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Abstract—We propose an approach to calculate the Probability
Hypothesis Density function on a numerical grid by using a
method based on the convolution theorem and Fast Fourier
transform. This approach provides a representation of the PHD
over a discretized domain and, unlike other techniques, does
not require Gaussian assumptions on the target and observation
model. By using the Fast Fourier Transform it results reasonably
competitive in comparison to existing implementations, especially
in low dimensional state spaces.
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I. INTRODUCTION

The multiple target tracking problem consists in estimating

the state vectors of an unknown number of targets in a

surveillance region, given noisy observations, false alarms

and possible miss-detections. Different algorithms have been

proposed to address this problem [8]. Among these, the Prob-

ability Hypothesis Filter [1], [9] has gained a lot of popularity

over the past years as it provides and elegant solution by

propagating in time the first moment of a Poisson point process

associated to the target states. However, the PHD recursion

involves multiple integrals that does not have a general closed

form solution. The two most common implementations are

the Sequential Monte Carlo PHD filter (SMCPHD) [2], [3]

and the Gaussian Mixture PHD filter (GMPHD) [6]. The

first approximates the intensity function by a set of weighted

random samples, while the latter provides an analytic solution

under Gaussian assumptions. When the targets have a mildly

nonlinear dynamics, the GMPHD filter can be generalized

by linearization or by using the Unscented Transform. The

drawback of the Sequential Monte Carlo PHD filter is that it

generally requires a large number of particles to approximate

the intensity function and it relies on clustering algorithms

to obtain target estimates. On the other hand the GMPHD

requires a pruning and merging step to keep the number of

Gaussian terms and the computational cost bounded. Such

deterministic procedures lead to biased estimates and to a

possible loss of targets in case of miss detections or low birth

intensity. Various performance guarantees have been provided

in [3], [4], [5].

In this article we propose a method for computing the pre-

dicted and updated intensity function on a numerical grid

by using the operation of convolution and the Fast Fourier

Transform. The paper is organized as follow. Section II briefly

reviews the target and observation models as well as the PHD

recursion. Section III introduces the technique of convolution

in the context of single-target tracking. Comparisons of the

proposed algorithm with the GMPHD are presented in Section

IV and conclusions discussed in Section V.

II. MULTI-TARGET MODEL AND PHD FILTERS

The set of targets at time t is modeled as a point process [1],

[9]. Let F(X ) be the set of finite subsets of the state space

X and Xt = {Xt,1, . . . , Xt,Nt
} ∈ F(X ) the set of Nt targets

at time t. Xt is defined by:

Xt =
(∪x∈Xt−1St|t−1(x)

) ∪ (∪x∈Xt−1Dt|t−1(x)) ∪ Kt (1)

where St|t−1(x) is the random set of targets which survived

at time t given the target x ∈ Xt−1 (essentially {x} or ∅),

Dt|t−1(x) is the random set of targets generated by x ∈ Xt−1

and Kt is the random set of new targets appeared at time t.
The set of measurements at time t: Yt = {Y1, . . . , YNt} is

defined by:

Yt = Γt ∪ (∪x∈Xt
Gt(x)) (2)

where Gt(x) represents the random finite set of measurements

generated by the target x ∈ Xt and Γt the set of clutter

measurements at time t.
The first moment, or intensity measure, of a random finite set

X ∈ F(X ) is defined, for any subset U of X by V (U) =
E [|X ∩ U |], where |A| represents the number of elements in

the set A. Thus, the intensity measure provides the expected

number of elements X in U ; the density γ : X → [0,+∞[ of

the intensity measure V w.r.t. the Lebesgue measure is called

in the tracking community “Probability Hypothesis Density”

or PHD and its maxima correspond to the regions of the state

space with the highest local concentration of targets.

A. PHD filter

The derivation of the PHD recursion is based on a set of

assumptions, resumed as follows:

• each target evolves and generates measurements indepen-

dently of one another,

• the birth RFS is assumed to be Poisson and independent

from the surviving targets,

• the clutter process is assumed to be Poisson and indepen-

dent from the target-generated measurement RFS,
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• the predicted and posterior multi-target RFSs are approx-

imated by Poisson RFSs.

These simplifications allow for an analytical expression of the

posterior PHD function and implicitly make the assumption

that the higher order moments are negligible. In practice,

however, these conditions are usually not verified. Denoting

by γt(x) and γt|t−1(x) the intensity functions associated to

the posterior and predicted multi-object state respectively, the

predicted intensity is given by:

γt|t−1(x) =
∫
X

[ps,tft|t−1(x|u) + Bt|t−1(x|u)]γt−1|t−1(u)du

+ μt(x)
(3)

where ft|t−1(x|u) is the evolution density of a single target

at time t, ps,t is the survival probability of a target, μt(x)
is the birth intensity function of new targets at time t, and

Bt|t−1(·|u) denotes the intensity of the target RFS spawned

by a target of previous state u at time interval t. The posterior

intensity is obtained by:

γt|t(x) =(1 − pd,t(x))γt|t−1(x)+∑
y∈Yt

pd,t(x)gt(y|x)γt|t−1(x)
ht(y) +

∫
pd,t(u)gt(y|u)γt|t−1(u)du

(4)

where gt(y|x) denotes the single target likelihood function,

pd,t(x) is the probability of detection and ht is the clutter

intensity at time t.
Equations (3) and (4) show that the PHD recursion is

defined on the single target state space, which has a fixed

and generally smaller number of dimensions than the full

multiple-target posterior; nevertheless it still involves multiple

integrals that have no closed form expressions in general.

III. PREDICTION BY CONVOLUTION

We begin by introducing the technique of prediction by convo-

lution in the context of single-target tracking. The application

to the PHD recursion is discussed in Section III-B.

A. Single target filtering via convolution

Consider the following single-target dynamical and observa-

tion model:

xt+1 = Ftxt + Ctut + vt (5)

yt = g(xt) + wt (6)

where t is the discrete time index, xt represents the target

state-vector at time t, yt the observation vector, ut the input

vector in a controlled environment, Ft and Ct the system and

control matrices respectively and vt and wt the process and

observation noises. The densities of the noise components are

denoted by φ(x) and ψ(x) respectively and are assumed to be

time-independent. Moreover, the general assumptions required

to derive the Bayes filter are considered verified: the target

dynamics is described by a Markov process p(xt+1|x0:t) =

p(xt+1|xt), and the observations are mutually independent.

We also assume that the matrix Ft is invertible.

The first step towards the construction of the numerical

algorithm is to replace the continuous domain by a discrete

domain. Let Ωd
t be the uniform d-dimensional regular grid

at time t and (Δx1, . . . ,Δxd) the discretization steps along

the (1, · · · , d) dimensions. A point x̄j of the grid Ωd
t is

defined by x̄j = (xj
1Δx1, . . . , x

j
dΔxd), where the coordinates

(xj
1, . . . , x

j
d) are integers. A function f : R

d → R can then be

discretized over the points of the grid Ωd
t by posing:

f̄ j � f(x̄j), ∀j ∈ Ωd
t

With this notation let ϕt|t(x) denote the conditional density

of the random variable xt given the observations up to time

t and ϕ̄j
t|t = ϕt|t(x̄j) its discretization over Ωd

t , such that∑
j∈Ωd

t
ϕ̄j

t|t = 1. The second step consists in calculating the

distribution of the r.v. x−
t+1 � Ftxt + Ctut, obtained by

equation (5) without the noise component. Its pdf is:

ϕ−
t+1|t(dx) = P(x−

t+1 ∈ dx) (7)

= P(Ftxt + Ctut ∈ dx) (8)

= P(xt ∈ F−1
t (dx − Ctut)) (9)

The computation can be done by applying the affine linear

transformation Ft(x̄j) + Ctut to each point of the grid. The

resulting grid is in the general case no longer Cartesian,

however it can be easily transformed into a Cartesian grid

by interpolation. See [13] for details. Finally, as the predicted

state is given by the sum of two independent random variables:

xt+1 = x−
t+1 + vt, the corresponding density ϕt+1|t(·) is

the convolution of ϕ−
t+1|t(·) and φ(·). Section VI provides a

justification for this assertion.

Practically, the convolution increases the size of the grid

so care has to be taken in order to prevent it from growing

indefinitely at each time step. Most of the time, however,

the intensity is concentrated in a limited region whose size

depends on the predicted distribution and on the covariance

matrix of the system noise. For this reason, the last step

of the algorithm performs a reframing by eliminating the

grid-nodes with negligible value and generating a grid that

contains all the relevant information with a generally smaller

number of points. Figure 1 and 2 illustrate the convolution

of a Gaussian prior density with a Gaussian centered noise

as well as the reframing operation on the resulting grid. The

steps of the algorithm are detailed in Box 1. In common

computer implementations the execution time for FFT is faster

for powers of two and it is generally convenient to resize the

grids to appropriate dimensions by padding zeros.

Once the grid representation of the predicted probability

density has been obtained, the full posterior can be calculated

by multiplying each node of the grid by the likelihood with

respect to the current observation and normalizing.

B. PHD Filtering by convolution

The technique described in Section III-A can be extended

to the multitarget framework by combining the convolution

1812



ϕt(x)

��� ��� � ��
���

���

���

��

�

�

��

��

(a)

ϕ−
t (x)

��� ��� � ��
���

���

���

�

��

��

��

��

(b)

Figure 1. a) Gaussian prior density ϕt(x) and b) density after the linear
projection Ft(x) + Ctut

(ϕt∗ φt)(x)
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Figure 2. c) Predicted distribution before reframing d) Predicted distribution
after reframing

method to the PHD recursion. The objective is to obtain a

discretization of the propagated intensity on a Cartesian grid

and then apply the PHD update equation. However, unlike

the single target case, in order to obtain the representation of

the propagated intensity it is necessary to take into account

not only the target dynamics but also the birth intensity, the

survival probability and the spawn intensity.

The algorithm initially computes the PHD intensity on a

numerical grid by using the convolution technique; the con-

volution of the original intensity with the Markov kernel

modeling the dynamical model of the targets does not change

the intensity mass. After the projection, every node of the grid

is multiplied by the target’s survival probability before adding

the birth and spawning intensity. The update step consists in

applying the PHD update equation to each node of the grid.

The algorithm is described in Box 2. To simplify the algorithm

we will assume a zero spawning intensity; the presence of

spawning intensity does not pose conceptual problems. Figure

3 shows the comparison between the marginal PHD intensity

as computed by the FFTPHD and GMPHD in a mono-

dimensional test case. With a suitable grid size and discretiza-

tion step the FFTPHD produces a better approximation of the

PHD, especially when the probability of miss-detection and the

clutter intensity are relatively high. Targets which are lost in

the GMPHD after repeated miss-detections are generally never

reactivated if they are in regions of weak birth intensity. In the

FFTPHD however, as long as the birth intensity is not zero, all

the targets are reactivated after the reception of observations.

Extraction of target state estimates

As for the GMPHD and for the SMCPHD a procedure

to extract target estimates from the grid-approximated PHD

Algorithm 1 Single target filtering via FFT

Initialization.

Let ϕ̄j
t|t be the discretization of ϕt|t(·) over the grid Ωd

t ,

and φ̄j
t the discretization of the system noise distribution.

for t = 1, 2, . . . do
Projection:

ϕ−
t+1|t(Ftx̄j + Ctut) = ϕ̄j

t|t(x̄
j) ∀j ∈ Ωd

t

Interpolate ϕ−
t+1|t on a Cartesian grid Ωd

t+1|t.
Prediction:

Apply the convolution theorem

ϕ̄j
t+1|t = IFFT (FFT (ϕ−

t+1|t) · FFT (φ̄j
t ))

Update

ϕ̄j
t+1|t+1(x̄

j) = C−1
t gt(x̄j|yt)ϕ̄

j
t+1|t(x̄

j) ∀j ∈ Ωd
t+1

where C−1
t is the normalization constant.

Reframing

ε: error tolerance

Let ϕd′(x̄d′) be the marginal of ϕ̄j
t+1|t+1(·) along the

dimension d′ and ϕ̂d′(x̄d′) the cdf of ϕd′(x̄d′)
for each dimension do

ad′ = argminϕ̂d′(x̄d′) ≤ ε
bd′ = argmaxϕ̂d′(x̄d′) ≥ 1 − ε

end for
Reframe the grid to a new grid Ωd

t+1 made by all the

points x̄j of Ωd
t+1|t such that ad′ ≤ x̄j

d′ ≤ bd′ , ∀d′

end for

Figure 3. Marginal PHD intensity as computed by the FFTPHD and GMPHD
respectively.

intensity is required. The procedure we describe is not as

straightforward as for the GMPHD but neither as computa-

tionally intensive as the general, cluster-based strategies for

the SMCPHD. The peak extraction for the FFTPHD begins

by first finding a list of grid nodes with the highest intensity
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Algorithm 2 FFTPHD Filter (no spawning intensity)

Initialization.

Let μj
t (·) be the discretization of the birth intensity at time

t over the grid Ωd
t , and φ̄j

t the discretization of the system

noise distribution.

Initial intensity γj
0(x̄

j) = μj
0(x̄

j) ∀j ∈ Ωd
t

Denote by Yt+1 = yt,1, ..., yt,|Yt| the measurements received

at time t + 1
for t = 1, 2, . . . do

Step1: Prediction.

Compute the projection of the PHD

γ′
t+1|t(Ftx̄j) = γt|t(x̄j) ∀j ∈ Ωd

t

Interpolate γ′
t+1|t on a Cartesian grid Ωd

t+1|t.
γ̄t+1|t = IFFT (FFT (γ′

t+1|t)·FFT (φt))
Add the birth intensity

γj
t+1|t(s̄

j) = γ̄t+1|t(s̄j) + μt(s̄j) ∀j ∈ Ωd
t+1|t

Step2: Update

γ̃t+1|t(s̄j) = (1 − pd,t+1)γt+1|t(s̄j)

γt+1|t+1(s̄j) = γ̃t+1|t(s̄j)

+
∑

y∈Yt+1

pd,t+1γt+1|t(s̄
j)gt(s̄

j |yt,j)

ht(y)+

∑
Ωt+1|t

pd,t+1γt+1|t(s̄j)gt(s̄j |yt,j)

Reframing

ε: error tolerance

ηd′(·): marginal of
γt+1|t+1(·)R
γt+1|t+1(·) along the dimension d′

η̂d′(·): cdf of ηd′(·)
for each dimension d′ do

ad′ = arg min η̂d′(·) ≤ ε
bd′ = arg max η̂d′(·) ≥ 1 − ε

end for
Reframe Ωd

t+1|t into a new grid Ωd
t+1 made by all the

points s̄j of Ωd
t+1|t such that ad′ ≤ s̄j

d′ ≤ bd′ , ∀d′

end for

value. These maxima are then validated as true peaks if the in-

tensity in the surrounding region (defined by a pre-determined

window) is above an acceptance threshold. Figure 4 illustrates

intuitively the procedure. The algorithm is analogous to the

peak extraction of the GMPHD for what concerns the presence

of an acceptance threshold. The dimension of the validation

window has to be chosen by taking into account the system

noise covariance matrix. Figure 5 shows the target locations

estimated on a test scenario by the GMPHD and by the

FFTPHD configured with the same acceptance threshold.

IV. NUMERICAL RESULTS

A. Target and measurement model

For illustration purpose, we consider a simple mono-

dimensional scenario with an unknown and time varying

number of targets observed in clutter over the surveillance

region [−500, 500]. The target state consists of position and

velocity xt = [pt, ṗt] , while the measurement process reports

Figure 4. Maxima over the grid and validation windows. An estimate is
generated at the coordinates of a local maximum if the integral of the intensity
over the validation window is greater than a pre-defined threshold. In the
example only the points A and C pass the test and generate the estimates X1

and X2.
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Figure 5. Target estimates generated on a test scenario by the peak-extraction
algorithm for the GMPHD and FFTPHD with the same validation threshold.
Ground truth trajectories shown as continuous lines.

only a noisy observation of the position component. The

sampling period ΔT = 1s. The process model is as follows:

xt+1 =
[

1 ΔT
0 1

]
xt +

[
0

ΔT

]
ut (10)

with ut ∼ N (0, σ2
u) and σu = 5. Each target, if detected,

generates an observation according to:

yt =
[

1 0
]

xt + vt (11)

The survival and detection probability are respectively ps,t =
0.9 and pd,t = 0.9. The noise on the observation is vt ∼
N (0, σ2

v) with σv = 2 and ut ∼ N (0, σ2
u) and σu = 5.

The birth intensity is defined as γb = 0.1N (.; x1
b , Qb) +

0.1N (.; x2
b , Qb) + 0.1N (.; x3

b , Qb) where x1
b = [−300, 0]T ,

x2
b = [0, 0]T , x3

b = [300, 0]T where

Qb =
[

20 0
0 1

]
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The clutter is Poisson with intensity λc and if a target

exits from the surveillance region it is eliminated from the

simulation.

In the case of the FFTPHD the grid covers the region of

the state space [−500, 500] for the positional coordinate and

[−10, 10] for the velocity component. The grid is build by

using dx = 1 and dv = 1 as discretization steps. This

generates a domain approximation with 1001 × 21 points.

Although the model is too simple to be considered of practical

relevance, the goal is to investigate how the grid-based solution

proposed can address some of the well-known weaknesses

of the GMPHD, particularly the loss of targets in case of

weak birth intensity and low detection probability. PHD fil-

ters have nonetheless demonstrated practical utility in mono-

dimensional problem, as for example the tracking of sinusoidal

components in audio streams [14]. A total of 1000 scenarios

are generated with different clutter intensities and a varying

number of targets. Each scenario is filtered with the GMPHD

and the FFTPHD filter. The results are compared by using the

OSPA metric [10]. Both the average cardinality error and the

average localization error are measured. The parameters used

to generate the scenario are reported in Table I. Each scenario

contains between 4 and 10 targets. The clutter is uniform on

the surveillance region. Its intensity λ is an integer randomly

chosen from three sets, simulating a moderate λ ∈ {1, . . . , 4},

average: λ ∈ {5, . . . , 8} and high: λ ∈ {9, . . . , 12} level of

clutter. For the GMPHD, the target estimates are extracted by

taking the mean of the Gaussian terms whose weight is above

a threshold (target extraction threshold) and in the case of the

FFTPHD by using the procedure discussed in Section III-B

and the same threshold.

GMPHD
Pruning threshold 0.1
Merging threshold 5
Max num. Gaussian 200
Target extraction th. 0.7

FFTPHD
Grid size [1001 × 21]
Grid dx (pos.) 2
Grid dv (vel.) 1
Target extraction th. 0.7

Table I
FILTER PARAMETERS

Simulations show that, on average, the FFTPHD filter is able

to provide a much more precise estimate of the cardinality of

targets than the GMPHD filter, especially with an intense level

of clutter. When the number of active targets in the surveillance

zone is relatively high, a slight overestimation is registered,

basically because of clutter observations occurring close to a

zone of high intensity. The OSPA distance averaged over 1000

Monte Carlo runs as well as the cardinality and localization

errors for each clutter level are reported in Fig. 6. The average

number of targets estimated in the three clutter configuration

is reported in Figure 7.

The procedure of peak extraction for the FFTPHD, however,

results less precise compared to the GMPHD. The greater error

relies on the fact that the estimates are extracted from the

points of the grid, as opposed to the estimates provided by the

Kalman equations in the GMPHD. This error can be clearly

reduced by increasing the discretization step of the grid, at the

expense of the computational cost.

(a) Moderate clutter intensity (λ ∈ [1, . . . , 4])
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(b) Average clutter intensity (λ ∈ [5, . . . , 8])
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(c) High clutter intensity (λ ∈ [9, . . . , 12])
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Figure 6. OSPA errors for the GMPHD and FFTPHD on 1000 generated
scenarios with different clutter intensities.
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(a) Moderate clutter intensity (λ ∈ [1, . . . , 4])
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(b) Average clutter intensity (λ ∈ [5, . . . , 8])
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(c) High clutter intensity (λ ∈ [9, . . . , 12])

Figure 7. Average number of targets as estimated by the GMPHD filter
and by the FFTPHD filter on 1000 simulated scenarios with different clutter
intensities.

Fixed-scenario Monte Carlo validation

In order to better illustrate the performances of the FFTPHD in

handling critical difficulties, such as a high number of targets

in a relatively small surveillance zone with repeated miss-

detections, this Section illustrates the average filtering result

of a fixed scenario with multiple miss-detections, low birth

intensity and crossing targets (Figure 8). Figure 9 reports the

average number of target estimated by the GMPHD and the

FFTPHD as well as the number of ground truth targets. The

overall filtering performance, the localization and cardinality

error are reported in Figure 10. Again, the FFTPHD filter

results more accurate in the cardinality estimation than the

GMPHD because the whole intensity is maintained over

the grid as opposed to the GMPHD where weak terms are

eliminated making it more difficult for new observations to

reactivate undetected targets. This is especially true in case

of weak birth intensity or multiple miss-detections which

decrease the weights of the Gaussian terms below the pruning

threshold.

Again, the localization errors are smaller in the GMPHD

mainly because of the Kalman filter equations and the more

straightforward peak-extraction procedure.
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Figure 8. Scenario used to compare the GMPHD and the FFTPHD,
and average number of targets estimated over 1000 iterations. Detection
probability pd = 0.9, clutter intensity λ = 4
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Figure 9. Cardinality estimates for the FFTPHD and GMPHD.
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Figure 10. OSPA distance, cardinality error and localization error for the
test scenario.

Computational efficiency

This Section discusses the the computational cost required by

FFTPHD and GMPHD to filter the scenarios of Sections IV.

In general the time required by the FFTPHD is higher than
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the time required by the GMPHD. The main reason is the

use of pruning techniques in the GMPHD filter to keep the

number of terms and the computational cost bounded and the

cost of the Discrete Fourier Transform used in the projection

step of the FFTPHD filter. However, in the current imple-

mentation, the computations for the likelihood are performed

on each node of grid, which of course is considerably sub-

optimal. A straightforward improvement which is currently

not implemented would be to limit the computation to the

regions of the state-space having a non-negligible likelihood,

which means the nodes of the grid reasonably close to each

observation. The most time-consuming part of the algorithm is

however the convolution operation. Obviously, by decreasing

the resolution of the grid, the computational cost decreases

rapidly, at the expenses of the precision.

V. CONCLUSIONS

This article proposes an approach for the computation of

the PHD recursion based on numerical grids paired with a

technique to compute the predicted PHD intensity by using

the Fast Fourier Transform. One point that the FFTPHD has

in common with the SMCPHD is the need of post-processing

techniques to extract target estimates from the peaks of the

PHD function. This step is generally critical for the SMCPHD

as it requires extensive computations and introduces errors

which are difficult to eliminate. The peak extraction for

the FFTPHD is less expensive and produces more accurate

estimates. Unfortunately, as the peak extraction relies on the

grid-approximated PHD it is not possible to achieve the degree

of precision of the GMPHD. Nevertheless, the overall quality

of the multi-target tracking as measured by the OSPA metric

is generally good compared to existing solutions and sensibly

better then the GMPHD when the birth intensity is weak and

miss-detections frequent. Although the computational cost is

greater compared to the GMPHD, the approach is not limited

to Gaussian models. The number of calculations depends on

the cardinality of the observation sets and on the dimension

of the grid, not on the number of targets as in the GMPHD;

moreover, the use of an adaptable grid and the computation

of the likelihood function only in the regions of interest may

greatly improve the basic approach. The algorithm has been

initially tested on low dimensional state space models and it

has shown promising results. We think that it may be a viable

approach to the computation of the PHD recursion when the

surveillance zone is fixed and when an accurate estimation is

preferred to the execution speed; however we acknowledge the

need to investigate the approach in higher dimensional state

spaces and when targets have more complex dynamics. Further

research on how to alleviate part of the computational cost are

under investigation.

VI. APPENDIX

A. Convolution

Let X and Y be two independent Rd random variables with

pdf φ(x) and ϕ(x) respectively. The pdf ψ(x) of the random

variable Z = X + Y is given by the convolution:

ψ(x) = (φ∗ϕ)(x) =
∫

φ(y)ϕ(x−y)dy =
∫

φ(x−y)ϕ(y)dy.

(12)

B. Discrete Fourier Transform

For notation simplicity we review the mono-dimensional case.

Multi dimensional Fourier transform can be found in [11],

[12]. The sequence on N complex numbers s0 . . . sN−1 is

transformed into a different sequence of N complex numbers

ŝ0 . . . ŝN−1 by the discrete Fourier transform (DFT) according

to the formula:

ŝk =
N−1∑
n=0

sne−
2πi
N kn k = 0, . . . , N − 1.. (13)

The inverse discrete Fourier transform (IDFT) is given by

sn =
1
N

N−1∑
k=0

ŝke
2πi
N kn n = 0, . . . , N − 1. (14)

The DFT is widely used in signal processing and related fields

to analyze the frequencies contained in a signal, to perform

convolutions and to solve partial differential equations. An

important property of the Discrete Fourier Transform is the

so-called convolution theorem.

C. Convolution Theorem

Let X̂k and Ŷk 0 ≤ k ≤ N − 1 the DFT of N-periodic

functions x(n) and y(n) respectively. The convolution of x and

y can be obtained as the product of the individual transforms:

F(x ∗ y)(k) = X̂(k)Ŷ (k) k = 0 . . . N − 1

(x ∗ y)(n) = F−1(X̂ · Ŷ )(n) n = 0 . . . N − 1

Computing the DFT on N points by using the definition takes

O(N2) arithmetical operations and it is often too slow to be

practical. The Fast Fourier Transform algorithm can reduce

the complexity to O(N log N) operations. To calculate the

convolution of two non periodic but support-limited functions

the support can be expanded by adding zeros.
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