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Abstract—This paper proposes the use of the Hellinger distance
in evaluating the localisation error in the OSPA metric. The
Hellinger distance provides a measure of the difference between
two distributions and is used here to measure the difference
between the true and estimated targets where the true and
estimated single-target states are characterised by Gaussian
distributions.

The OSPA metric is used to evaluate the performance of
several multisensor PHD and CPHD filters. The importance of
introducing track covariance into the metric is demonstrated
through the application on several multisensor PHD and CPHD
filters. In particular, we are able to identify filters that provide
a poor estimate of the uncertainty associated with each track.
Keywords: OSPA metric, performance measures.

I. INTRODUCTION

The optimal sub-pattern assignment (OSPA) metric devel-
oped in [1] provides a means to evaluate the performance of
multitarget filters. Multitarget filters provide estimates of time-
varying states, and the number of states (or targets) is itself
time-varying. The OSPA metric measures the miss-distance
between a set of true targets and a set of estimated targets as
a combination of localisation error and cardinality error.

The localisation error corresponds to the minimum distance
achieved through the optimal assignment of estimated and true
states and the cardinality error is a measure of the difference
in the cardinality of the set of true targets and set of estimated
targets.

The localisation error used in [1] is evaluated using the
Euclidean distance and takes into account the target states but
not the associated covariance. The associated target uncertainty
is of importance when dealing with multisensor filters since
multiple measurements corresponding to the same target re-
duce the uncertainty in target location. This paper proposes
an alternative distance to the Euclidean distance wherein the
estimated state and covariance is compared with a baseline
state comprised of the true target location and some associated
uncertainty. This variation of the OSPA metric is used to
compare the performance of several multisensor probability
hypothesis density (PHD) and cardinalized probability hypoth-
esis density (CPHD) filters [2]–[5].

The following section illustrates the motivation for incor-
porating track covariance in the metric using an example.
Section III describes how the uncertainty associated with the

Figure 1. Example of true target position x and estimates y1, y2 and y3

along with their 3Σ covariance ellipses.

estimates can be incorporated into the OSPA metric and results
from multisensor comparisons are presented in Section IV. A
summary of the different multisensor filters is provided in the
appendix.

II. MOTIVATION FOR INCLUDING TRACK UNCERTAINTY

The OSPA metric derived in [1] considers only the true
and estimated states in evaluating the localisation error of the
filter. In particular, the uncertainty associated with the estimate
is not considered. This may lead to the assertion that any two
state estimates will possess the same OSPA error, regardless
of their associated uncertainty, or covariance, as long as the
states themselves are identical.

Consider Figure 1 which shows the true position of a
target x, as well as two estimated states which are equidistant
from the true target, y1 and y2. The OSPA localisation error
for these two estimates will be identical since it relies on
a Euclidean distance. The figure also shows the covariance
ellipse, Σ, associated with each estimate and in the example
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presented here, the uncertainty associated with the estimate y2

is larger. The Euclidean distance, however, does not discrim-
inate between these two estimates.

When such situations arise in practice, incorporating the
covariance into the metric allows identification of the estimate
with lower uncertainty. This is the motivation behind including
track covariance in the metric.

III. INCORPORATING TRACK UNCERTAINTY

This section starts by reproducing the expression for the
OSPA error from [1]. Let two sets of points be denoted
X = {x1, . . . ,xm} and Y = {y1, . . . ,yn} with m,n ∈ N0;
Πk denotes the set of permutations on {1, . . . , k}, k ∈ N.
The order parameter is constrained as 0 < p < ∞, and the
cut-off parameter is constrained as c > 0. For m ≤ n, the
OSPA distance is given by the combination of localisation
and cardinality error as [1]

d(c)
p (X,Y) =

[
1

n

(
min
π∈Πn

m∑
i=1

d(c)(xi,yπ(i))
p + cp(n−m)

)] 1
p

(1)
where d(c)(x,y) denotes the distance between the points x
and y, subject to the maximum cut-off c.

The Euclidean distance has been used for the function
d(c)(·, ·) to evaluate the localisation error in [1]

d(c)(x,y) =
√

(x− y)T (x− y) . (2)

The authors note that any “arbitrary metric d(c) with values
in [0, c] could be used” in evaluating the OSPA distance [1].
Since Euclidean distance does not consider the uncertainty
associated with the states, this paper proposes replacing the
Euclidean distance with a distance measure which takes into
account the uncertainty associated with the states x and y.

A. Hellinger distance

Consider the case where the true state is given by (x,Σx)
and the estimate is given by (y,Σy) where Σx and Σy denote
the covariance associated with x and y respectively. The aim
is to extend the distance d(c)(·, ·) in the above equation to the
form d(c)((x,Σx), (y,Σy)) and the Hellinger distance is used
for this.

The Hellinger distance is a general distance on probability
distributions. The Hellinger distance between two distributions
f(·) and g(·) is given by the expression

dH(f, g) =
1

2

∫ (√
f(x)−

√
g(x)

)2
dx . (3)

The Hellinger distance is constrained to 0 ≤ dH ≤ 1, where
the maximum distance is achieved when the two distributions
do not overlap.

If the true and estimated states are characterised by their first
two moments, then f(·) and g(·) are Gaussian and dH can be
simplified. Let the distributions in the Hellinger distance be
given by Gaussian distributions as f = N (x,Σx) and g =

Estimated
state

Euclidean
distance (m)

Hellinger
distance

y1 = [−10,−10]T

Σy1 = diag([100, 100])
14.1421 0.3244

y2 = [10, 10]T

Σy2 = diag([150, 150])
14.1421 0.3255

y3 = [−7, 7]T

Σy3 = diag([300, 300])
9.8995 0.3475

Table I
EUCLIDEAN AND HELLINGER DISTANCE FOR ESTIMATED STATES FROM

THE TRUE STATE (x = [0, 0]T ,Σx = diag([50, 50])).

N (y,Σy). The Hellinger distance is then given by the closed
form expression

dH(f, g) = 1−

√ √
det(ΣxΣy)

det[ 12 (Σx + Σy)]
exp(ε) (4)

ε =

[
−1

4
(x− y)T (Σx + Σy)−1(x− y)

]
. (5)

B. Choice of Σx

The covariance associated with the true state Σx has so far
been assumed known, although no explicit selection method
has been discussed. The value of Σx forms a baseline with
which the estimates will be compared, and hence, Σx must
correspond to the lower bound, or “best”, achievable uncer-
tainty. This reasoning motivates the use of the Cramer Rao
lower bound (CRLB) as the covariance associated with the
true state x.

The CRLB is the minimum achievable variance associated
with an unbiased estimator and provides one suitable option
for the choice of the baseline estimate. Evaluating the distance
is then equivalent to measuring how good the estimates are
when compared with the ground truth represented as (x,Σx)
where Σx represents the CRLB.

C. Example of localisation error

The example illustrated in Figure 1 is examined using both
the Euclidean and Hellinger distances. In the example, the set
of true and estimated states are given by

x = [0, 0]T Σx = diag([50, 50])

y1 = [−10,−10]T Σy1 = diag([100, 100])

y2 = [10, 10]T Σy2
= diag([150, 150])

y3 = [−7, 7]T Σy2
= diag([300, 300]) .

The localisation error of these estimates is computed using
the Euclidean and Hellinger distance measures and listed in
Table I. The table shows that the Hellinger distance is able
to discriminate between identical states when the uncertainty
differs. In particular, the table shows that y3 is closer to the
true state in terms of the Euclidean distance but is a worse
estimate due to the increased covariance according to the
Hellinger distance.
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D. OSPA cardinality error and cut-off

The total OSPA error is specified as a combination of the
localisation error and the cardinality error. The cardinality
error is the error associated with a missing estimate or the
presence of a false estimate. A cut-off c is specified which
defines the maximum miss-distance between two points x
and y. For a localisation error which is greater than c, the
localisation error is cut-off at c and this is also “the penalty
that a point gets when it is deemed unassignable” [1].

The Hellinger distance has an upper bound of 1 and this is
chosen as the cut-off parameter here. A lower value for the
cut-off parameter may be used to specify a minimum extent
of overlap between the true and estimated Gaussians before
the estimate is deemed unassignable.

IV. RESULTS

This section evaluates the performance of single- and mul-
tisensor filters using the Euclidean as well as the Hellinger
distances. A summary of these filters is provided in the
appendix. The Hellinger distance requires that an uncertainty
term be associated with the true states and this uncertainty is
given by the CRLB here. The estimated states and covariances
are compared with:

• a set of ground truth states using the Euclidean distance,
• the ground truth states along with their single target

CRLBs using the Hellinger distance.

The process of determining the CRLB is discussed in Section
IV-A

Figure 2 illustrates the tracks followed by the targets in
the scene. This scenario is used for all comparisons in this
section. The single target state consists of the target location
and velocity in Cartesian co-ordinates [x, ẋ, y, ẏ]′. A constant
velocity model is used for target motion; the observations are
given by the target location plus zero mean white Gaussian
noise. Since the observation model is linear and Gaussian,
Gaussian mixture implementations of the PHD and CPHD
filters [6], [7] are used here. In the multisensor case, the
sensors are identical except for the probability of detection
which will be stated for each specific case considered below.

State estimates are obtained by thresholding and selecting
Gaussian components from the mixture [6]. The estimated
state and covariance (y,Σy) of the states are obtained as that
corresponding to the mean and covariance of the individual
selected Gaussian components.

Using the above scenario, different cases are generated
by using different numbers of sensors and with different
probabilities of detection. The OSPA error is then evaluated
for the multisensor filters using each of these cases. When
calculating the Euclidean OSPA (E-OSPA) error, the cut-off
parameter is set to 100 and it is set to 1 for the Hellinger
OSPA (H-OSPA). Setting p = 1 in the OSPA metric generates
an error that is obtained as the sum of the localisation and
cardinality error.

10 20 30 40 50 60 70 80 90 100
0

2

4

6

N
u

m
b

e
r 

o
f 

T
a

rg
e

ts

0 10 20 30 40 50 60 70 80 90 100
−1000

0

1000

X
 C

o
−

o
rd

in
a

te

 

 

10 20 30 40 50 60 70 80 90 100
−1000

0

1000

Time

Y
 C

o
−

o
rd

in
a

te

 

 

Target 1 Target 2 Target 3 Target 4 Target 5

Figure 2. Illustration of the true number of targets (top) and the x and y
coordinates of the targets vs time.

A. Estimating the CRLB

This paper proposes the use of the Hellinger distance in
evaluating the OSPA error. The Hellinger distance can be
used to evaluate the difference between two arbitrary prob-
ability distributions. The distance is used here to evaluate the
difference between a true and estimated state, where each is
characterised by a Gaussian distribution.

The Gaussian associated with the true state is given by
N (x,Σx) where Σx is chosen as the CRLB. In the examples
used here, a linear Gaussian motion and observation model is
used for each target [8]:

xk = Fk−1xk−1 + vk−1 (6a)

z
(i)
k = H

(i)
k xk + w

(i)
k (6b)

where z
(i)
k is the observed state from the ith sensor, vk−1 ∼

N (0,Qk−1) is the process noise and w
(i)
k ∼ N (0,R

(i)
k ) is

the observation noise.
The Kalman filter [8] is the minimum variance unbiased

estimator for the linear Gaussian case and the prediction and
update equations can be used to obtain the CRLB. For an s-
sensor filter, the CRLB is given by application of the prediction
step

Σ
(0)
x,k|k = Qk−1 + Fk−1Σ

(s)
x,k−1|k−1F

T
k−1 (7)

followed by repeated application of the update step (s times)

S
(j)
k = H

(j)
k Σ

(j−1)
x,k|k H

(j)
k

T
+ R

(j)
k (8a)

K
(j)
k = Σ

(j−1)
x,k|k H

(j)
k

T
(S

(j)
k )−1 (8b)

Σ
(j)
x,k|k = Σ

(j−1)
x,k|k −K

(j)
k S

(j)
k K

(j)
k

T
(8c)

where Σ
(0)
x,k|k denotes the predicted covariance, j = [1, . . . , s]

and Σ
(s)
x,k|k represents the s-sensor updated CRLB for each

target. A unity probability of detection has been chosen here
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E-OSPA H-OSPA
Single sensor

PHD filter 11.6402 0.3875

Iterated 3-sensor
PHD filter 8.3350 0.2459

Table II
AVERAGE E-OSPA AND H-OSPA ERROR FOR A SINGLE- AND ITERATED
3-SENSOR PHD FILTERS WITH UNITY DETECTION PROBABILITY AND NO

CLUTTER.

for evaluation of the CRLB since this provides the minimum
bound achievable by any s-sensor filter. To determine the
CRLB for pD < 1, the measurement noise covariance R

(j)
k

must be scaled by 1/p
(j)
D in equations (8) [9].

In evaluating the H-OSPA, the Hellinger distance is used
in equation (1), so that d(c)(x,y) = d

(c)
H (f, g), where f =

N (x,Σ
(s)
x ) is the true state and CRLB and g = N (y,Σy) is

the estimate.

B. OSPA error of single- and multi-sensor PHD filters

As discussed in Section II, incorporating covariance into
the distance allows discrimination between identical states if
they possess different covariances. This section considers a
scenario which is observed using three identical sensors. The
probability of detection of the sensors is set to 1 and no clutter
is present.

A single-sensor and an iterated three-sensor PHD filter [2]
(see Sections A and B of the appendix) are used to estimate
targets in the scene and the performance of the filters is
compared using E-OSPA and H-OSPA. The 3-sensor CRLB is
used in evaluating the H-OSPA and is obtained using equations
(7) and (8) and setting s = 3.

In this example, the cardinality error of the estimates is
negligible (except during target birth and death) and the total
OSPA error is approximately equal to the localisation error.
Figure 3 shows the E-OSPA and H-OSPA error of the single-
and multi-sensor iterated filters. The single sensor filter pro-
duces estimates with greater uncertainty which is additionally
taken into account in evaluating the H-OSPA error. There are
broad similarities between the E-OSPA and H-OSPA errors,
for example, as seen by spikes due to cardinality error. The
average OSPA error for both filters is summarised in Table II.

C. OSPA error of two-sensor filters

As a particular case, the performance of two-sensor filters is
examined to address the specific case of the general two-sensor
filter [4] (see Section C of the appendix). The scenario used
here again consists of identical sensors with p

(1)
D = p

(2)
D =

0.95 and the clutter follows a Poisson process with mean 10
for each sensor. Setting s = 2 in equation (8) yields the CRLB
for evaluating the H-OSPA.

A comparison of the E-OSPA and H-OSPA error of the PHD
and CPHD filters is presented in Figures 4 and 5. The average
E-OSPA and H-OSPA error of the filters is summarised in
Table III. The results show that the multisensor CPHD filters
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Figure 3. Illustration of the E-OSPA error (top) and H-OSPA error (bottom)
for a single sensor and iterated 3-sensor PHD filter. The probability of
detection is 1 and there is no clutter.

E-OSPA H-OSPA
Iterated PHD 14.9859 0.2912

PM-PHD 14.8651 0.2880
Iterated CPHD 12.3220 0.2721

PM-CPHD 11.6196 0.2665
General 2-sensor PHD 11.2455 0.2631

Averaged PHD 15.3071 0.3190

Table III
AVERAGE E-OSPA AND H-OSPA ERROR FOR DIFFERENT TWO-SENSOR

PHD AND CPHD FILTERS.

outperform the PHD counterparts. The product multisensor
filters [5] (see Section D of the appendix) are invariant to
order of the updates unlike the iterated filters which leads to
improved performance. Additionally, the averaged multisensor
filter [3] (see Section E of the appendix) exhibits slightly
poorer performance than the iterated filter, although this effect
is magnified when examining the H-OSPA error.

The averaged form of the filter does not recursively reduce
the covariance of the estimate and hence suffers a larger
penalty when this is taken into account. Of particular note
is the performance of the general two-sensor PHD filter
which exhibits the lowest error. This is achieved, however,
at extremely heavy computational cost as discussed in [4] and
Section C of the appendix.
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Figure 4. Illustration of the E-OSPA error (top) and H-OSPA error (bottom)
for 2-sensor PHD filters.

D. OSPA error of multisensor filters

A three-sensor example is considered in this section where
the third sensor in the update has a lower probability of
detection. In the example considered here, the probability of
detection for the sensors is p(1)D = p

(2)
D = 0.95, p

(3)
D = 0.9.

The clutter is generated according to a Poisson process with
a mean of 10 clutter points per sensor. Figure 6 shows the E-
OSPA and H-OSPA error of the filters and the average error
is listed in Table IV.

From the multisensor filters considered here, it is seen that
the iterated PHD filter exhibits particularly poor performance.
As discussed in [10], this is due to the short memory of the
PHD filter [11], and the use of a sensor with low probability
of detection in the final update results in the premature death
of targets. The low probability of detection associated with the
third sensor degrades the quality of the estimates to the extent
that the performance is poorer than an iterated two-sensor PHD
filter [10].

An examination of the E-OSPA error of the averaged mul-
tisensor PHD filter suggests that the averaged filter performs
better than the iterated filter. The uncertainty in the estimates
produced by the averaged filter, however, is much larger and
this is reflected in the particularly poor performance illustrated
by the H-OSPA error. This result is similar to the example
illustrated in Table I where a lower Euclidean distance is offset
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Figure 5. Illustration of the E-OSPA error (top) and H-OSPA error (bottom)
for 2-sensor CPHD filters.

E-OSPA H-OSPA
Iterated PHD 17.8401 0.3229

PM-PHD 12.8554 0.2801
Iterated CPHD 12.0251 0.2801

PM-CPHD 10.6237 0.2692
Averaged PHD 14.3053 0.3707

Table IV
AVERAGE E-OSPA AND H-OSPA ERROR FOR DIFFERENT MULTISENSOR

PHD AND CPHD FILTERS USING p
(3)
D = 0.9.

by larger uncertainty leading to a larger Hellinger distance.

The iterated CPHD and product multisensor filters exhibit
significantly better performance with the product multisensor
CPHD filter offering the best performance due to the invari-
ance to sensor ordering.

The OSPA error is considered for two more cases where
the probability of detection of the third sensor is set to 0.85
and 0.70 with the error summarised in Table V. From the
table, similar trends are observed with the product multisensor
CPHD filter showing the lowest error and the iterated and av-
eraged PHD filters showing much higher error. The Hellinger
distance is able to capture the poor localisation of the averaged
filter as shown by its much higher H-OSPA error.
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Figure 6. Illustration of the E-OSPA error (top) and H-OSPA error (bottom)
for 3-sensor PHD and CPHD filters.

p
(3)
D = 0.85 p

(3)
D = 0.70

E-OSPA H-OSPA E-OSPA H-OSPA
Iterated PHD 23.0573 0.3671 21.5639 0.3583

PM-PHD 12.9237 0.2836 13.2473 0.2938
Iterated CPHD 13.0263 0.2902 14.5071 0.3062

PM-CPHD 10.7878 0.2730 11.7363 0.2844
Averaged PHD 14.4270 0.3746 15.4777 0.3792

Table V
AVERAGE E-OSPA AND H-OSPA ERROR FOR DIFFERENT MULTISENSOR

PHD AND CPHD FILTERS USING p
(3)
D = 0.85 AND p

(3)
D = 0.7.

V. CONCLUSIONS

This paper suggests the use of the Hellinger distance in
the OSPA metric [1] to account for uncertainty in the state
while evaluating the localisation error. The estimated states
and covariance are compared with a set of ground truth states
and a baseline or reference covariance. The single target CRLB
has been proposed as the reference uncertainty associated with
the ground truth states since this represents the minimum
achievable covariance of an unbiased estimator.

The Euclidean OSPA (E-OSPA) and Hellinger OSPA (H-
OSPA) error has been used to evaluate the performance of
various multisensor filters in this paper. The averaged multi-
sensor PHD filter has been shown to provide poor localisation
since the covariance of the estimates does not shrink through
multiple updates.

Simulation results show that the iterated PHD filter [2] does
not always provide reliable and robust results [10]. The iterated
filter, however, exhibits lower H-OSPA error than the averaged
filter. The general two-sensor PHD filter [4] exhibits low error
but the generalised form does not scale in either the number
of observations or sensors.

Product multisensor [5] filters are shown to provide a
reasonable compromise between the iterated and general fil-
ters. These filters are robust due to the invariance to the
order of sensor updates and are additionally scalable, which
makes them a good choice for multitarget multisensor tracking
applications.
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APPENDIX

SINGLE- AND MULTISENSOR PHD AND CPHD FILTERS
This section provides a brief overview of PHD and CPHD

single- and multisensor filters. The performance of these filters
will be compared in Section IV. The predicted intensity in
both single and multisensor filters possess the same form,
however, the update takes different forms depending on the
multisensor formulation. To improve clarity, only the PHD
filter equations are considered in the rest of this section. The
concepts discussed, however, apply directly to the CPHD filter
and relevant references will be indicated.

PHD prediction
Consider a tracking scenario where the single-target state is

denoted by x. The intensity is denoted by Dk−1 at time k−1.
The predicted PHD is given by the expression [2]

Dk|k−1(x) = γk(x) +

∫
pS,k(ζ)Dk−1|k−1(ζ)fk|k−1(x|ζ)dζ (9)

where γk(x) is the intensity of births at time k, pS,k(ζ) is the
probability of an existing target surviving to the next time step
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and fk|k−1(x|ζ) is the single target transition density. In the
case of the CPHD filter [12], the prediction applies to both
the intensity as well as the cardinality distribution.

A. Single sensor update

A sensor detects measurements z ∈ Z
(j)
k at time k, where

the superscript j denotes the sensor index and is equal to 1 for
the single sensor filter. A probability of detection p(j)D,k(x) is
associated with the target being detected by the sensor. The set
of observations Z

(j)
k consists of false detections due to clutter

in addition to these detected targets.
For the jth sensor, the single target observation likelihood

is denoted by g(j)k (z|x), c(j)k (z) is the probability distribution
of the clutter and λ(j)k is the mean number of Poisson clutter
points. The single sensor updated PHD, Dk|k(x), due to the
observation set Z(1)

k is given by the expression [2]

Dk|k(x) = F
(1)
k (Z

(1)
k |x)Dk|k−1(x) (10)

where

F
(j)
k (Z

(j)
k |x) = 1− p(j)

D,k(x)

+
∑

z∈Z(j)
k

p
(j)
D,k(x)g

(j)
k (z|x)

λjkc
(j)
k (z) +Dk|k−1[p

(j)
D,k g

(j)
k (Z

(j)
k )]

(11)

Dk|k−1[pD,k gk(Zk)] =

∫
pD,k(ζ)gk(z|ζ)Dk|k−1(ζ)dζ . (12)

The CPHD update takes a different form to the PHD update
since it involves an update to the cardinality distribution in
addition to the intensity [12].

B. Iterated update

The iterated filter [2] provides an approximation to a multi-
sensor update at low computational cost. Generalised forms
of the PHD filter [2], [4] are intractable when either the
number of sensors or measurements is large and consequently,
the iterated filters provide a tractable means of addressing
multisensor scenarios. The iterated update involves application
of the single sensor update using the observation set from each
sensor in turn. The expression for the s-sensor iterated update
is given by [2]

Dk|k(x) ≈ F (1)
k (Z

(1)
k |x) · · ·F (s)

k (Z
(s)
k |x)Dk|k−1(x) . (13)

In order to obtain the iterated update, the predicted intensity
is first updated using the observations from the first sensor.
This updated intensity is then used as the predicted intensity
and updated using the observations from the second sensor
and the final PHD is obtained through s such iterated updates.
The iterated CPHD involves application of the CPHD update
equation rather than the PHD update at each iteration.

C. General two-sensor PHD update

A general form of the PHD update has been derived for
the two sensor scenario [4]. The update equation takes the
form of a weighted summation over binary partitions, where
the partitions denote all possible ways of pairing individual
measurements from each of the sensor observation sets.

The observations at time k are denoted by Zk = Z
(1)
k ∪Z

(2)
k ,

where the superscript denotes the sensor index. The binary
partitions are denoted by P �2 Zk. Each partition represents
a specific grouping of all measurements from Z(1) and Z(2)

such that each element W ∈ P takes one of the forms

W = {z(1)} (14)

W = {z(2)} (15)

W = {z(1), z(2)} (16)

where z(1) ∈ Z
(1)
k and z(2) ∈ Z

(2)
k . Equations (14) and (15)

denote cases where the measurements z(1) and z(2) do not
arise from the same target, i.e., the measurement corresponds
to either clutter, or a target detected on only one of the sensors.
Equation (16) represents the case where z(1) and z(2) are
measurements corresponding to the same target (see [4] for
further explanation and examples).

The two-sensor PHD update is achieved as a combination
of weighted updates over each partition and is given by the
expression [4]

Dk|k(x) =

 [1− p(1)D,k(x)][1− p(2)D,k(x)]

+
∑
P�2Zk

wP
∑
W∈P

ρW (x)

Dk|k−1(x) .

(17)
The update for a given partition, ρW (x), is given by

ρW (x)=



(1− p(2)
D,k(x))p

(1)
D,k(x)g̃

(1)

k,z(1)

1 +Dk|k−1[(1−p(2)
D,k)p

(1)
D,kg̃

(1)

k,Z
(1)
k

]
if W ={z(1)}

(1− p(1)
D,k(x))p

(2)
D,k(x)g̃

(2)

k,z(2)

1 +Dk|k−1[(1−p(1)
D,k)p

(2)
D,kg̃

(2)

k,z
(2)
k

]
if W ={z(2)}

p
(1)
D,k(x)g̃

(1)

k,z(1)
p

(2)
D,k(x)g̃

(2)

k,z(2)

Dk|k−1[p
(1)
D,k g̃

(1)

k,Z
(1)
k

p
(2)
D,k g̃

(2)

k,Z
(2)
k

]
if W ={z(1), z(2)}

(18)
where

g̃
(i)
k,z =

g
(i)
k (z|x)

λ
(i)
k c

(i)
k (z)

. (19)

The weight of the partition, wP , is given by

wP =

∏
W∈P dW∑

Q�2Zk

∏
W∈Q dW

(20)

where

dW =


1 +Dk|k−1[(1−p(1)

D,k)p
(2)
D,kg̃

(2)

k,z
(2)
k

] if W ={z(1)}

1 +Dk|k−1[(1−p(1)
D,k)p

(2)
D,kg̃

(2)

k,z
(2)
k

] if W ={z(2)}

Dk|k−1[p
(1)
D,k g̃

(1)

k,Z
(1)
k

p
(2)
D,k g̃

(2)

k,Z
(2)
k

] if W ={z(1), z(2)}

.

(21)
The general two-sensor filter suffers from combinatorial

complexity since the update is derived as a sum over partitions.
It has been noted that the complexity can be reduced through
gating, however, the approach remains intractable when the
number of targets or clutter density is high.
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D. Approximate product multisensor update

Iterated filters produce different updated PHDs depending
on the order of the sensors. In practice, the order does not
significantly affect the update when the probability of detection
is high. However, when this is not the case, it has been shown
that the order of the updates is important [10]. Additionally, the
iterated filters are implicitly subject to restrictive assumptions
that the predicted as well as intermediate updated target
processes must be Poisson in the case of the PHD filter and an
independent and identically distributed (i.i.d.) cluster process
in the case of the CPHD filter [5].

The product multisensor filters offer a compromise between
intractable general multisensor filters and the approximation
of the iterated filters. The form of the product multisensor
update is similar to the iterated update with the exception of
an additional normalisation term. The s-sensor update takes a
form given by the expression [5]

Dk|k(x) = Nk|k
F

(1)
k (Z

(1)
k |x) · · ·F (s)

k (Z
(s)
k |x)Sk|k−1(x)

Sk|k−1[F
(1)
k (Z

(1)
k ) · · ·F (s)

k (Z
(s)
k ]

(22)
where Nk|k is the measurement updated number of targets and

Sk|k−1(x) =
Dk|k−1(x)

Nk|k−1
. (23)

This formulation of the multisensor filter is invariant to
the order of the sensor updates. Results presented in [10]
show that the product multisensor PHD filter does not suffer
unexpectedly poor performance when using sensors with low
probability of detection as seen in the case of the iterated PHD
filter.

The derivation and specific forms of the update equations
of the product multisensor filters are beyond the scope of this
paper and may be obtained from [5].

E. Averaged multisensor update

An alternative form of the multisensor update has been
suggested in [3]. The updated multisensor PHD is formed as
the average of several single sensor updates. This is achieved
by first evaluating the single sensor update using the predicted
PHD and observations from each sensor, followed by com-
puting the average which gives the final multisensor updated
PHD. The case with identical sensor coverage is considered
here so that the s-sensor update takes the form [3]

Dk|k(x) =

1

s

s∑
j=1

F
(j)
k (Z

(j)
k |x)

Dk|k−1(x) . (24)

It is noted that the filter is invariant to the order of updates
since the updated intensity is achieved as the weighted sum
of s single-sensor updates [3].
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