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Abstract—A curve fitting algorithm for batch ship trajectory
estimation that employs Bayesian statistical inference for non-
parametric regression is presented. It assumes no knowledge
about the ship motion model while only assuming standard ship
maneuvers. The trajectory is thought to be well represented
by a cubic spline with an unknown number of knots in two-
dimensional Euclidean plane. The function estimate is determined
from positional measurements which are assumed to be received
in batches at irregular time intervals. As the measurements are
often delivered by different sensors the measurement errors are
assumed to be heteroscedastic and correlated.
A fully Bayesian approach is adopted by defining the prior

distributions on all unknown parameters: the spline coefficients
as well as the number and the locations of knots. The quality
of the estimator algorithm is evaluated statistically using several
simulated scenarios. The results suggest that the algorithm repre-
sents efficient methodology for trajectory estimation in maritime
surveillance, especially in the absence of prior knowledge of the
motion model.
Keywords: batch trajectory estimation, Bayesian inference,
multisensor data fusion, heteroscedastic errors, maritime
surveillance.

I. INTRODUCTION
In order to contribute to increased awareness and improved

decision making in the maritime domain several issues must be
considered when designing a trajectory estimation algorithm
for a multisensor data fusion system (MSDF) for maritime
surveillance. Specifically, the latter must be capable to address
large differences in temporal resolution of data. For example, a
High Frequency Surface Wave Radar (HFSWR) provides near
real-time tracking with position updates every three minutes on
average, while a surveillance aircraft flying along a predefined
path may update a ship’s position only once per day [1].
Another issue to consider is latency. Many contact reports
arrive hours after the observation. The delay is caused by
multi-level security and information management issues [2].
Both aforementioned issues make the contact/sensor report
data mostly available in batches. In addition, it is possible
that even reliable and relatively certain sensor information
may be compromised. For example, the Global Positioning
Systems (GPS) and the Automated Identification System (AIS)
transponders required to be mounted on board of a ship can
be switched off or duped (e.g. illegal fishing at the borders of

the Exclusive Economic Zone (EEZ)). Sending out patrolling
ships or a surveilling aircraft as far as ∼ 200 nautical miles
(NM) offshore may be costly or fuel and time limiting. In
such situations one has to rely on the knowledge of the
motion model and the HFSWR. However, this knowledge can
be limited or insufficient, especially if the motion models
are considered as deterministic like in the commonly used
tracking algorithms. Finally, weather conditions may impair
the HFSWR observations and the HFSWR tracks. In some
maritime surveillance cases, an alternative can be to use
passive sensors such as the Electronic Intelligence (ELINT)
or the Electronic Support Measure (ESM), in which case
positional measurements have relatively large heteroscedastic
and correlated errors.
Hence, for an efficient maritime surveillance MSDF system,

special attention must be paid to the availability of data
for processing, effective characterization of the uncertainty
of surveillance data, its incorporation into the estimation
algorithm, and the choice of a suitable technique for target
trajectory estimation.
In tracking applications linear or nonlinear recursive fil-

tering are the typical solutions to trajectory estimation from
data with high temporal resolution and rather small non-
heteroscedastic and non-correlated errors (i.e. circular areas of
measurement uncertainty (AOUs)). For a linear motion model,
the Kalman filter in conjunction with a Gaussian noise model
gives the optimal estimate. This case can be extended to a
multiple model approach using the Interacting Multiple Model
(IMM) filter to address trajectory estimation for a maneuvering
target [3], [4]. However, the complexity and computational
cost of this approach that employs banks of Kalman filters
makes it inefficient for tracking or track reconstruction from
the surveillance data in critical maritime scenarios (e.g a fast
maneuvering ship in counter-drug operation scenarios) [5].
Sequential Monte Carlo (SMC) methods which estimate the
complete probability distribution are more appropriate for
tracking applications which consider non-Gaussian measure-
ment errors, high data rates, and nonlinear models such as
bearing-only tracking [6] [7]. Results in trajectory estimation
pertaining specifically to maritime surveillance applications
include those presented in [8], [9] where the data obtained
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from HFSWRs are used to form a trajectory. However, a high-
rate single type multi-sensor environment is only considered.
Since the HFSWR produces measurements with circular er-
rors, capturing the uncertainty is not considered to be an issue.
A dissimilar multisensor environment is considered in [10]
where the Distributed Multi-Hypothesis Tracker (DMHT) is
employed to process data obtained from an AIS sensor net-
work and a coastal radar, both with circular errors. The focus
is on track fusion and the global maritime surveillance system
design rather than on (single) trajectory estimation. Another
dissimilar multisensor environment pertaining to maritime
surveillance is addressed in [1]. Although it addresses the
availability of measurements for processing by using a batch
stochastic optimization procedure for data fitting, the algorithm
does not completely account for measurement uncertainty be-
cause it considers only the approximation of the measurement
error obtained by projection. Furthermore, the advantages of
using the stochastic linear modeling and filtering, as well as the
importance of adequately modeling and completely accounting
for measurement error uncertainty in ship trajectory estimation
are discussed in [11].
When the knowledge of the ship motion model is in-

sufficient, the standard tools for dynamic state estimation,
such as linear or nonlinear filtering, cannot be used. Also,
the advantage of commonly used sequential procedures for
real time tracking may not be fully exploited if the data
are only available in batches. In this case, techniques of
(trajectory) model fitting to data, such as regression modeling
and stochastic optimization procedures for data fitting (e.g.
regression, genetic algorithms, etc.) may be viable alternatives
for trajectory estimation. The problem of trajectory estimation
of a maneuvering target can be translated to a change point
analysis for regression in a multi-phase random linear model
with known/unknown number of change points, and contin-
uous/discontinuous at change points with an arbitrary error.
The continuity or discontinuity of the regression function at
the change point influences the statistical inference about the
parametric or nonparametric model.
Previous results in trajectory estimation using regres-

sion employ estimation procedures which involve both fre-
quentist and Bayesian inferencing include those reported
in [12], [13], [14], [15], [16] and [17]. In these methods,
either the motion model is assumed to be known or else
the measurement errors are assumed to be non-heteroscedastic
and uncorrelated. In [18], a batch estimation algorithm using
regression techniques is presented that, despite not using
Bayesian inference, proves as successful as conventional re-
cursive approaches in applications such as ballistic trajectory
launch point estimation, adaptive flight control, and radio
frequency target triangulation. Previous work on Bayesian
inference to spline fitting using nonparametric regression
model is found in [19]. However, like in other cases, the
work fails to accommodate for heteroscedastic and correlated
errors. Also, it fails to accommodate for decreasing values of
predictor variables which occur in backwards turning maneu-
vers. For measurements with heteroscedastic and correlated

errors which are delivered in batches, a robust line fitting
solution using Hough Transform is presented in [20]. Due
to the nature of the algorithm, its use is limited to image
processing applications.
This paper delivers and discusses a novel algorithm for

trajectory estimation from a batch of measurements with het-
eroscedastic and correlated errors when dynamic or kinematic
model of the target motion is unknown. The algorithm is
restricted to a single target case which is motivated by possible
activities on the boarder of the EEZ. Only sensors that provide
positional measurements with associated elliptical areas of
uncertainty (e.g. ESM or ELINT) are considered. Hence,
the data are assumed to have heteroscedastic and correlated
measurement errors (i.e. the measurement error ellipses of
different sizes and orientations), obtained at irregular time in-
tervals, and be available in batches. This allows the problem of
estimating a trajectory to be formulated as a curve (i.e. trajec-
tory) fitting problem to the measurements with heteroscedastic
and correlated errors in which the Bayesian approach to the
nonparametric regression modeling is used to make inference
about the trajectory model and its characteristics. Specifically,
the trajectory is considered to be identified in the form of
a piecewise spline function in the 2-D Euclidean plane of
longitude and latitude with an unknown number of change
points (or knots) which correspond to the locations of a ship’s
maneuvers.
The paper is organized as follows. In Section II the approach

to batch trajectory estimation which uses Bayesian inference
for nonparametric regression is described together with the
assumptions on the regression model, the formulation of the
problem statement and the method development. The pseudo
code of the algorithm is presented as well. In Section III
presents simulation results and their discussion. Finally, in
Section IV delivers conclusion remarks .

II. BAYESIAN STATISTICAL INFERENCE APPROACH TO
TRAJECTORY ESTIMATION

This Section presents a novel batch stochastic optimization
algorithm for trajectory estimation which does not assume
knowledge about the motion model, but only the standard
maneuvering ship behavior such as such as zig-zag and turning
circles [21]. The zig-zag maneuver corresponds to navigating
through water between waypoints (i.e., points of maneuver or
change-points) with constant velocity. The number of change-
points as well as their locations along the trajectory are
assumed unknown. It is further assumed that the ship has zero
acceleration (maneuvers are points of instantaneous change in
velocity).
Since the motion occurs in horizontal plane of geographical

coordinates of longitude and latitude, a flat-Earth approxima-
tion is assumed for calculating the positions along the trajec-
tory. The algorithm performs curve fitting to the measurements
with heteroscedastic and correlated measurement errors using
Bayesian statistical inference for nonparametric regression.
Specifically, the above mentioned assumptions allow for con-
sidering the trajectory in the form of a cubic spline with an
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unknown number of knots in two-dimensional Euclidean plane
of longitude and latitude. The function estimate is determined
from the data which are assumed Gaussian distributed. A fully
Bayesian approach is adopted by defining the prior distribu-
tions on all unknown parameters: the spline coefficients, the
number and the locations of knots. The calculation of the pos-
terior distributions is performed using Markov Chain Monte
Carlo (MCMC) and reversible jump Markov sampling due to
the varying dimensions of subspaces where the searches are
performed. In addition, Bayesian inference is performed for
two nonparametric regression models with different choices
of response and predictor variables: time t versus position in
x or y direction, and position in x versus position in y. For
the t, x and t, y combinations of regression variables, the error
projections in respective directions are used for calculating the
known errors’ εx and εy variances.

A. Problem Statement
It is assumed that a batch of surveillance data Z = {zk}nk=1,

obtained over the known discrete time interval [t1, tn], is
available, where zk is the k-th ellipse contact report vector,
obtained at a known time instant tk, tk ∈ [t1, tn], and is
defined as

zk =
[

yk Iksen
]

=
[

xk yk ak bk θk
]

. (1)

The total number of measurements indexed in time is n. The
two-dimensional positional subvector yk has components xk

and yk that represent the centre point of the error ellipse,
i.e. the 2-D measured geographical position, (xk, yk), with
xk and yk being longitude and latitude measured in degrees,
respectively. The subvector, Iksen, contains the information
which characterizes the sensor error. The components ak and
bk represent the magnitudes of the semi-major and semi-
minor axis of the ellipse measured in nautical miles [NM],
respectively, while θk is the angle of the orientation of the
ellipse, measured in degrees clockwise from the true north. It
is assumed that ai 6= aj , bi 6= bj , and θi 6= θj for i 6= j.
Furthermore, given the ellipse AOU confinement probability
P , with the assumption on the normal distribution of the
measurement error, the vector Iksen can be transformed into the
covariance Rk of a bivariate Gaussian distribution N (0, Rk)
which characterizes the error of measurement k. The mean is
identified as the ellipse centroid, while the covariance matrix
can be obtained from the parameters of the ellipse geometry. It
is assumed that the ellipse specifies two-sigma or equivalently
a 96% containment region, i.e. the probability that the target
is found inside the area of the specified ellipse is assumed to
be 0.96. The covariance matrix, Rk, of the bivariate Gaussian
distribution corresponding to the position yk with the ellipse
orientation θk, and the magnitudes of the semi-major and semi-
minor axes, ak and bk, respectively, is computed as

Rk =

[

cos θk − sin θk
sin θk cos θk

] [

a2k/2 0
0 b2k/2

]

[

cos θk sin θk
− sin θk cos θk

]

(2)

Relative to the characterization of the measurement errors
and the assumptions on the ship motion (i.e. navigation with
constant speed along straight lines between waypoints and
performing turning maneuvers at waypoints), the trajectory
is assumed to be of the form of piecewise cubic splines.
Hence, the ship trajectory estimation can be stated as a
nonparametric curve (spline) regression problem from a batch
of heteroscedastic and correlated surveillance data.
Assume mutually independent and normally distributed

pairs of positional data, D = {(x1, y1), . . . , (xn, yn)}, ob-
tained at known irregular time intervals tk, where k =
1, . . . , n, for which the conditional densities satisfy

Yk|X1, . . . , Xn ∼ N (yk|f(xk), σ) (3)

where f is a real-valued function on [a, b], σ is a known
conditional marginal covariance of jointly distributed variables
Xk and Yk, and xk and yk represent the observed values of the
random variables Xk and Yk following the standard notation.
The data are considered to be generated by two possible

nonparametric models:
• Model 1: A nonparametric regression model in which
each response variable, the position in each dimension,
xk and yk, is related to the predictor variables T =
{t1, . . . , tn} by its own regression model (through some
deterministic functions, fx and fy , and some additive
random errors εx and εy , respectively), i.e.,

yk = f(tk) + εk =

[

xk

yk

]

=

[

fx(tk)
fy(tk)

]

+

[

εxk
εyk

]

(4)

where εk ∼ N (0, Rk) for k = 1, . . . , n, n being the
total number of measurement pairs, and Rk is known
nonconstant and nondiagonal matrix.

• Model 2: A nonparametric regression model which re-
lates each response variable yk, i.e. the position in y-
direction to the predictor variable xk , i.e. the position in
x-direction, through a deterministic function f and the
additive random error εk. The predictor variable Xk is
assumed to be observed through random variable Zk, the
so-called latent regressor, with error εyk, therefore the
model can be written as

yk = f(zk) + εyk (5)
xk = zk + εxk (6)

The random variable Zk is considered independent from the
measurement error εxk, and εxk and εyk are diagonal elements
of the known measurement covariance matrix Rk.
For both nonparametric regression models, it is assumed

that f(x) defined on [a, b] can be approximated between a
and b by a cubic spline with an unknown number of l knots at
unknown locations ξ = (ξ1, . . . , ξl), where a < x(1) < ξ1 ≤
· · · ≤ ξl < x(n) < b where x(1) and x(n) are the minimum and
the maximum sampling points, respectively. A cubic B-spline
is a piecewise cubic polynomial over four intervals which is
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defined by a recursive convolution formula in terms of fourth-
order divided differences. A grid of l + 4 knots generates l
cubic B-splines.
Let bj(x), j = 1, . . . , l + 2, denote the j-th function in

a cubic B-spline basis with natural boundary constraints, i.e.
linear outside the [a, b] interval.
Let Bl,ξ be the matrix such that the (i, j)-th component is

bjl,ξ(xi) which depends on the knot configuration, (l, ξ). For
notational simplicity, denote bjl,ξ(xi) = bj(xi)
Under these assumptions, the function f can be approxi-

mated as

f(x) =

l+2
∑

j=1

bj(x)βj(x) (7)

Defining β = (β1, . . . , βl+1), allows to write Bl,ξβ = f(x) ≡
(f(x1), . . . , f(xn)) at observed data points.
The objective of this approach is to obtain the curve estimate

f̂(x) using Bayesian inference, where f̂(x) represents the
pointwise posterior mean,

f̂(x) = E{f(x)|y} = E{E{f(x|y, ξ, l}} ≈ Bl,ξβ̂ (8)

The number of knots, l, and the set of knot locations,
ξ = (ξ1, . . . , ξl) are to be determined during the estimation
procedure. For nonparametric Model 1, the inference involves
estimation of fx and fy . Prior to that, it is useful to charac-
terize the measurement data and the ship motion features with
respect to the goal of ship trajectory estimation.

B. Bayesian Model
Assume any of the nonparametric regression models from

Section II-A. Depending on the choice on the response and
predictor variables, the goal is to obtain the curve estimate
f̂(x) (or f̂x(t) and f̂y(t)) using Bayesian inference as in (8).
where f̂(x) is the pointwise posterior mean, l is the unknown
number of knots, ξ is the set of unknown knot locations, and
β̂ is the set of spline parameters to be estimated. For each knot
configuration pair, (l, ξ), there is a corresponding set of spline
coefficients, β = (β1, . . . , βk+2). Therefore, the inference
about the unknown parameters has to be done one at a time,
i.e. the inference on β is made after inferencing on ξ and k. In
the setting of Bayesian analysis, this requires calculating the
marginal posterior distribution of each parameter of interest
β, ξ and l from the joint posterior distribution p(β, ξ, l|y)
which models all the unknown parameters.
The joint posterior probability distribution p(β, ξ, l|y) for

the set of unknown parameters ξ, l, β can be found as, [22],

p(β, ξ, l|y) ∝ p(y|β, ξ, l)p(β, ξ, l) (9)

As shown in [22], the joint posterior density (9) can be factored
to yield the marginal posterior distribution of the unknown
spline parameters β, p(β|y), defined as

p(β|y) =
∫

p(β|ξ, l, y)p(ξ, l|y)dξdl (10)

The expression (10) shows that the posterior distribution
p(β|y) is the mixture of the conditional posterior distributions

given (ξ, l) and y, where p(ξ, l|y) is a weighting function for
the different possible values of (ξ, l). The weights denote the
posterior density of (ξ, l), hence are combinations of evidence
from data and the prior model.
In general, the integral in (10) is computed by both marginal

and conditional simulation, i.e. by first drawing (ξ, l) from its
marginal posterior p(ξ, l|y) and then β from its conditional
posterior distribution p(β|ξ, l, y), given the drawn value (ξ, l).
Following [19], the prior distribution on β, π(β|ξ, l), is chosen
as normal so that p(β|ξ, l, y) can be solved analytically given
(ξ, l), i.e. the prior distribution on β, π(β|ξ, l), is chosen as

π(β|ξ, l) = Nk+1(0, σ
2n(B′

ξ,lBξ,l)
−1)

In [19], the prior distribution π(β|ξ, l) is referred to as the
conjugate Normal prior on β, while in [23] as the unit-
information prior because the amount of information in the
prior, represented in the covariance matrix, is equal to the
amount of information in one observation, as represented by
Fisher information matrix.
For a full Bayesian formulation the prior distributions on

the number of knots l and the knot locations ξ are chosen as
uniform as in [19] i.e.

ξ|l ∼ U [ξ1, ξl0 ] (11)
l ∼ U [1, l0] (12)

where l0 is the initial known number of knots, and
{ξ1, . . . , ξl0} are the initial knot locations. The uniform distri-
bution on ξ is induced by the uniform prior over the standard
k-simplex by rescaling ξ to [a, b].

C. Bayesian Simulation: Reversible-Jump Metropolis-
Hastings Markov Chain MC
Drawing (ξ, l) from its marginal posterior p(ξ, l|y) ∝

p(y|ξ, l)p(ξ, l) is done by Markov chain Monte Carlo sim-
ulations on the knot set (ξ, l). However, MCMC model search
is required over the collection of spaces of variable dimen-
sion, hence a trans-dimensional Markov chain simulation for
variable dimension model selection must be used. One such
scheme is the reversible jump Markov Chain MC [24] in which
the Markov chain moves among candidates of models.
Reversible-jump Metropolis-Hastings Markov Chain MC

generates a Markov chain (with the marginal posterior on (ξ, l)
as the stationary distribution), that can ”jump” between models
with parameter spaces of different dimensions, while retaining
aperiodicity, irreducibility, and detailed balance conditions
necessary for MCMC convergence.
The moves are accepted with Metropolis-Hastings accep-

tance probability ρ, [25], [26], defined as

ρ = min{1, likelihood ratio× prior ratio× proposal ratio}

= min
{

1,
p(y|ξc, lc)
p(y|ξ, l) · πξ,l(ξ

c, lc)

πξ,l(ξ, l)
· q(ξ, l|ξ

c, lc)

q(ξc, lc|ξ, l)

}

(13)

where (ξ, l) and (ξc, lc) are the current state and the candidate
state of the chain, respectively, πξ,l(ξ, l) = πξ(ξ|l)πl(l), and
q is the proposal density.
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The proposal ratio involves calculations of probabilities of
the possible addition, deletion and relocation, respectively,
according to [19] as:

bl = c ·min{1, p(l+ 1)/p(l)} (14)
dl = c ·min{1, p(l− 1)/p(l)} (15)
ηl = 1− bl − dl (16)

where p(l) denotes the prior probability of having l number
of knots.
The choice for the prior on β as a normal distribution, given

the knot set (ξ, l), π(β|ξ, l), allows for p(y|ξ, l) defined as

p(y|ξ, l) =
∫

p(y|β, ξ, l)π(β|ξ, l)dβξ. (17)

to be solved analytically. This further facilitates computation
of the likelihood ratio p(y|ξc, kc)/p(y|ξ, l) used in reversible-
jump algorithm to determine whether or not to move, e.g. in
case of addition:

p(y|ξc, lc)
p(y|ξ, l) =

1√
n+ 1

(

yT {In − n(n+ 1)−1Bl,ξ(B
T
ξ,lBl,ξ)

−1BT
l,ξ}y

yT {In − n(n+ 1)−1Bl,ξc(BT
l,ξcBl,ξc)−1BT

l,ξc}y
yT

)n/2

(18)

Finally, the conditional posterior expectation of the unknown
function f , E{f |ξ, l, y} = f̂ , can be evaluated for given values
of xi, i = 1, . . . , n and given β̂. The conditional posterior
expectation for f(xi), for any xi, i = 1, . . . , n, can be obtained
by averaging (8) over (ξ, k) samples as

f̂ = E{f |ξ, l, y} =
n

n+ 1
Bl,ξ(B

T
l,ξBl,ξ)B

T
l,ξy ≈ Bl,ξβ̂ (19)

For the nonparametric regression model (4), in which the
predictor variable is the time t, the respective obtained func-
tions are f̂x and f̂y . The function f̂ which describes the
trajectory in the x − y plane is reconstructed by combining
f̂x and f̂y values obtained at the identical time instants t.

D. The Bayesian Spline Regression Algorithm

Steps 3-15 of the algorithm 1 produce ξ(j). In these steps,
the Metropolis-Hastings ratio (13) is evaluated as the proposal
to add, delete or relocate the knots. The procedures of addition,
deletion and relocation are performed as follows.
The convergence of the algorithm depends on the balance

equations for the reversible jump Markov chain on the knot
set (ξ, l). The balance is not influenced by heteroscedastic
nature of the measurement error because the error covariance
σ is known, therefore the proof of the validity of the balance
equations is essentially the same as the one found in [19].

Algorithm 1 Bayesian Regression Algorithm
1: Input data, initialize, set the number of MCMC iterations
2: Declare initial knot set ξ
3: for j = 1 : Nb, Nb = number of burn-in iterations: do
4: {Knot step which produces ξ(j)}
5: if addition-birth step then
6: do addition
7: else if deletion-death step then
8: do deletion
9: else if relocation step then
10: do relocation
11: else
12: Metropolis-Hastings step (13)
13: end if
14: Integrating the posterior marginal density p(y|ξ, l),

where y = (y1, y2, . . . , yn).
15: Generate β

(j)
ξ

16: Obtain fitted values as f (j)(t) =
∑

bξ,l(t)β
(j)
ξ,h

17: Obtain fmax

18: end for

Algorithm 2 addition-birth step. If in modelMl and proposing
jump to model Ml+1.
1: Choose one knot, ξj∗ uniformly from the set of existing
knots {ξ1, . . . , ξl}

2: Do sampling ξcand from a proposal distribution hB .
3: Generate the candidate new knot, ξcand, centered at ξj∗ ,
with the known spread parameter τB and having density
hB(ξcand|ξ, τB).

4: Calculate the probability of a jump from the model Mk

to the model Mk+1 as

q(Ml+1|Ml) = bl
1

l

∑

i

hB(ξcand|ξi, τB)

where bl represents the probability of a new knot being
added (prior birth probability).

bl = c ·min{1, p(l+ 1)/p(l)}
and p(l) is the prior probability of having k number of
knots, i.e the prior probability on model l.

Algorithm 3 deletion-death step. If in model Ml and propos-
ing a jump to model Ml−1.
1: Choose a knot to be removed uniformly from the set of
existing knots {ξ1, . . . , ξl}.

2: Calculate the probability of a jump from the model Ml to
the model Ml−1 as

q(Ml−1|Ml) = dl
1

l

where the death-probability, dl is defined as

dl = c ·min{1, p(l− 1)/p(l)}
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Algorithm 4 relocation step.
1: Choose one knot, ξj∗ uniformly from the set of existing
knots {ξ1, . . . , ξl}. Now the current sequence of knots is
ξ = (ξ1, . . . , ξj∗−1, ξj∗ , ξj∗+1, . . . , ξl).

2: Generate the candidate new knot location, ξcand,
for the knot ξj∗ , centered at ξj∗ , with the known
spread parameter τR and having density hB(ξ

c|ξ, τR).
The candidate new sequence of knots is ξ =
(ξ1, . . . , ξj∗−1, ξcand, ξj∗+1, . . . , ξl). The candidate new
knot location does not have to be the j∗-th element.

3: Choose a knot to be removed uniformly from the set of
existing knots {ξ1, . . . , ξl}.

4: Calculate the probability of a jump from the model Ml to
the model Ml−1 as

q(Ml−1|Ml) = dl
1

l

where the death-probability, dl is defined as

dl = c ·min{1, p(l− 1)/p(l)}
5: Compute the probability of jumping from the current
model to the candidate model as

q(Mcand|Mcurr) = ηl
1

l
hR(ξcand|ξj∗)

where the probability of relocation step, ηl, is defined as

ηl = 1− ll − dl

E. Maneuvers in x− y Plane When x is Decreasing

Trajectory estimation during backward turning maneuvers
of ships in the x − y plane involves descending values in
the x-coordinate such as illustrated in Fig. 1, and hence
cannot be directly accommodated for in standard regression
procedures. Since the data arrives in batches a direct and
simplest remedy for this situation is to transform the data
received. One such transformation is a rotation of the entire
data set with respect to the origin in such a way as to insure
strictly increasing ordering in the values of the x-components
of the measurements received. Such a deterministic rotation
of data does not affect any of the statistical characteristics of
the data and is essentially performed as a rotation of a ”rigid
body composed of all measurement points together with their
associated areas of uncertainty”. Since all the measurements
with associated time tags are available in a batch, a temporal
alignment allows to discern when the position in x begins to
decrease. Using any of the measurements with a decreased
value in x it is possible to determine an angle of rotation of
the coordinate system needed to secure a strictly increasing
ordering of the x -components of the measurement points.
The angle of rotation can be obtained by vector algebra, see
Fig. 1, by first computing the vector ~v

~v = (~a+~b)/2− ~c

y

x

w

α

v

a

b

c

Figure 1. Measurements obtained during the turning maneuver and the
rotation of data.

Ellipse contact report:

- generated at random rate [min] ~ U[5,60]

- magnitude of the semi-major axis a[NM] ~ U[3,5]

- magnitude of the semi-minor axis b[NM] ~ U[1,2]

- bearing [degrees] ~ U[0,360]θ

Figure 2. Scenario specifications.

Assuming that ~v is normalized to ||~v|| = 1 and that ~w,
with ||~w|| = 1 represents the unit basis vector of the w
axis, perpendicular to ~v, the desired angle of rotation is then
determined from the vector product < ~x, ~w >= cosα, where
||~x|| is the unit basis vector of the axis x.

III. SIMULATION RESULTS

This Section summarizes the statistical performance eval-
uation of the presented trajectory algorithms. It includes the
sensitivity analysis of the algorithms’ parameters with respect
to perturbations, and discussion of the obtained results.
For the purpose of evaluation of the performance of the

ship trajectory estimation algorithms the same SimTrack ap-
plication [27] as described in [11] is used to simulate the
ground truth and the multi-sensor environment. The ground
truth trajectories are generated so as to represent actual ships’
routes. It includes a ”generic” sensor that produces a positional
ellipse contact report at a random sampling rate; see Fig. 2.
To investigate the performance of the Bayesian regression

spline algorithm in x−y plane, a simulation for 50 trajectories
of different lengths, 3 − 7 segments and different number of
contacts per trajectory was performed. The analysis also in-
cluded 50 different ground truth trajectories generated by Sim-
Track. For each ground truth track it was assumed that sensors
report different number of measurements at different random
rates, hence to evaluate the algorithm’s overall performance,
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Figure 3. BRS, (x,y): Averaged AEEs and STDs for 50 ground truth tracks.
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Figure 4. BRS from (t, x) and (t, y): Averaged AEEs and STDs for 50
ground truth tracks obtained by combined regression with respect to t.

the resulting AEEs and STDs were averaged over all contacts
per each track. The histograms in Fig. 3 show the number
of trajectories with corresponding AEEs and STDs obtained
by this method. Most of the AEE values are close to 1 NM,
which is rather small comparing to the measurement errors.
This was expected since the regression model in the algorithm
completely accounted for the measurement uncertainty. The
regression in Bayesian regression spline algorithm was carried
out with respect to t as well. In this case, the regression
model only partially accounted for measurement uncertainty
by using the measurement error projections. The values with
the same time tag of two resulting splines, f̂x and f̂y, were
then combined to obtain the resulting spline functionf̂ in the
x−y plane. The results show that the obtained AEE values are
larger than those obtained when the regression was performed
jointly in x− y.
The sensitivity to the number of contacts was examined for

a 7-segment trajectory for which 14, 26, 32, or 40 contacts
were obtained. The results are shown in Fig. 5 and indicate
that the Bayesian regression spline algorithm is sensitive to
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Figure 5. BRS, (x,y): AEEs and STDs for a 7-segment ground-truth trajectory
with different number of contacts per trajectory.
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Figure 6. AEEs for the BRS(x,y) vs. IOU-KF-RTSS and GA-based for a
7-segment ground truth trajectory for n = 14 and n = 32.

the number of measurements available for fitting. The values
of both AEE and STD show that the performance becomes
poorer as the number of contact decreases. The influence
of the total number of measurements n on the accuracy
of a produced trajectory in the Bayesian regression spline
algorithm was further investigated in comparison with the
IOU-KF-RTSS [11] and the GA-based algorithm [1]. A 7-
segment ground truth trajectory was generated from which
first 14, and then 32 contacts, were obtained. The obtained
values of the AEE shown in Fig. 6 suggest robustness of
the IOU-KF-RTSS algorithm with respect to the total number
of measurements, while both the GA-based and Bayesian
regression spline algorithms exhibit larger errors. However,
the total error across produced trajectory for both proposed
algorithms, the BRS(x,y) and the IOU-KF-RTSS, are smaller
than of the one obtained when using the GA-based. Also, it
is confirmed that the accuracy of produced trajectories by the
BRS(x,y) increases with the increase of the total number of
measurements in a batch. Finally, a sensitivity analysis was
performed with respect to change in the initial number of
knots, l, as a prior parameter of the Bayesian regression spline
algorithm. This was investigated for 10-segments ground truth
trajectory with 26 contact and 100 measurement noise real-
izations. The initial number of knots l0 was set to be chosen
randomly from a uniform distribution l0 ∼ U [2, 10]. The
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Figure 7. AEEs for the BRS(x,y) algorithm for different initial number of
knots, iknot = 3 and iknot = 7, for 10-segment ground truth trajectories.

results shown in Fig. 7 indicate that the Bayesian regression
spline algorithm’s performance remains unchanged.

IV. CONCLUSIONS

In the absence of any knowledge about the motion model,
the proposed batch stochastic optimization algorithm based on
spline fitting proves to be an efficient method for trajectory
estimation in application to ship track estimation. The pro-
posed algorithm is sensitive to the total number of contacts in a
batch and obviously performs better when this number is large.
Bootstrap techniques could be used to improve this situation.
When employed in the x − y plane, the Bayesian regression
spline algorithm performs better than when using the regres-
sion model independently on (t, x) and (t, y). Joint estimation
in the x − y plane permits to account for all the uncertainty
of measurements, while the separated estimation using (t, x)
and (t, y) relies on measurement errors’ projections. Extensive
simulation studies showed that the Bayesian regression spline
algorithm represents competitive methodology for trajectory
estimation in maritime surveillance, especially in the absence
of knowledge of the motion models and contacts with large
heteroscedastic and correlated errors. Nevertheless, it can
be concluded, as in [11], that modeling and incorporating
the measurement uncertainty plays an important role in the
trajectory estimation algorithm by affecting the accuracy of the
estimated trajectory. Any approximation of the measurement
error degrades the accuracy of the produced trajectory espe-
cially in target environments where the availability of radar
measurements is reduced.
Future work will consider the problem of trajectory estima-

tion from data with heteroscedastic and correlated errors in the
absence of knowledge of the motion model which will include
scenarios not only at the border of EEZ but also closer to
shore, i.e. the problem of multiple ship trajectories estimation.

REFERENCES

[1] E. Lefebvre and C. Helleur, “Automated association of track information
from sensor sources with non-sensor information in the context of
maritime surveillance,” Proc. of Intl. Conference on Information Fusion,
(Stockholm, Sweden), pp. 1251–1256, 2004.

[2] M. Davenport, Maritime Surveillance-The Future. Armed Forces Com-
munications and Electronics Association (AFCEA), 2005.

[3] Y. Bar-Shalom and X.-R. Li, Estimation and Tracking: Principles,
Techniques, and Software. Artech House, 1999.

[4] S. Blackman and R. Popoli, Design and Analysis of Modern Tracking
Systems. Artech House, 1999.
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