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Abstract—We consider a networked system of sensors that
measure the intensity of a source amidst background inside a
two-dimensional monitoring area. The source intensity decays
away from it, and the corresponding sensor measurements
are random with a parameter determined by the intensity at
sensor location. The detection problem is to infer the presence
of a source based on measurements. Under a statistical inde-
pendence condition, we show that a detection method based
on maximum likelihood fuser performs below the individual
sensors in presence of network losses. It has been previously
shown that the localization of a source using measurements
from multiple sensors leads to an improved detection, thereby
establishing the effectiveness of a network over single or co-
located sensors. We show that the communication losses degrade
such network detection performance, particularly to levels below
that of a single sensor under heavy losses. Under fairly general
conditions on the source intensity decay functions and underlying
measurement distributions, we quantify the loss of performance
of the localization-based detection as a function of loss rate
and packing number of state space. We present simulation and
experimental results that illustrate the performance degradations
due to network losses in detecting radiation sources.

Index Terms—Detection network, sequential probability ratio
test, radiation source, detection and localization.

I. INTRODUCTION

We consider a network of sensors for detecting a source
characterized by a scalar intensity using sensor measurements.
The intensity of the source decays away from it possibly in
discrete jumps, and may reach levels comparable to that of
background. Sensors measure the intensity at their locations,
and the measurements may contain random components due
to measurement errors, and/or inherent randomness in the
underlying source and background processes. The prior distri-
bution as well as the intensity and location of the source are
not known, but the functional form of sensor measurement
distribution is known. The detection problem is to infer the
presence of such a source based on measurements collected by
sensors positioned at known locations. This problem has been
studied extensively under various formulations. The Gaussian
source amidst a Gaussian background process has been studied
as a basic analytical problem in distributed detection [15], [19].
This problem has also been studied in several applications,
including the detection of low-level radiation sources particu-
larly in utilizing a network of sensors to achieve a performance
superior to a single sensor [2], [14].

This detection problem has been solved by using the
Sequential Probability Ratio Test (SPRT), particularly for
detecting radiation sources [5], [6], [9]. The SPRT method
utilizes two thresholds for the likelihood ratio, namely, the
upper threshold to infer the presence, the lower threshold to
infer the absence of a source, and the interval between them to
indicate the insufficiency of measurements to make a decision.
When a network of sensors is available, it was recently shown
that a better detection performance can be achieved by the
network compared to any fixed threshold method applied to
measurements from single or multiple sensors. Such results
are valid under both smoothness [13] and non-smoothness
conditions [11]. This improved performance is achieved by
first localizing the source using measurements from at least
three geographically distributed sensors, and then using the
source estimates in an adaptive SPRT. These results establish
the superiority of a network-based detection compared to
single or co-located sensors. Furthermore, the performance
improvements can be quantified by the packing number of
the state space and the robustness function of localization
algorithm [11], [13].

The transmission of measurements over a communications
network is subject to losses, particularly, over adhoc wire-
less networks deployed in urban areas under rapid response
requirements. It is generally understood that network losses
lead to degraded performance of the detection and localization
algorithms, and hence of the localization-based detection. Con-
sequently, the network may not be able to offer performances
superior to single or co-located sensors. In this paper, we quan-
tify the degradations due to the communication losses using
the packing number of state space and robustness function
of the localization algorithm. In particular, we illustrate that
under heavy loss conditions better performance is achieved
by executing the detection algorithm at the sensor and not
utilizing the network at all. We then consider the problem
of detecting a single radiation source, and present simulation
and experimental results that illustrate the performance degra-
dations due to network losses.

This paper is organized as follows. We formulate the de-
tection problem in Section II. We present a general result that
establishes the relative performance bounds on the detection
and false alarm rates of the location-based method compared
to fixed-threshold method under network losses in Section III.
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We discuss the analytical, simulation and experimental results
for the detection of point radiation sources in Section IV under
network losses.

II. DETECTION PROBLEM

We consider a two-dimensional monitoring area M ⊆ <2,
such as [0, D] × [0, D]-grid, for detecting the presence of
a source S with unknown intensity AS ∈ A, A = (0, A],
A < ∞ located at an unknown location (xS , yS) ∈ M. The
source parameters (AS , xS , yS) ∈ <+ × M constitute the
parameter-space Z = A ×M, and are distributed according
to P(AS ,xS ,yS). The source appears inside M with a priori
probability

PM =

∫

AS∈A;(xS ,yS)∈M

dP(AS ,xS ,yS),

Both distributions PM and P(AS ,xS ,yS) are unknown. There
is a background noise process characterized by the intensity
parameter B(x,y) ∈ B, B = [0, B], B < ∞ that depends on
the location (x, y) ∈ <2, and thus background noise process
is parameterized by P(B(x,y),x,y).

Sensors are located at Mi = (xi, yi) ∈ <
2, i = 1, 2, . . . , N

to monitor the area M; the sensors may not necessarily
be located inside M. For any point P = (x, y) ∈ R2,
we have the distance d(P,Mi) =

√

(x− xi)2 + (y − yi)2,
for 1 ≤ i ≤ N . For two points in state-space z1 =
(a1, x1, y1), z2 = (a2, x2, y2) ∈ Z , we define d(z1, z2) =
√

(a1 − a2)2 + (x1 − x2)2 + (y1 − y2)2. The sensor mea-
surements are characterized as follows:
(a) Background Measurements: When there is no source

present, the “background” measurements of Mi are dis-
tributed according to PBi

, Bi = B(xi,yi).
(b) Source Measurements: When the source is present in

M, the intensity at sensor location (xi, yi) is Ai which
is a function of AS and d(S,Mi) = d((xS , yS),Mi)).
We represent this dependence explicitly as a function
Ai = FS(AS , xS , yS , xi, yi). The measurements of Ai

collected at Mi are distributed according to PAi+Bi
.

It is assumed that the form of the underlying measurement
distributions PBi

and PAi+Bi
are known; for the example

for detecting point radiation sources, these distributions are
approximated by Poisson process with parameters Bi and
Ai + Bi, respectively [1], [8], [9]. For the Gaussian source
detection problem, these distributions are given by Gaussian
distribution with mean parameters Bi and Ai + Bi, respec-
tively, and standard deviation σ [17], [19].

Let mi,1,mi,2, . . . ,mi,ni be the sequence of measurements
collected by sensor Mi over an observation time window W ,
such that mi,j , i = 1, 2, . . . , N , are collected at the same time
j at all sensors.

We consider the Detection Problem that deals with inferring
the presence of a source inside M based on measurements
collected at M1,M2, . . . ,MN . We characterize the solution of
the detection problem by the (a) false alarm probability P0,1,
corresponding to the probability of declaring the presence

of a source when none exists, and (b) missed detection
probability P1,0, corresponding to the probability of declaring
the presence of only the background radiation when a source
is present in the monitoring area. The detection probability is
given by P1,1 = 1− P1,0.

A. Maximum Likelihood Fuser
Consider the measurements mi,1,mi,2, . . . ,mi,n collected

by the sensor Mi within a given time window, and the
background noise level Bi = B(xi,yi) at this sensor location.
Let HC , for C ∈ {Ai+Bi, Bi}, denote the hypothesis that the
measurements correspond to intensity level C at sensor Mi.
The likelihood function L(mi,1,mi,2, . . . ,mi,n|HC) denotes
the probability that the measurements were produced by the
source if C = Ai + Bi and just the background if C = Bi.

Now consider that the sensor measurements are statistically
independent across the time and sensors such that:

L(mi,1,mi,2, . . . ,mi,n|HC) =
n
∏

j=1

L(mi,j)

L(m1,j ,m2,j , . . . ,mN,j |HC) =
N
∏

i=1

L(mi,j).

Such statistical independence property is satisfied in the case
of point radiation sources.

The parameter space (AS , xS , yS) ∈ <+ ×M is decom-
posed into cells C such that each cell c ∈ C is represented
by its centroid (Ac, xc, yc) ∈ c. The likelihood that the
measurements at sensor Mi are produced by the source with
parameters (Ac, xc, yc) is

L(mi,1,mi,2, . . . ,mi,n|HC) =

n
∏

j=1

P{mi,j |(Ac, xc, yc)}

where P{mi,j |(Ac, xc, yc)} is the probability of measurement
mi,j generated by this source. Let I = {1, 2, . . . , n} and J =
{1, 2, . . . , N} denote the index sets corresponding to sensors
and measurement times, respectively. When all measurements
are available, the location of the maximum likelihood estimator
of the source c∗ [16] is given by

Lc∗ = max
c∈C

∏

i∈I;j∈J

P{mi,j |(Ac, xc, yc)}.

Due to network losses only measurements corresponding to
the subsets I′ ⊆ I and J ′ ⊆ J of these index sets will be
received at the fusion center; note that some measurements
from a sensor may be lost or a sensor might be disconnected
in which case all of its measurements may be lost.

To account for the communications losses, let us consider
a strategy of deploying K fusion sites shown in Fig. 1,
which are dispersed across the monitoring area. These fusers
are in turn connected to a single command center, which
uses the output of a fuser with highest likelihood estimate
to make a detection decision, for example using SPRT as
described in the next section. The dispersed nature of fusers
provides robustness against losses, particularly due to localized
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Figure 1. Maximum likelihood estimation using multiple fusers.

phenomena such as a mobile router obstructed by a building.
Also, the diversity of the paths from fusion sites to command
center offers robustness against loss of fuser outputs over the
network. Let Ik ⊆ I and Jk ⊆ J correspond to the index
set of measurements received at kth fuser, which computes its
maximum likelihood estimate c∗k given by

Lc∗
k

= max
c∈C

∏

i∈Ik;j∈Jk

P{mi,j |(Ac, xc, yc)}.

The fusion center k sends c∗k and Lc∗
k

based on the highest
likelihood estimate Lc∗

k
= max

k
Lc∗

k
. This seemingly robust

localization method under-performs in that it tends to pick
the output from the fuser that received the least number
of measurements. This is because each P{mi,j |(Ac, xc, yc)}
is a fraction and the likelihood estimates get smaller due
to statistical independence as more measurements are incor-
porated. Consider that one of the fusers kmin received the
smallest subset of measurements such that Ikmin

=
⋂

k

Ik and

Jkmin
=
⋂

k

Jk. Then by the statistical independence property
Lc∗

kmin
≥ Lc∗

k
, for all k, and hence the estimate will be based

on smallest set of measurements. But, it is not a sound strategy
to choose such an estimate that prefers the least number of
measurements, since more measurements lead to a better SPRT
performance at the command center as will be discussed in
the next section. Also, we will show subsequently that a
performance superior to such SPRT method will be achieved
by the localization-based detection.

B. SPRT Detection
The ratio of the likelihood functions can be utilized to

decide between the hypotheses HC , for C ∈ {Ai + Bi, Bi}.
We now consider the following SPRT based on sensor mea-
surements at Mi

LAi,Bi,n =
L(mi,1,mi,2, . . . ,mi,n|HAi+Bi

)

L(mi,1,mi,2, . . . ,mi,n|HBi
)

which can be used for detecting the source with false positive
and missed detection probability parameters P0,1 and P1,0

respectively as follows [7]:
(i) If LAi,Bi,n <

P0,1

1−P1,0
, then declare the background,

namely HBi
;

(ii) Else if LAi,Bi,n >
1−P0,1

P1,0
, then declare that a source is

present, that is HAi+Bi
;

(iii) Otherwise, declare that the measurements are not suffi-
cient to make a decision and continue collecting addi-
tional measurements.

This test can be compactly expressed as
P0,1

1− P1,0
≤ LAi,Bi;n ≤

1− P0,1

P1,0

By utilizing the domain knowledge, this test is often expressed
in terms of measurements, and we consider such a generic
case.

Definition 2.1: We define a likelihood ratio test SPRT to be
separable if it can be expressed as

FL(P0,1, P1,0, Ai, Bi, n) <

n
∑

j=1

mi,j

< FU (P0,1, P1,0, Ai, Bi, n),

for suitable lower and upper threshold function FL(.) ∈
FL and FU (.) ∈ FU , respectively. Furthermore, SPRT
is monotone separable if FL(P0,1, P1,0, Ai, Bi, n) and
FU (P0,1, P1,0, Ai, Bi, n) are non-decreasing functions of
number of measurements n.
Typically, upper and lower threshold values τL = FL(.) and
τH = FH(.) are chosen based on domain-specific consid-
erations in addition to P1,0 and P0,1. We denote the SPRT
with such selected threshold by LτL(n),τH(n), which will be
called the fixed-threshold SPRT. Since

n
∑

j=1

mi,j is a non-

decreasing function of n, the thresholds have to be non-
decreasing. Otherwise, a fixed or lower FL(.) guarantees that
no future non-detection will be possible, that is this test will
never conclude the presence of background. And, similarly
a fixed or lower FU (.) will guarantee a detection as more
measurements are received, even if there is no source present.

Definition 2.2: We define a separable SPRT to be Lipschitz-
separable if the threshold functions are Lipschitz in the
following sense: for any P0,1, P1,0, Bi, there exists scalars KL

and KU such that

|FL(., Ai, .)− FL(., Ai + γ, .)| ≤ KLγ, and

|FU (., Ai, .)− FU (., Ai + γ, .)| ≤ KUγ.

The Lipschitz parameters KL and KU denote the sensitivity of
the threshold functions to intensity value at sensor Mi, which
in turn depends both on source location and intensity through
the function Ai = FS(AS , xS , yS , xi, yi).

A source to be Lipschitz [13] if its intensity at sensor
location Ai = FS(AS , xS , yS , xi, yi) satisfies the following
condition: there exists scalars KA, Kx, and Ky such that
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(a) for any xS , yS , xi and yi, we have

|FS(AS , .)− FS(AS + γ, .)| ≤ KAγ

(b) for any AS , xi, yi, we have

|FS(., xS , .)− FS(., xS + γ, .)| ≤ Kxγ, and

|FS(., yS , .)− FS(., yS + γ, .)| ≤ Kyγ.

Thus for a Lipschitz source with Lipschitz-separable SPRT
the lower threshold function FL(.) is Lipschitz with respect to
the source parameters AS , xS and yS with constants KLKA,
KLKx and KLky , respectively; similarly the upper threshold
function FU (.) is Lipschitz with constants KUKA, KUKx and
KUky , respectively. These Lipschitz conditions are satisfied in
the case of point radiation sources.

C. Robust Localization
The localization corresponds to estimating the location

and strength of the source using measurements mi,j , i =
1, 2, . . . , N, j = 1, , 2, . . . , T . The estimates of AS and
(xS , yS) are denoted by ÂS and (x̂S , ŷS), respectively. The
estimated source parameters will be substituted into the SPRT
as follows:

FL(P0,1, P1,0, Âi, Bi, n) <
n
∑

j=1

mi,j < FU (P0,1, P1,0, Âi, Bi, n)

such that Âi = F (ÂS , x̂S , ŷS , xi, yi). We denote this SPRT
as LŜ(n), and refer to as the localization-based SPRT.

Definition 2.3: A localization method is δ-robust if there
exists δ(ε, n), which is a non-decreasing function of precision
ε, such that

P
{

(x̂S , ŷS , ÂS) ∈ <S,ε

}

> δ(ε, n)

where <S,ε = {z ∈ <3|d(z, zS) ≤ ε; zS = (xS , yS , AS)}
called ε-precision region. Furthermore, a localization method
is monotone robust if δ(ε, n) is a non-decreasing function of
the number of measurements n.

This condition ensures that the estimate is within ε-precision
region around the source parameter zS with probability δ,
which improves as more measurements are collected. This
condition is a reasonable requirement, and in particular, is
satisfied by algorithms used for localizing point radiation
sources under isotropic shielding conditions [12].

III. LOCALIZATION-BASED DETECTION UNDER
NETWORK LOSSES

For a given SPRT L, we denote the detection and false
alarm probabilities by ED (L) and EF (L), respectively. Let
F ⊆ {f : D 7→ D} denote a class of functions, and Z ⊆ <3

denote the set of all possible source parameters. A spherical
cell with center (zk, fk) ∈ Z ×F and radius pair (ρZ , ρF ) is
defined as

C(zk, fk) = {(z, f)|d∞(z, zk) < ρZ ; ‖ f − fk ‖∞< ρF},

where

d∞((a1, a2, a3), (b1, b2, b3)) = max
i=1,2,3

|ai − bi|

and ‖ f − fk ‖∞= max
x∈D

|f(x)− fK(x)|.
Definition 3.1: A (ρZ , ρF )-packing of state-space Z ⊆

Z×F corresponds to disjoint spherical cells with cell centers
at (zk, fk), k = 1, 2, . . . ,K of radius pair (ρZ , ρF ) all
contained inside state-space Z . We define such a packing to
be translation invariant if all cells are still inside Z when
centers are translated as z + zk, for all z ∈ Z . The state
packing number M∞(Z, ρZ , ρF ) denotes the maximum size
of translation invariant (ρZ , ρF )-packing of state-space Z .
We characterize the state-space by the following two parts:

ZL = Z × FL = A×M×FL, and

ZH = Z × FH = A×M×FH .

Based on measurements at sensor located at (xi, yi), we
define the upper-threshold set Sn,τH and lower-threshold
set Sn,τL

that represent all possible source parameters and
SPRT bound functions that correspond to the thresholds of
LτL(n),τH(n) as follows:

SτL(n) = {(xS , yS , AS , FL) ∈ ZL

| τL(n) = FL(P0,1, P1,0, Ai, Bi, n);

Ai = FS(AS , xS , yS , xi, yi)} and

SτH(n) = {(xS , yS , AS , FH) ∈ ZH

| τH(n) = FH(P0,1, P1,0, Ai, Bi, n);

Ai = FS(AS , xS , yS , xi, yi)} .

Under the statistically independent loss rate of 1 − p, the
expected number of sensor measurements received is np out
of n sent from the sensor over the network. The following
theorem presents a general result on the relative performance
of the threshold-based SPRT LτL(np),τH(np) and localization-
based SPRT LŜ(np) based on pn received measurements. The
following result is obtained by substituting np for the number
of measurements in Theorem 3.1 of [11].

Theorem 3.1: Consider the detection of a source under
monotone separable SPRT condition. Then for SPRT LŜ(pn)

based on monotone δ-robust localization method and any
threshold-based SPRT LτL(pn),τH(pn) using pn measurements
from sensor located at (xi, yi) that are subject to independent
loss probability 1− p, for sufficiently large n:
(i) detection rates satisfy

ED

(

LŜ(pn)

)

>
[

ED
(

LτL(pn),τH(pn)

)

+ (M∞(ZL, εpn,DZ
, εpn,DF

)− 1)
]

×δ(εpn,DZ
, pn)

where εpn,DZ
= max

(z1,f),(z2,f)∈Spn.τH

d∞(z1, z2) and

εpn,DF
= max

(z,f1),(z,f2)∈Spn,τH

‖ f1 − f2 ‖∞;
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(ii) false alarm rates satisfy

EF

(

LŜ(pn)

)

<
[

EF
(

LτL(pn),τH(pn)

)

− (M∞(ZH , εpn,FZ , εpn,FF )− 1)
]

×δ(εpn,FZ , pn)

where εpn,FZ = max
(z1,f),(z2,f)∈Spn,τL

d∞(z1, z2) and

εpn,FF = max
(z,f1),(z,f2)∈Spn,τL

‖ f1 − f2 ‖∞ .

The performance, in terms of both ED and EF , of LŜ(pn)

is better than LτL(pn),τH(pn) by the factor proportional to
the packing number M∞(.) and δ(.) with appropriate pa-
rameters. Informally speaking, “larger” state-space will have
larger packing number, and hence LŜ(n) will lead to a more
effective detection. In particular, performance of LŜ(n) will be
increasingly better as one considers larger parameter space Z ,
larger functional spaces of SPRT bound functions FL and FU ,
more sensors N , and more measurements pn. The performance
inequalities of Theorem 3.1 are valid no matter how thresholds
are chosen for LτL(n),τH(n); for example, they can be based
on domain-specific knowledge as in radiation source detection,
Bayesian inference, or Dempster-Shaefer theory.

A. Effect of Network Losses
We now compare the results of previous section with those

under no losses to assess the effect of network losses.
Definition 3.2: We define the threshold set SτC(n), C =

L,H to be monotonic if SτC(n)+y ⊆ SτC(n), for real y ≥ 0.
Intuitively, the monotonicity of Sτ(n) implies that increas-

ing the threshold by y eliminates some of the sources that
correspond to the lower threshold. For example, in the case of
radiation source detection, increasing τ implies that a higher
source strength is required to trigger the detection. Under
the monotone separability condition of SPRT, the threshold
corresponding to n sample is higher than that corresponding
to pn, the number of measurements received over the network.
Let τH(n) = FH(P0,1, P1,0, Ai, Bi, n) = τH(pn) + x =
FH(P0,1, P1,0, Ai, Bi, np) + x for x ≥ 0. We have SτC(n) ⊆
SτC(pn), C = L,H , which implies εn,DZ

≤ εpn,DZ
and

εn,DF
≤ εpn,DF

. Consequently, we have

M∞(ZL, εpn,DZ
, εpn,DF

) ≤ (M∞(ZL, εp,DZ
, εn,DF

).

Under no loss condition, we have the detection rates given by

ED

(

LŜ(n)

)

>
[

ED
(

LτL(n),τH(n)

)

+ (M∞(ZL, εn,DZ
, εn,DF

)− 1)
]

×δ(εn,DZ
, n)

Comparing with Theorem 3.1, the network losses lead to two
dominant effects with opposite qualitative behavior:
(a) Due to smaller cover number, network losses lead to

a less effective localization-based detection compared
to threshold detection using same measurements, by a
quantity proportional to the decrease in the cover number.

(b) Larger εpn,DZ
may lead to a higher robustness, if

δ(εpn,DZ
, pn) ≥ δ(εDZ

, n), which in turn increases the
effectiveness of the location-based detection compared to
threshold detection.

Thus under network losses, the relative performance of the
localization-based detection over the threshold detection de-
pends both on the decrease in the packing number of the state-
space and increase in the robustness of localization algorithm.

B. Network and Single Sensor Detection
Network losses can degrade the performance of the

localization-based detection, and also its relative performance
over the corresponding threshold detection. In addition, the
threshold detector itself is less effective under network losses
due to less number of available measurements. To compare the
performance with and without the network and the associated
losses, we consider that LτL(n),τH(n) is computed at the sensor
location using all measurements. In general, we have

ED
(

LτL(n),τH(n)

)

≥ ED
(

LτL(pn),τH(pn)

)

,

indicating that the performance of the threshold detection im-
proves with the number of measurements. Since ED

(

LŜ(pn)

)

in general decreases with p, there is a trade-off loss rate above
which better performance is achieved by not utilizing the
network, namely by simply utilizing LτL(n),τH(n) computed
at the sensor Mi. A sufficient condition for the localization
based detection LŜ(pn), which necessarily requires a network,
to perform better than LτL(n),τH(n), is

ED
(

LŜ

)

> ED
(

LτL(n),τH(n)

)

.

This condition in turn is implied by a minimum value of the
covering number given by

M∞(ZL, εpn,DZ
, εpn,DF

) >

1 +
ED
(

LτL(n),τH(n)

)

δ(εpn,DZ
, pn)

− ED
(

LτL(pn),τH(pn)

)

.

This result shows that a sufficiently large packing number
will ensure that localization-based method will outperform
the threshold detector executed at the sensor site. However,
the cover size decreases with p, and there exists low enough
value p∗ below which the above condition can not be ensured.
Indeed, as will be shown in the next section for a radiation
source, for network loss rates much higher than 1− p∗ more
effective detection can be achieved by avoiding the network
altogether and utilizing the local computations at sensor sites.

C. Comparison to Boolean Fusers
When SPRT is executed at each of N sensors with possibly

different threshold limits, the individual detection results may
be combined at the fusion center using methods such as
majority fuser or Bayesian fuser. The majority fuser is denoted
by LM , which only requires that the decisions at the individual
sensors be sent to the fusion center. We now consider a broader
class of fusers defined in [11].
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Definition 3.3: The class of positive fusers, denoted by F+,
are such that fuser F+ ∈ F+ declares a detection only if at
least one sensor declares the detection.
This class includes a number of well-known fusers, such as
the classical Bayesian optimal fuser under statistical inde-
pendence condition [4]. This Bayesian fuser combines the
sensor decisions linearly with positive coefficients inversely
proportional to error probabilities; for this fuser at least one
sensor must conclude a detection for fuser to do so. This class
of positive fusers excludes the ones that exploit the cases when
the individual SPRTs consistently under-perform (such as less
than 50% accuracy) by simply flipping their outputs. While
this class does not include all possible fusers, it includes a
wide class where the fuser is effective when at least some of
the individual SPRTs are effective.

Consider the detection of a source with separable SPRT, and
M∞(ZL, εpn,DZ

, εpn,DF
) > N and M∞(ZH , εFZ , εFF ) >

N for εDZ
, εDF

, εFZ , εFF defined in Theorem 3.1. Let LM

and LF+
denote majority and positive fusers based on SPRT

decisions at individual sensors located at (x1, y1), (x2, y2) . . .
(xN , yN ). Then for SPRT LŜ based on δ-robust localization
method, for sufficiently large n and N , and L = LM ,LF+

we
have the detection rates satisfy

ED

(

LŜ(np)

)

>

[ED (L) + (M∞(ZL, εpn,DZ
, εpn,DF

)−N)]

×δ(εpn,DZ
, n),

which is obtained by utilizing pn as the number of measure-
ments in Theorem 2 of [11]. Compared to LτL(np),τH(np),
the performance improvements of LŜ(pn) over LM(pn) or
LF+(pn) require a larger packing number. Such stronger re-
quirement is expected since the fusers in general perform
better than single sensors. This result shows that localization-
based detection in general still performs better than Boolean
fusers. However, the relative performance improvements are
now specified by M∞(ZL, εpn,DZ

, εpn,DF
) which is smaller

than M∞(ZL, εn,DZ
, εn,DF

).
IV. RADIATION SOURCE DETECTION

In this section, we consider a radiation source with inten-
sity Ai = AS/d

2
i at sensor location (xi, yi), where di =

d((xS , yS),Mi). Sensor measurement mi,j observed at Mi at
time j is distributed according to Poisson distribution, which
are statistically independent across the sensors and time.

The radiation count mi,j observed at Mi at time j is a
Poisson random variable with parameter λ = Bi = B(xi,yi))

when there is no source present, and with λ = Ai +Bi, when
source is present [8]. The likelihood function in this case is:

L(mi,1,mi,2, . . . ,mi,n|HC) =
ni
∏

j=1

Cmi,j e−C

mi,j !

where C ∈ {Bi, Ai+Bi}. The SPRT for detecting a radiation
source can be expressed in terms of the sum of measurements
as [3]:

ln
h

P0,1
1−P1,0

i

+nAi

ln
h

Ai+Bi
Bi

i ≤

n
∑

j=1

mi,j ≤
ln

h

1−P0,1
P1,0

i

+nAi

ln
h

Ai+Bi
Bi

i

which shows that it is monotone separable. Note here that
the computation of the thresholds requires the knowledge of
source strength Ai.

Let I = {1, 2, . . . , n} and IL,i ⊆ I denote the index sets
corresponding to all and lost measurements, respectively, from
the sensor Mi. Consider that P{mi,j > ε} ≥ λi,ε, where
λi,ε is the integral of Poisson density with parameter Ai over
[ε,∞], and is a decreasing function of ε Then by utilizing the
difference in the thresholds without and with network losses

τn,H − τpn,H =
n(1− p)Ai

ln
[

Ai+Bi

Bi

]

and |IL,i| = (1− p)n, we obtain

(τn,H − τpn,H)/|IL,i| =
Ai

ln
[

Ai+Bi

Bi

]

Then, the probability that no detection was inferred based on
measurements received, corresponding to the index set I\IL,i,
over the network, but a detection would have been confirmed
if all messages have been received, is given by

P







∑

j∈I

mi,j > τn,H

∣

∣

∣

∣

∣

∣

∑

j1∈I\IL,j

mi,j1 < τpn,H







≥ P







∑

j∈IL,i

mi,j > (τn,H − τpn,H)







≥
∑

j∈IL,i

P

{

mi,j >
τn,H − τpn,H

|IL,i|

}

≥ |IL,i|λ(τn,H−τpn,H)/|IL,ii|

= (1− p)nλ Ai

ln[Ai+Bi
Bi

]
,

which is an increasing function of the number of lost packets
(1 − p)n, for λε = min

i=1,2,...,N
λi,ε. Thus, under the above

conditions, the lost packets lead to a missed detection by
the network with a probability that increases with increasing
losses. But, the detection indeed would have been achieved if
measurements are processed at the sensor site, that is without
sending them over the network. Qualitatively, such effect
becomes more pronounced with the increase in number of lost
messages (1− p)n.

A. Simulation Results
In our simulations, radiation sources are located uniformly

inside [0, 1000] × [0, 1000] spatial grid with A chosen from
[1, 1012] with B(x,y) = 10. The simulation programs have
been implemented in C using random number generators from
Numerical Recipes [10] and executed on a Redhat Linux
workstation with a 2.8 GHz Intel processor. We randomly
generated 10 sensor locations and executed the majority fuser
with fusion threshold computed using source strengths f =
0.90, 0.91, . . . , 2.0 times the background measurements at the
local sensor with P1,0 = P0,1 varied from 0.01 to 0.1. Based
on 100 measurements, when messages are subject to random
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Figure 5. Equipment setup in the radiation test-bed.

losses, the location-based detection method [18] missed the
detection at 30% loss rate as shown in Fig. 3 for target false
alarm rates in the range [0.01, 0.1].

The majority fuser combines the outputs of SPRTs that
utilize individual sensor measurements. The threshold τH has
been computed for different target source intensities described
above. For the target false alarm rates in the range [0.01, 0.1],
the majority fuser required a higher threshold to conclude
a detection, namely, 1.4 times the source intensity. On the
other hand at 10% loss, the threshold corresponding to the
actual source intensity was sufficient to conclude a detection.
In summary, for sources with lower intensities, message losses
lead to missed detections, or the threshold has to be suitably
lowered to ensure detection.
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B. Testbed Results
A radiation detection test-bed is set up at Oak Ridge

National Laboratory with the configuration shown in Figure 5.
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A Cs-137 radiation source of strength 0.95 µ-Curies is used
on a table top with three RFTrax RAD-CZT sensors to
collect measurements. The background levels were measured
at the sensors prior to introducing the source. We collected
167 measurements from each sensor collected at 0.5 second
interval, and they are sent sequentially to the fusion center.
We simulated the network losses by randomly dropping the
measurements from the sensors at a specified rate, which
is varied from 0 to 60% in steps of 10%. In Figure 6(a),
an instance of the number of measurements received over
the simulated lossy network is shown at different loss rates.
The measurements received at fusion center are utilized in
computing the source parameters using the localization method
[18], which are then used in an SPRT based on the mea-
surements from each sensor. In Figure 6(b), we show the
number of measurements no corresponding to SPRT output of
source detection or confirmation of background. To distinguish
between the two, for source detection no is shown as a
positive number, and for the background it is shown as a
negative number. Sensors 1 and 2 were able to detect the
source until the network loss rate is degraded to about 35%,
whereas sensor 3 was not able to detect the source at all.
Furthermore, sensors 1 and 2 needed more measurements to
conclude a detection as loss rate increased to 30%. As loss
rate further increased, absence of the source is asserted with
increasingly fewer measurements. Thus, these experimental
results clearly demonstrate the degradation of the detection
performance under network losses.

V. CONCLUSIONS

We considered the detection problem of a source with
scalar intensity inside a two-dimensional monitoring area us-
ing random sensor measurements in presence of a background
process. Previous works concentrated on quantifying the per-
formance improvements of the localization-based detection
over the individual sensors under non-lossy, instantaneous
communications. In this paper, we generalized these results
to consider statistically independent message losses, which
show that in general these improvements degrade as loss rate
increases. We quantified these degradations using network loss
rate, packing number of state space and robustness function
of the localization algorithm. We also studied the problem
of detecting a radiation source using analytical estimates,
simulations and experimental measurements. We illustrated
high loss conditions that cause the network performance to
degrade to level below that of a single detector.

We consider this work to be a first step in understanding
the effects of network losses on the performance of detection
networks. It would of future interest to consider the losses that
occur in clusters, or clusters of packets delivered out of order
or with high latencies. In general, out-of-order messages due
to latency variations or jitter can be accounted for by repeating
the computation from scratch at a later point in time, albeit at
the expense of the timeliness. Hence, it would be interesting to
study the combined effects of losses and jitter on the detection
performance and timeliness of results.

Acknowledgments
This work is funded by the Mathematics of Complex,

Distributed, Interconnected Systems Program, Office of Ad-
vanced Computing Research, U.S. Department of Energy,
by Intelligent Radiation Sensor Systems Program, Domestic
Nuclear Detection Office, and also by the SensorNet Pro-
gram, Office of Naval Research, and was performed at Oak
Ridge National Laboratory managed by UT-Battelle, LLC for
U.S. Department of Energy under Contract No. DE-AC05-
00OR22725.

REFERENCES

[1] D. E. Archer, B. R. Beauchamp, J. G. Mauger, K. E. Nelson, M. B.
Mercer, D. C. Pletcher, V. J. Riot, J. L. Schek, and D. A. Knapp.
Adaptable radiation monitoring system and method, 2006. U.S. Patent
7,064,336 B2.

[2] S. M. Brennan, A. M. Mielke, and D. C. Torney. Radiation detection
with distributed sensor networks. IEEE Computer, pages 57–59, August
2004.

[3] J. C. Chin, N. S. V. Rao, D. K. Y. Yau, M. Shankar, S. Srivathsan,
S. S. Iyengar, Y. Yang, and J. C. Hou. Identification of low-level point
radioactive sources using a sensor network. ACM Transactions on Sensor
Networks, 2010.

[4] C. K. Chow. Statistical independence and threshold functions. IEEE
Trans. Electronic Computers, EC-16:66–68, 1965.

[5] P. E. Felau. Comparing a recursive digital filter with the moving-
average and sequential probability-ratio detection methods for SNM
portal monitors. IEEE Transactions on Nuclear Science, 40(2):143–146,
1993.

[6] K. D. Jarman, L. E. Smith, and D. K. Carlson. Sequential probability
ratio test for long-term radiation monitoring. IEEE Transactions on
Nuclear Science, 51(4):1662–1666, 2004.

[7] N. L. Johnson. Sequential analysis: A survey. Journal of Royal Statistical
Society, Series A, 124(3):372–411, 1961.

[8] G. F. Knoll. Radiation Detection and Measurement. John Wiley, 2000.
[9] K. E. Nelson, J. D. Valentine, and B. R. Beauchamp. Radiation detection

method and system using the sequential probability ratio test, 2007. U.S.
Patent 7,244,930 B2.

[10] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery.
Numerical Recipes in C. Cambridge University Press, 1992.

[11] N. S. V. Rao, J. C. Chin, D. K. Y. Yau, and C. Y. T. Ma. Localization
leads to improved distribution detection under non-smooth distributions.
In International Conference on Information Fusion, 2010.

[12] N. S. V. Rao, M. Shankar, J. C. Chin, D. K. Y. Yau, Y. Yang, J. C.
Hou, X. Xu, and S. Sahni. Localization under random measurements
with applications to radiation sources. In International Conference on
Information Fusion, 2008.

[13] N. S. V. Rao, M. Shankar, J. C. Chin, D. K. Y. Yau, Y. Yang, X. Xu, and
S. Sahni. Improved SPRT detection using localization with application
to radiation sources. In International Conference on Information Fusion,
2009.

[14] A. Sundaresan, P. K. Varshney, and N. S. V. Rao. Distributed detection
of a nuclear radiaoactive source using fusion of correlated decisions. In
International Conference on Information Fusion, 2007.

[15] P. K. Varshney. Distributed Detection and Data Fusion. Springer-Verlag,
1997.

[16] R. B. Vilim, R.T. Klann, S.C. de la Barrera, P.L. Vilim, and I.A. Ross.
Tracking of weak radioactive sources in crowded venues. In IEEE
Nuclear Science Symposium Conference Record (NSS/MIC), pages 995–
1001, October 2009.

[17] G. Xing, R. Tan, B. Liu, J. Wang, X. Jia, and C. Yi. Data fusion improves
the coverage of wireless sensor networks. In Proceedings of Mobicom,
2009.

[18] X. Xu, N. S. V. Rao, and S. Sahni. A computational geometry method
for localization using difference of distances. ACM Transactions on
Sensor Networks, 2010.

[19] M. Zhu, S. Ding, R. R. Brooks, Q. Wu, S. S. Iyengar, and N. S. V.
Rao. Fusion of threshold rules for target detection in wireless sensor
networks. ACM Transactions on Sensor Networks, 2010.

1646


