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Abstract—This article deals with the divergence of the Kalman
filter when used on non-linear observation functions. The Kalman
filter allows to update some parameters according to observations
and their uncertainties. The observation model which links the
parameters to the observations is often non-linear and has to
be linearized. An improper linearization leads to a divergence
effect that could be contained by increasing the observation noise.
When the observation model can be written as a quotient of
two linear functions, the presented method allows to reduce the
divergence effect without modifying the observation noise. This
method is similar to a proportional correction in the Kalman
update step and is more efficient than the unscented Kalman
filter or particle filter.
Keywords: Kalman filtering, Visual SLAM, depth estima-
tion.

I. INTRODUCTION

The problem of data fusion using a Kalman filter is a well
known problem that has been studied over the last decades [1].
In many frameworks, the goal of data fusion is to improve
the precision of parameters according to different kinds of
observations. At present, the accuracy is often limited by the
cost of technology. Thus, information redundancy and data
fusion may be seen as a way to improve the performance
of estimation as a cheaper solution. To link the estimates
and measured data, it is necessary to establish an observation
model which is linear or non-linear. As shown in [13] for
instance, in the case of a linear observation model, the Kalman
filter is an optimal estimator, providing the best update of
the parameters given the observed data. The problem is quite
different when the observation function is non-linear. It can be
shown that, if the model is linearized around the true value,
the optimality of the Kalman filter is retained [13]. Although
the true value is sought, it is unlikelu to accessible, causing
the Kalman filter to be suboptimal and even divergent. A
variant, called the Unscented Kalman Filter (UKF) [8], [9],
[17], estimates the statistical moments of 1st and 2nd order via
a posterior resampling of particles weighted by the likelihood
function. When these sample points are propagated through
the non-linear transform, the true mean and true covariance
up to the second order can be found giving better results
but at the cost of time. A strong constraint of the Kalman
filter is that the process noise as well as the observation
noise need to be Gaussian. An inverse parametrization of the

depth (IDP) is presented in [4]. This approach is an over-
parametrization of the problem with an infinite number of
representations for a single Cartesian point: IDP requires to use
a 6D vector instead of simple 3D Cartesian coordinates. This
representation introduces an obvious observability problem. In
parallel with the Kalman filter approach, particular methods
have been developed that do not require prior knowledge of the
Gaussian noise. These methods fail to consider uncertainties
and do not provide information on the accuracy of the current
estimate. The problem of non-linear observation functions is
addressed here, using an Extended Kalman Filter (EKF).

The problem statement is described in Section II. Section III
gives the formulation of the principle proposed in this paper.
Finally Section IV shows experimental results of this work
using an application in the framework of Visual SLAM.
Section V concludes the paper.

II. PROBLEM STATEMENT: NON-LINEAR OBSERVATION
FUNCTION

In computer vision, climate predictions [11] or in SLAM
(Simultaneous Localization And Mapping) process [10], ob-
servation models are often rational functions and almost al-
ways non-linear. The non-linearity of the functions used in
the Kalman filter results in divergences as the model has to be
linearized. So, it is usefull to focus on this class of functions
and to find a simple method to limit the divergence of the
Kalman filter. In order to analyze the problem in a simple
way, we consider the case of a point localization example with
the observation function h = y/x based on two observations
of a real point at coordinates (x, y). Figure 1 shows the first
observer position (blue triangle) and a real point (green star)
that we will try to locate. For more clarity, the uncertain
position of the observer is not presented.

The observation function just gives us the direction of
the line-of-sight but in no case the depth. The state vector
containing the coordinates to be estimated is initialized on the
line-of-sight (given by the first observation), with a fixed depth
(10 units here). This initialization, in Fig. 2, creates one point
symbolized by a red cross and its uncertainty symbolized by
a blue flat ellipse.

The uncertainty linked to the state vector is coherent and
the integrity is guaranteed with respect to the real point (see
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Figure 1: The blue triangle represents the observer and in green
the observed point.

Figure 2: Top: the red cross is the initialized point and its
uncertainty is the blue flat ellipse. Bottom: a zoom on the
real point.

Fig. 2). Now, the new observer position is at 3 units on the
right and its orientation has not been changed, symbolized by
the blue arrow (see Fig. 3).

From this position, the real point is observed again. The

Figure 3: The new observer position is the right blue triangle.
The orientation is symbolized by the arrow.

Kalman filter allows to update the parameters in the state
vector by processing the Kalman gain with respect to the
uncertainties on the observer position, on the estimated point
and on the observation. It is once again reminded that there is
no representation of the uncertainties concerning the observer
position. The Kalman gain equation is as follows:

Gk+1 = Pk+1|kHX
T (HXPk+1|kHX

T + Robs)
−1 (1)

where HX is the Jacobian of h with respect to X and is
processed as follows:

HX =
[ −y

x2
1
x

]
(2)

The update is now processed with the following relation-
ships:

Xk+1|k+1 = Xk+1|k + Gk+1

(
y − h(Xk+1|k)

)
(3)

Pk+1|k+1 = Pk+1|k −Gk+1HXPk+1|k (4)

The result of this update is given by the green circle for the
point position and the uncertainty is the red flat ellipse (see
Fig. 4).

This case of negative depth was studied in [12] in the
framework of inverse depth parametrization. Here, all the
coordinates are in Cartesian system for more simplicity and
give a unique representation for each point. It can thus be seen
that the effect from the non-linear observation function makes
the result diverge and compromises the integrity.

Similarly to the approach presented in [11], we propose
here a simple method to contain, under weak constraints, the
divergence due to the non-linear characteristics.

III. PROPOSED APPROACH

Firstly the Kalman gain will be studied when the obser-
vation of the updated point matches the current observation.
Secondly, an introduction of a correction will be discussed.
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Figure 4: The Kalman update is the green circle and the
associated uncertainty is the red flat ellipse.

When the measurement matches the predicted observation,
we have the following relation:

observation = h(Xk+1|k+1) (5)

where Xk+1|k+1 = Xk+1|k + Gk+1

(
y − h(Xk+1|k)

)
with

Gk+1 the Kalman gain.

A. Hypothesis

Let the observation function be defined as a quotient of two
polynomial functions, N and D of Xk+1|k+1:

h(Xk+1|k+1) =
N [Xk+1|k+1]

D[Xk+1|k+1]
(6)

where Xk+1|k+1 is not a root of D.
Using (5) and (6) we have a polynomial sum with respect

to Xk+1|k+1:

observation×D[Xk+1|k+1]−N [Xk+1|k+1] = 0 (7)

Let us define the gain Ω such that it satisfies (7). As
the transformation from one space to another with more
dimensions is not well-conditioned, we intend to seek a simple
proportional relationship between Ω and Gk+1. This research
requires that Ω satisfies the same existing conditions as the
Kalman gain G. Let r be the proportional coefficient; the
corrected Kalman gain is expressed as follows:

Ω = r ×G = r ×PHT
(
HPHT + R

)−1
= PHT

(
H

P

r
HT +

R

r

)−1
= PHT

(
HP′HT + R′

)−1
(8)

with P ′ =
P

r
and R′ =

R

r
(9)

and where P and H are the parts of the covariance and
the Jacobian matrices related to the state vector and the

observation model respectively. As P and R are positive-
definite matrices, P′ and R′ must also be the same. So r
cannot be negative. Furthermore, as R is the best estimate
of the noise associated with the observation, thus R′ cannot
be improved. This leads to R ≤ R′ ⇔ r ≤ 1 and (9)
to a polynomial function of r which is the coefficient of
proportionality sought between Ω and Gk+1. This can be
summarized by the following relation:

Ωk+1 = r ×Gk+1 and r ≤ min(r, 1) (10)

Once the value of r is found, the corrected update step can be
processed:

Ωk+1 = r ×Gk+1

Xk+1|k+1 = Xk+1|k + Ωk+1

(
y − h(Xk+1|k)

)
(11)

Pk+1|k+1 = Pk+1|k − Ωk+1HXPk+1|k

When the observation space is greater than 1D, and con-
sidering each coordinate as independent, a correction on each
dimension can be found. Among these corrections, the smallest
value is chosen as it will respect the constraint and will avoid
any over-weightage on each dimension.

B. Application with h = y/x

Using the previous example developed in Section II, the
problem is unidimensional and the weighted coefficient is
expressed as:

obs = h(Xk+1|k+1)

obs =
[0 1](Xk+1|k + Ω∆− T )

[1 0](Xk+1|k + Ω∆− T )
and Ω = r ×G(12)

r =
(obs− est)De

([0 1]− obs[1 0])G∆

where De = [1 0](Xk+1|k −T ) = xest−Tx and the abbrevi-
ations obs and est in normal size denote the observation and
the estimation according to the state vector. T = (Tx, Ty)T

is the translation of the observer and ∆ is the innovation and
respects the relation: ∆ = observation − prediction. It is
reminded that there is no rotation for more clarity. With the
value r = 0.3225, the result is shown in Fig. 5. It is clear that
the divergence previously denoted is reduced and its integrity
is preserved (see Fig. 4).

C. Application with a multidimensional case: h1 =
y/x, h2 = z/x

For multidimensional observation model, if dimensions are
independent, the smallest positive weighted coefficient less
than 1 will be chosen. The following example gives results in
a 2D case. The experimental scenario is simple: from a first
3D position, a virtual point is created in the world and the state
vector is augmented. This new point gives us a line-of-sight on
which we will put the real point by triangulation with another
observation. So the observer moves to another position. At
each innovation given in the 2D observation space, we assume
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Figure 5: The Kalman corrected update is the black circle
and the associated uncertainty is the red flat ellipse. The
uncertainty is larger than that in Fig. 4 due to the fact that
the correction is also applied on the uncertainty to protect the
integrity.

that it corresponds to a 3D point in the first line-of-sight by
triangulation. Thus, we can increment the innovation to test
the correction. Figure 6 shows the result of this experiment
from 1 to 100 units of innovation.

Finally, the method is summarized in Algorithm 1.

IV. APPLICATION ON VISUAL-SLAM

A. Problem statement

Simultaneous Localization and Mapping (SLAM) has be-
come well defined in the robotics community to tackle the is-
sue of a moving sensor platform constructing a representation
of its environment on the fly, while concurrently estimating
its ego-motion [2], [6]. Stochastic approaches have solved the
SLAM problem in a consistent way, because they explicitly
deal with sensor noise [5], [16]. The implementation of a
feature-based SLAM approach encompasses the following
functionalities:
• the perception process which depends on the kind of en-

vironment and on the sensors the robot is equipped with.
It consists in detecting from the perceived data, features
of the environment that are salient, easily observable and
whose relative position to the robot can be estimated.

• the observation process which concerns the estimation of
the features locations relative to the robot’s pose from
which they are observed.

• the prediction process which deals with the estimation
of the robot’s motion between two feature observations.
This estimate can be provided by sensors, by a dynamic
model of a robot’s evolution fed with the motion control
inputs, or based on simple assumptions such as a constant
velocity model.

(a) Representation of the simulation.

(b) Results without correction.

(c) Results with correction.

Figure 6: 6a: the world representation of the experiment. From
a first base (left blue triangle), a virtual point (black cross) is
created on a line of sight (green line). From a second base
(right blue triangle), the first line of sight is projected in the
image (green line in the black rectangle in the bottom right
corner). On this line the observations (red crosses) are chosen
and the corresponding point is found by triangulation (red
dotted line of sight on the main graphic). 6b: the distance
between each update and the real 3D point without correction.
6c: the distance between each corrected update and the real
3D point.

• the data association process in which the observations
of landmarks must be properly associated (or matched),
otherwise the robot’s position can become totally incon-
sistent.

• the estimation process which consists in integrating the
various relative measurements to estimate the robot and
landmarks positions in a common reference frame.

Fig. 7 gives the example of a monocular SLAM process.
Historically, SLAM relied on laser telemeters such as

Range-and-Bearing (RB) sensors allowing the robots to build
planar maps of the environment. The original solution [14]
utilized an Extended Kalman Filter (EKF) to fuse data ac-
quired by a laser range scanner or other range and bearing
sensors, leading to Range and Bearing EKF-SLAM. Recently,
the use of vision sensors has put the 3D world within reach
but has given rise to new difficulties due, on the one hand,
to the richness of the information provided and, on the other
hand, to the loss of the depth dimension in the measurements
inherent to the projective nature of vision. Visual SLAM with
a single camera is more challenging than visual SLAM based
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Algorithm 1: Kalman correction for non linear observation
model

Data: Observation function h =
N [Xp]

D[Xp]
is the quotient of

two polynomial functions in Xp, part of the state
vector that we want to update using the Kalman
filter.

Result: State vector updated and corrected according to
specific constraints

begin
Prediction step:
totoXk+1|k = f(Xk|k, uk)

totoPk+1|k = FXPk|kF
T
X + Qk

toto
Kalman gain:
totoGk+1 = Pk+1|kHX

T (HXPk+1|kHX
T + Robs)−1

toto
Correction:
for each dimension of the observation space do

Xp k+1|k+1 = Xp k+1|k+Gk+1

(
y − h

(
Xp k+1|k

))
ri is the smallest positive root of:
observation×D

[
Xp k+1|k+1

]
−N

[
Xp k+1|k+1

]
= 0

Ωk+1 = min(ri, 1) ×Gk+1

toto
Update step:
totoXp k+1|k+1 = Xp k+1|k + Ωk+1

(
y − h

(
Xp k+1|k

))
totoPp k+1|k+1 = Pp k+1|k − Ωk+1HXPp k+1|k

on stereo vision, but a single camera will always be cheaper,
more compact and easier to calibrate than a multi-camera rig.

In this paper, a camera-centered Extended Kalman Filter is
used to process a monocular sequence. The sensor-centered
Extended Kalman Filter was first introduced in the framework
of laser-based SLAM [3]. Contrary to the standard EKF-
SLAM, where estimates are always referred to a world refer-
ence frame, the sensor-centered approach represents all feature
locations and the camera motion in a reference frame attached
to the current camera.

B. Formulation

In the monocular visual SLAM framework, the purpose is
to locate a vehicle and simultaneously to build the map of
its environment, which is observed by a single camera. For a
camera whose the position is defined in the world by a rotation
Rc and a translation Tc, the observation function, as in [7],
is expressed as:

u = F1RcT (Pt− Tc)/F3RcT (Pt− Tc)

v = F2RcT (Pt− Tc)/F3RcT (Pt− Tc)
(13)

where Fi is the ith line from the camera matrix and u and v
are the image coordinates. We can see that for each coordinate,
the observation function conforms to the framework of rational
functions and the numerator and the denominator are linear in

(a) Two images taken at step K and K+1.

(b) Position of the observer on the trajectory at step K and K+1.

Figure 7: 7a: two images taken at steps K and K+1 and the
corresponding extracted features. 7b: the distance between
the two observer’s positions (black triangular) based on the
trajectory in blue.

Pt. The corrections are calculated with the relationships:

ru =
(uobs − uest)De

(F1 − uobsF3)RcTGpt∆
(14)

rv =
(vobs − vest)De

(F1 − vobsF3)RcTGpt∆
(15)

where De = F3RcT (Pt−Tc) and the subscripts est and obs
denote the estimates and the observations respectively. It can
be noted here that there is no need to process the observation
of the update because weighted coefficients are independent
of it.

C. Experiments

This approach was tested on real image data in the frame-
work of the project called RINAVEC (http://www.lasmea.
univ-bpclermont.fr/Rinavec/). The main objective is to make
a convoy of communicating vehicles able to accurately follow
a path created by a leader vehicle using only low cost sensors
[7]. Thus, proprioceptive information and images from two
different cameras mounted on the same vehicle have been ac-
quired on platform PAVIN (a small urban realistic environment
for intelligent vehicle tests) in Clermont-Ferrand. Fig. 8 gives
the localization of a real point observed in all images. We
can see that, without any correction, the process is divergent
from the 4th iteration. The calculated coefficient corrects the
divergence and the localization result is more coherent and its
integrity is guaranteed.

V. CONCLUSION

Based on a Visual SLAM process we have presented a
general method for reducing divergence due to improper
linearization when using a Kalman filter. Due to the acquisition
conditions the result of the first estimation is not always
accurate. As a consequence, linearization with respect to the
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(a) Description of the real environment

(b) Convergence without correction (c) Convergence with correction

Figure 8: Results of convergence in our Visual-SLAM process. 8a: On the left, the environment and the point that will be
reconstructed during the SLAM process. On the right, the initialization of the point (green star) in the 3D world at the first
observation position (blue triangle). 8b: Result of the localization of the point by a Kalman filter without correction. After the
4th iteration, the point is still observed but its localization is behind the observer. The green line being the x coordinate of the
point, the integrity is not satisfied. 8c: Result of the localization of the point by a Kalman filter with correction. At the 4th

iteration, the Kalman gain is corrected to obtain the best localization and the integrity is guaranteed.

best estimate but not to the true value is done. This results in
a divergence which disturbs the remaining of the process. In
the Visual SLAM environment, this includes the localization
of the point and, by extension, the localization of the vehicle
and the map. The problem of negative depth, which represents
a specific case of divergence, is solved in our approach. Based
on the case of a simple non-linear function as h = y/x, the
constraints on the observation function have been presented
using a very simple and cost effective method. Furthermore,
a Visual SLAM problem was studied and the algorithm was
validated on real images.
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