter. The (23) takes into account the measurement
information only. To respect in addition the predictive
information given by the predictive moments x̂k|k−1 and
Pk|k−1, the following criterion has been proposed:

κMPP
k = arg max

κ
pxk |zk (x̂k|k |zk), (24)

where pxk |zk (xk |zk) = p(zk |xk)p(xk |zk−1)
(

p(zk |zk−1)
)−1

and x̂k|k is given by (6). The notation MPP refers to the fact
the κMPP

k maximizes posterior probability of the filtering
state estimate x̂k|k .

Assume, the predictive pdf is Gaussian, i.e.
p(xk |zk−1) = N {xk; x̂k|k−1,Pk,k−1}, the measurement
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pdf is Gaussian p(zk |xk) = N {zk; hk(xk),Rk}.
Then the likelihood function is also Gaussian .i.e.
p(zk |zk−1) = N {zk; ẑk|k−1,Pz,k|k−1} and the optimal
scaling parameter κMPP

k given by (24) can be obtained by
maximizing the logarithm

κMPP
k = arg max

κ
log pxk |zk (x̂k|k |zk), (25)

which, after a few rearrangements, leads to the following
minimization

κMPP
k = arg min

κ

{
(zk − ẑk|k−1)

TUk|k−1(zk − ẑk|k−1)

+ (zk − hk(x̂k|k))
TRk(zk − hk(x̂k|k))

− (zk − ẑk|k−1)
TPz,k|k−1(zk − ẑk|k−1)

−
1
2 log |Pz,k|k−1|

}
(26)

where Uk|k−1 = P−1
z,k|k−1PT

xz,k|k−1Pk|k−1Pxz,k|k−1P−1
z,k|k−1.

Note that the above mentioned assumption concerning
Gaussianity of the predictive pdf is adopted in many
estimation methods such as the SRF. Gaussianity of the
measurement pdf p(zk |xk) is met very often in the BOT
problems.

As far as an increase of computational complexity due to
the scaling parameter adaptation is concerned, the standard
UKF algorithm is a process of O(n3

x + n3
z ) operation [25].

Now, suppose that to find an optimal scaling parameter, m
evaluations of the criterion in (23) or (24) is performed.
Then, the UKF with the adaptation step is of O(n3

x +n3
z m)

operations.

D. Shifted Rayleigh Filter

The SRF [7] represents a filtering algorithm designed
specifically for the BOT problem. It uses the moment
matching technique and based on Gaussian approximation
of the predictive conditional pdf p(xk |zk−1), it calculates
exact moments of the filtering conditional pdf. Instead of
the bearing angle the SRF works with the bearing vector
bk which is the vector of the “direction cosines”, i.e.
bk = [sin(zk) cos(zk)]

T. The algorithm has the following
form

Alg. 2: Shifted Rayleigh Filter

Step 1: Set the time instant k = 0 and define a priori initial
condition by the predictive mean x̂0|−1 = E[x0] = x̄0 and
the predictive covariance matrix P0|−1 = cov[x0] = P0.
Step 2: The state predictive estimate is updated with re-
spect to the last measurement zk according to

x̂k|k = (Inx −Kk|kL)x̂k|k−1 −Kk|k[x
p
k ,y

p
k ]

T
+ γk|kKk|k zk,

(27)

Pk|k = (Inx −Kk|kL)Pk|k−1 + δkKk|kbkbT
k KT

k|k, (28)

where L is a matrix chosen such that Lxk is the vector of
Cartesian coordinates of the object, i.e. L = [I2, 02] with

02 being a 2× 2 zero matrix, and

Kk|k = Pk|k−1LTPz,k|k−1 (29)

Pz,k|k−1 = LPk|k−1LT
+ Rθ

(
x2

k|k−1 + y2
k|k−1

+ P(1,1)k|k−1 + P(2,2)k|k−1
)
I2, (30)

yk = (bT
k Pz,k|k−1bk)

−1/2bT
k Pz,k|k−1(Lxk|k−1 + [x

p
k ,y

p
k ]

T),
(31)

γk|k = (bT
k Pz,k|k−1bk)

−1/2ρ2(yk), (32)

δk = (bT
k Pz,k|k−1bk)

−1(2+ ykρ2(yk)− ρ
2
2(yk)). (33)

The term ρ2(yk) is the mean of a shifted Rayleigh variable
[7] defined as

ρ2(yk) =

∫
∞

0 s2e−1/2(s−y)2 ds∫
∞

0 se−1/2(s−y)2ds
, (34)

where the denominator is a normalization constant of the
pdf. Note that the notation P(i, j) corresponds to the (i, j)-th
element of the matrix P.
Step 3: The predictive statistics are given by the relations

x̂k+1|k = Fx̂k|k, (35)

Pk+1|k = FPk|kFT
+GQGT. (36)

Let k = k + 1 and algorithm continues by Step 2.

Note that γk|k represents an estimate of the range based on
the measurement zk .

IV. EXAMPLES

In this section the performance of the shifted Rayleigh
filter, extended Kalman filter, unscented Kalman filter
and unscented Kalman filter with the scaling parameter
adaptation by means of maximum likelihood (UKFML) or
maximum posterior probability (UKFMPP) will be studied
in three BOT examples using M = 1000 Monte Carlo (MC)
simulations. Within the analysis three performance metrics
will be used:

• Root Mean Square Error (RMSE) defined as

RMSEpos
k =

√√√√ 1
M

M∑
i=1

(x̂i
k − xi

k)
2 + (ŷi

k − yi
k)

2

for the position error and

RMSEvel
k =

√√√√ 1
M

M∑
i=1

( ˆ̇xi
k − ẋi

k)
2 + ( ˆ̇yi

k − ẏi
k)

2

for the velocity error, where (xi
k, yi

k, ẋ i
k, ẏi

k) and
(x̂ i

k, ŷi
k,
ˆ̇xi
k,
ˆ̇yi
k) denote true and estimated object po-

sitions and velocities at the i-th MC run.
Note that in some examples only one coordinate is
considered and also the velocity RMSE is computed
only in examples where it provides an interesting
insight.
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• Non-credibility Index (NCI) defined as

NCIk =
1
M

M∑
i=1

[
10 log10

(
(xi

k − x̂i
k)

T(Pi
k|k)
−1(xi

k − x̂i
k)
)

− 10 log10

(
(xi

k − x̂i
k)

T6−1
k (xi

k − x̂i
k)
) ]
,

where Pi
k is the covariance matrix of the estimate

provided by the filter at the i-th MC run and 6k is the
mean square error matrix of the estimate [10], [11].

• Averaged Normalized Estimation Error Squared
(ANEES) [10] defined as

NCIk =
1

nx M

M∑
i=1

(
(xi

k − x̂i
k)

T(Pi
k|k)
−1(xi

k − x̂i
k)
)
.

The RMSE metric provides an evaluation of the estimate
error expressed as the Euclidean distance between the true
state and its estimate. The value of the RMSE provides
and absolute evaluation of the estimate error, The NCI and
ANEES metrics, on the other hand, provide evaluation of
a relative estimation error and moreover they evaluate a
self-assessment provided by each filter in the form of the
covariance matrix of the estimate error.

The NCI and ANEES metrics differ in the way they treat
large (or small) estimation errors. Note that a metric is said
to be pessimistic (or optimistic) if it is dominated by the
large (or small) estimation errors [26].

The NCI credibility measure is given by a geometric
average and hence it is a balanced measure which is neither
pessimistic nor optimistic. The ANEES credibility measure,
on the other hand, is pessimistic since it is given by an
arithmetic average. However, its nice property is that it
contains dimension normalization [11].

The figures depicting the NCI and ANEES metric in-
dicate areas determining optimism or pessimism for the
filters. For the ANEES metric also 95% confidence interval
is highlighted.

Note that in all examples the scaling for UKF was spec-
ified according to the above mentioned recommendation.
The maximum value for the scaling parameter adaptively
computed in the UKFMLand UKFMPPwas chosen such that
the weights Wi of the sigma points were always higher than
Wi ≥

0.025
nx

. The minimum value of the adapted scaling
parameter was chosen to ensure positive definiteness of the
calculated covariance matrices. As far as the optimization
algorithm is concerned, to keep the computational costs
reasonable, the maximum number of evaluations of the
criteria (23) and (24) was chosen to be 10. Based on
this limitation, the standard optimization techniques were
found to be ineffective and the suboptimal value of the
scaling parameter was computed by the so called grid point
optimization, i.e. dividing the interval by 10 equidistant
points and selecting the scaling parameter from these points
only.

A. BOT problem I
In this example [8] the target follows a horizontal line

with no vertical movement, i.e. the object state is given by

xk
4
= [xk, ẋk]

T and evolves according to

xk+1 =

[
1 T
0 1

]
xk +

[
0.5T 2

T

]
wk, (37)

with the covariance matrix Q = 0.01. The platform also
follows a horizontal line at the distance of 20 m with the
speed 4 m/s. The bearing angle is referenced to the x axis
and the translational zero-mean Gaussian noise is taken into
account with variances var{vx

k } = var{vy
k } = 1, i.e.

zk = arctan
20+ vy

k
xk − 4(k)+ vx

k
+ vθk , (38)

where the variance of the measurement noise is Rθ =
0.05242 (corresponds to (3◦)2). The initial condition of the
model is x0 = [80, 1]T. The scheme of the experiment is
depicted in Fig. 1.

The results are given for k = 1, . . . 40 in Figs. 2 (RMSE)
and 3 (NCI and ANEES). From the results it is clear the
SRF, UKF and both UKF’s with adaptive scaling parameter
achieve similar performance in terms of both the RMSE
and NCI with ANEES although the SRF is more balanced
in terms of the NCI and ANEES. Performance of the EKF
is very poor in this example as has been already discussed
in [8].
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Figure 1. Motion of the object and platform in BOT problem I
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Figure 2. RMSE in BOT problem I

B. BOT problem II

In this example [1] the target follows a course of
−135.4◦ starting 10 km away from the platform at a
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Figure 3. NCI and ANEES in BOT problem I

constant speed of 15 knots. The platform follows a course
of −80◦ at a constant speed of 5 knots and at k = 15
executes a maneuver to reach a new course of 146◦. The
initial positions are [7 km, 7 km] for the object and [0, 0]
for the platform. The model was simulated for 50 minutes
and the geometry of the motion is depicted in Fig. 4.

For the estimation purposes, the object state is given
by xk

4
= [xk,yk, ẋk, ẏk]

T and evolves according to (1)
with T = 1 min and the covariance matrix Q = 9.92 ×
10−2km2/s2.

The bearing angle is referenced to the y axis; the
translational noise is neglected in this case

zk = arctan
xk − x

p
k

yk − y
p
k
+ vθk , (39)

where the variance of the measurement noise is Rθ = (2◦)2.
The filters were initialized according to [1] with initial
range p(r) = N {r;

√
72 + 72, 42

} and speed p(s) =
N {s; s̄, 42

}, where s̄ is true speed.
The results given in Figs. 5 (RMSE) and 6 (NCI and

ANEES) indicate that at 25th minute a significant change
occurred. In fact at this time a substantial increase of the
bearing rate occurred and at 26th minute the bearing rate
achieved its peak of 135 deg/min. This fact caused deterio-
ration of both position and velocity estimates for all filters
with highest deterioration in the case of the EKF and almost
no deterioration in the case of the UKFMPP, UKFMLand
SRF. The NCI and ANEES metrics show a similar influence
of the significant change on the filters behavior. The best
performance is achieved by the UKFMPPand SRF.

Interestingly, the change is evident in the behavior of the
average scaling parameter κ of the UKFMPP, see Fig. 7.
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Figure 5. RMSE in BOT problem II

C. BOT problem III

In this BOT example [27], the state of the object will
be given only by its position in the xy plane, i.e. xk =

[xk,yk]
T. The object will move along a line parallel to the

x axis with its speed proportional to its x position, i.e.

xk+1 =

[
0.9 0
0 1

]
xk + wk (40)

with covariance matrix of the state noise

Qk =

[
0.1 0.01

0.01 0.1

]
.

The platform moves along a unit circle centered at the
origin, i.e. x p

k = cos(k), y p
k = sin(k), the translational

noises are neglected and the variance of the measurement
noise is Rθ = 0.025. The angle is referenced to the x axis.

The initial condition x0 is given by p(x0) = N {x0 :

[20, 5]T , 0.1I2} and the motion of the object was simulated
for k = 0, 1, . . . , N , N = 50. The motion of the platform
and object is illustrated in Fig. 8.

The results given in Figs. 9 (RMSE) and 10 (NCI and
ANEES) show that the best performance is achieved by the
SRF and UKFMPP.
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Figure 6. NCI and ANEES in BOT problem II
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D. Summarized results

Average values of performance metrics For all the BOT
scenarios are summarized in Table I

E. Computational costs

For the BOT problem II the computational costs of a
time step were computed and relative values (related to a
time step of the SRF) are given in Table II.

V. CONCLUSION

In the paper, the BOT problem was treated. The goal
was to analyze performance of local filters, namely the
generic local filters such as the EKF, UKF and UKF’s with
adaptive scaling parameter and the SRF designed solely
for the purpose of the BOT problem. The performance
was measured not only using the traditional RMSE but
also using the NCI and ANEES metrics. The examples
demonstrated that except in the scenario I, where the SRF
achieved slightly better results than the UKF’s, the UKF
with adaptive scaling parameter surpassed the SRF both in
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Figure 8. Motion of the object and platform in BOT problem III
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Figure 9. RMSE in BOT problem III

terms of the absolute metric (RMSE) and in terms of the
relative metrics (NCI and ANEES). This is an interesting
fact as these filters are generic, i.e. not tuned to this specific
problem.

The analysis demonstrated that generally the
UKFMPPachieved steadily good results as during the
adaptation it takes into account all information available
while the UKFMLquality performance may be the best if
accurate measurement (scenario II) is available but it may
also be worse than that of the unadapted UKF (scenario

Table I
AVERAGE VALUES OF THE PERFORMANCE METRICS FOR ALL BOT

SCENARIOS

EKF UKF UKFML UKFMPP SRF

I

NCI 8.00 1.20 1.60 1.15 0.22
ANEES 4.34 2.60 3.00 2.58 2.06

RMSEpos 88.59 3.79 3.84 3.72 3.64
RMSEvel 0.612 0.519 0.534 0.519 0.508

II

NCI 5.42 -0.62 -2.16 -2.47 -1.11
ANEES 135.78 5.96 3.41 2.88 3.64

RMSEpos 4.73 1.68 1.06 1.26 1.52
RMSEvel 0.300 0.081 0.053 0.059 0.075

III
NCI 2.54 1.03 1.59 0.51 1.00

ANEES 4.02 1.36 1.51 1.11 1.19
RMSEpos 1.38 1.13 1.20 1.07 1.10

Table II
COMPUTATIONAL COSTS OF A TIME STEP RELATED TO A TIME STEP OF

THE SRF

EKF UKF SRF UKFML UKFMPP

Time[%] 53 95 100 661 604
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Figure 10. NCI and ANEES in BOT problem III

I).
Further, as was anticipated [24], an overdone optimism

of the generic local filters was confirmed by the values of
the NCI and ANEES metrics.

When combining the computational costs and the value
of the performance metrics the SRF proved its superiority
for the BOT problem. However it must be noted that after a
severe optimization of the UKF’s algorithms with adaptive
scaling parameter, these can represent a viable alternative
to the SRF despite the fact that they are generic algorithms.
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