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Abstract—Tracking applications in distributed sensor scenarios
often suffer from small bandwidths and time delayed transmis-
sions. In order to save communication capacity, it is common to
transmit locally preprocessed estimates on the target to a central
fusion center. A global track is obtained by Track-to-Track fusion.
If sensor links are only established temporarily, transmissions
can only be performed irregularly. This leads to the challenge of
decentralized decorrelation of local sensor tracks for a T2TF at
arbitrary instants of time. In this paper, we present a modified
likelihood function which employs the global covariance of the
whole system. As a result, the tracks remain decorrelated and
may be fused as independent information entities. Therefore, the
central track fusion is independent of past estimates and obtains
a globally optimal estimate.
Keywords: Track-to-Track fusion, T2TF, Decorrelation,
Globalized Likelihood

I. INTRODUCTION

In many distributed tracking applications, the quality of a
target state estimation suffers from communication bandwidth
limitations. In particular, scenarios using wireless channels
such as HF radio, WLAN, or 3G networks experience link
breakdowns and limited capacity constraints. Furthermore, if
sensors are involved which have a high update rate (e.g. sonar
or lidar) or return much clutter (e.g. radar), network technolo-
gies are hardly sufficient to cover all needs with respect to a
constantly full transfer of measurements. A common approach
for such applications is to transmit only local tracks instead
of measurements. This method has important advantages. First
and foremost, the load on communication channels is much
lower, because false tracks and clutter is suppressed already.
However, this raises the question of an optimal Track-to-Track
Fusion (T2TF) in a central fusion center.

In the literature, it is well-known that in terms of a
posterior minimum mean squared error the optimal T2TF
can be solved in case of a full-communication rate [1], or
if a non-maneuvering target is assumed1. However, neither
the assumption of seamless network channels is satisfied in
most practical applications of wireless communication, nor are
targets behaving in completely deterministic way. Therefore, a
solution for T2TF at arbitrary instants of time for maneuvering
targets2 is needed. Some approximation to this challenge were
given by several research groups. Under the assumption that all
measurement error covariances are known at each sensor site,
an exact solution was presented in [2]. However, the two-step

1In the latter case, cross-correlations don’t appear.
2The presented solution admits every discretized evolution model.

prediction for applying the evolution model and globalizing
all local estimate covariances kind of hides the underlying
structure of a distributed decorrelation. In this paper, we
present an equivalent algorithm which does not need this
tedious extra step. We derive a likelihood function which we
call globalized, as it describes each sites contribution with
respect to a given system of distributed sensors. As a result,
we obtain completely decorrelated tracks which might easily
be fused at arbitrary instants of time.

The main problem within T2TF is an immanent appearance
of cross-correlations between the local tracks. An approach
to cope with these cross-correlations is known as ’Frenkel
tracklet fusion’ [1] which engages the equivalent measurement
[3], [4] in a full communication scenario. This way, all local
tracks can be treated and processed as sensor measurements.
However, this approach can only be used in full communica-
tion scenarios, i.e. all sensor updates must be known at the
fusion center. This drawback can be avoided by decorrelating
all local tracks. The challenge of track decorrelation was
addressed e.g. by Chong et al. in [5]. They approximate
the unknown cross-covariance by the equivalent measurement
applied to a batch of measurements. They also propose to
restart all local tracks or the global track after each successful
communication. This way, they loose some information, but
they prevent the tracks to become correlated to each other.
In their follow-up paper [6], an analysis on their algorithms
is given by engaging the Bar-Shalom-Campo-formula from
[7]. Another approach for T2TF is the information matrix
form studied intensively by Chang et al. in [8]. Using the
Fisher information matrix [9], the authors are able to derive
an equation for the needed error correlation matrix which can
be solved numerically. However, this is only applicable for a
periodical communication rate. A comparison for the equiv-
alent measurement update in a distributed scheme to central
Kalman filter processing is given in [10] by Chen et al. A more
recent development is the approach by Tian and Bar-Shalom in
[11]. They derive an exact solution for the cross-covariance on
basis of all local filter gains and observation matrices. As this
would need to much communication resources, in particular
if a high number of sensors are involved, they propose an
approximation to it. In [12], they extend this approach to a
various number of scenarios including full, partial, and no
feedback. In the recent past, topics related to the wide area
of Wireless Sensor Networks target at tracking challenges,
too. As described by Olfati-Saber in [13], sensor networks
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using their partial interconnectivity are able to track targets
by a derivation of a consensus Kalman filter. This approach
is correlated to the Frenkel tracklet fusion, as it engages a
pseudo measurement approximating the mean sensor data for
each step. This, however, is not optimal in the sense of a
central Kalman filter.

In 2008 and 2009, the first T2TF scheme for arbitrary
instants of time, which is equivalent to a Kalman filter
processing all measurements in a fusion center, was presented
by Koch in [14] and [15]. However, it was not possible to
apply the proposed scheme directly to an arbitrary number
of sensors. In 2010, the generalized solution was derived and
presented in [2].

Notational Preliminaries: Let all time-varying target
properties of interest at a given time tl be collected by a
state vector xl, whose posterior density conditioned on all
data up to the current time tk is given by the Gaussian
N
(
xl; xl|k, Pl|k

)
with expectation vector xl|k and covariance

matrix Pl|k. The mechanical dynamics of the system are
modeled by a linear Gaussian Markovian transition density
p(xk|xk−1) = N

(
xk; Fk|k−1xk−1, Dk|k−1

)
. For the sake

of simplicity, we here assume conditions where standard
Kalman filtering is applicable, i.e. in the case of well-
separated targets, assuming perfect detection, and in absence
of false measurements. For notational simplicity let us assume
S synchronized sensors produce measurements at the same
instants of time tl, l = 1, . . . , k denoted by Zl = {zsl }Ss=1.
The proposed methodology can be directly extended to asyn-
chronous sensors. The accumulation of the sensor data Zl up
to and including the time tk, typically the present time, is
a time series recursively defined by Zk = {Zk, Zk−1}. The
time series produced by the measurements of an individual
sensor s ∈ {1, . . . , S} only is denoted by Zk

s . The statistical
properties of an individual sensor measurement zsl is described
by a probability density function p(zsl |xl), also called sensor
likelihood function, which needs to be known up to a constant
factor only: p(zsl |xl) ∝ `sl (xl; z

s
l ).

Structure: This paper is organized as follows. The next
section states the problem addressed in this paper. In particular,
we introduce the product representation for the fused posterior
density which was the key element in [2] for an exact solution
of T2TF. Based on the results of the cited preliminary paper,
a globalized likelihood function is derived in section III. Its
impact on practical implementations is discussed in section
IV. We close the paper with a conclusion given in section V.

II. FORMULATION OF THE PROBLEM

In this paper, we address the problem of optimal T2TF
at arbitrary instants of time. As discussed in [2], this can
be achieved, if all measurement error covariances are known
at the sensor sites. To this end, we achieved a product
representation of the posterior density of the state xl, l ≤ k:

p(xl|Zk) = cl|k

S∏
s=1

N
(
xl; x

s
l|k, P

s
l|k

)
(1)

where the only the local estimates xs
l|k must be sent to

the fusion center. By an application of a well-known prod-
uct formula (26), the resulting Gaussian posterior density is
p(xl|Zk) = N

(
xl; xl|k, Pl|k

)
, with an expectation vector

xl|k and a covariance matrix Pl|k. Both of them can easily be
calculated:

P−1l|k =
S∑

s=1

Ps −1
l|k (2)

xl|k = Pl|k
( S∑
s=1

Ps −1
l|k xs

l|k
)
. (3)

Convex combinations of this type are fundamental in almost
all data fusion applications (see e.g. [16, Chapter 12]).

Note that this type of T2TF requires a decentralized decorre-
lation, because all sensors observe the same target. Therefore,
the local tracks xs

l|k are not optimal in a local sense, if (1)
holds. However, if all of them are fused according to (2)
and (3), a globally optimal estimate is obtained. As shown
in [2], the result is equivalent to a central measurement
processing given that Kalman filter assumptions hold and
all sensor covariances are known. To this end, a globalized
local posterior density is introduced in the following way. By
exploiting the product formula for Gaussians, we replace all
local covariances by a globalized one:

p(xk|Zk) ∝
S∏

s=1

N
(
xk; x

s
k|k, P

s
k|k

)
(4)

= N

(
xk;

1

S

S∑
s=1

x̃s
k|k,

1

S
P̃k|k

)
, (5)

=
S∏

s=1

N
(
xk; x̃

s
k|k, P̃k|k

)
, (6)

where the globalized local parameters x̃s
k|k and covariance

P̃k|k are given by:

x̃s
k|k = P̃k|kP

s−1
k|k xs

k|k (7)

P̃k|k = S

(
S∑

s=1

Ps−1
k|k

)−1
. (8)

Note that the globalized covariance P̃k|k does not depend on
the local sensor index s anymore. This two-stage prediction
(globalization and application of the evolution model) was
necessary to reveal a general scheme for decorrelated tracks:
We obtain updates of local track estimates using the global
covariance instead of the local one. In other words, we engage
a modified likelihood function in order to keep the tracks
decorrelated. In this paper, we derive a closed formula for
this likelihood function.

III. GLOBALIZED LIKELIHOOD FUNCTION FOR
DISTRIBUTED KALMAN PROCESSING

First of all, we introduce a new notation. The globalized
local posterior for the state xk at sensor s will be denoted by
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πs(xk), thus we have

πs(xk) = N
(
xk; x̃

s
k|k, P̃k|k

)
. (9)

By reverse engineering, it is possible to derive a likelihood
function `sk(xk; z

s
k), such that

πs(xk) ∝ `sk(xk; z
s
k) N

(
xk; x̃

s
k|k−1, P̃k|k−1

)
, (10)

where the prior parameters x̃s
k|k−1 and P̃k|k−1 are obtained

by an application of the relaxed evolution model [2]:

x̃s
k|k−1 = Fk|k−1x̃

s
k−1|k−1, (11)

P̃k|k−1 = Fk|k−1P̃k−1|k−1F
>
k|k−1 + SDk|k−1. (12)

To this end, we have a closer look at the globalization
process. From (4)-(8), we obtain all necessary parameters.
By an application of the product formula (26), they can be
rewritten in the following way.

πs(xk) = N
(
xk; x̃

s
k|k, P̃k|k

)
(13)

= N

xk; P̃k|kP
s−1
k|k xs

k|k, S

(
S∑

s=1

Ps−1
k|k

)−1 (14)

∝ N
(
xk; x

s
k|k, P

s
k|k

)
· N

xk; O, S

∑
i6=s

{Pi−1
k|k −Ps−1

k|k }

−1
 . (15)

According to the Gaussian linear assumptions, the posterior
distribution at sensor s is given by

N
(
xk; x

s
k|k, P

s
k|k

)
∝ N

(
xk; x̃

s
k|k−1, P̃k|k−1

)
· N (zsk; H

s
kxk, R

s
k) . (16)

Combining the above equations yields the following expres-
sion.

πs(xk) ∝ N
(
xk; x̃

s
k|k−1, P̃k|k−1

)
· N (zsk; H

s
kxk, R

s
k)

· N

xk; O, S

∑
i6=s

{Pi−1
k|k −Ps−1

k|k }

−1
 . (17)

Therefore, the desired likelihood function `sk(xk; z
s
k) is given

by

`sk(xk; z
s
k) = N (zsk; H

s
kxk, R

s
k)

· N

xk; O, S

∑
i6=s

{Pi−1
k|k −Ps−1

k|k }

−1
 (18)

∝ N
(
xk; R̃kH

s>
k Rs−1

k zsk, R̃k

)
, (19)

where we used the product formula and introduced the abbre-
viation

R̃−1k =

S∑
i=1

Hi>
k SRi−1

k Hi
k. (20)

This equality can be seen by using the fact that the prior
covariance P̃k|k−1 is the same for all sensor sites. Therefore,
it holds

1

S

∑
i6=s

{Pi−1
k|k −Ps−1

k|k }

+Hs>
k Rs−1

k Hs
k

=
1

S

S∑
i=1

Hi>
k Ri−1

k Hi
k. (21)

This gives us the desired likelihood function. Please note that
the covariance R̃k appearing in (20) does not exist in general.
However, its inverse does exist. Therefore, we give a short
discussion how to use this likelihood function for the fusion
process. To this end, we use the information filter version of
the Kalman filter, in order to state the update equations needed.
Using the notation of above, we have

πs(xk) = N
(
xk; x̃

s
k|k−1, P̃k|k−1

)
· `sk(xk; z

s
k) (22)

= N
(
xk; x̃

s
k|k, P̃k|k

)
, (23)

where the parameters x̃s
k|k and P̃k|k are given by

x̃s
k|k = P̃k|k

(
P̃−1k|k−1x̃

s
k|k +Hs>

k Rs−1
k zsk

)
(24)

P̃k|k =
(
P̃−1k|k−1 + R̃−1k

)−1
(25)

Note that this update step globalizes the posterior covariance,
too. This is due to the fact that it is the same for all local
tracks.

IV. DISCUSSION AND ALGORITHMS

This section is dedicated to some discussing and summa-
rizing words about how to use the above results. In particular,
we would like to outline the implications of all assumptions
made. This is directly connected to future work, as its main
goal is now to research on how to relax these constraints. Last
but not least, we state the derived algorithm in pseudo code
for an easy implementation.

On the constraints: The essential clue to keep all local
tracks decorrelated is to update them using the global co-
variance. To this end, it is necessary to know each sensors
measurement covariance. This constraint is a severe limitation
and might be hard to realize in real world applications.
However, many filter methodologies were created assuming
impractical conditions (see Kalman filter for instance) and in
the sequel, people were able to soften the constraints. At first,
if an extension to non-linear filtering such as EKF and UKF
is considered, the local covariances become data dependent.
Therefore, they cannot be exactly reconstructed on different
sensor sites without communication. An intuitive approach
to this problem is to estimate the error covariance matrices
approximately based on the available local sensor data. Al-
ternatively, one could use information feedback by the fusion
center. This, of course, may not be called optimal in the above
sense anymore. Moreover, extensions to Multiple-Hypothesis-
Tracker (MHT) or Interacting-Multiple-Model (IMM) filter
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also make the distributed processing scheme data dependent
because of the merging of hypotheses and modes. Here, one
solution might be to restrict merging up to the fusion center.
Our future work will concentrate on such schemes.

On partial and full communication: A T2TF according
to (2) and (3) can only be exact (i.e. equivalent to a cen-
tral Kalman filter estimate), if all S tracks {xs

k,P
s
k}s=1,...,S

are available at the fusion center. Therefore, they must be
transmitted for this particular instant of time tk. Otherwise,
individual tracks have to be approximated by applying the
relaxed evolution model to a previously transferred update.
This would also be the common approach to artificially syn-
chronize tracks from unsynchronized sensors. However, it is
important to note that this T2TF is independent from previous
global track estimates. As a consequence, it is not relevant in
how far former transmissions were successful. In other words,
the proposed scheme is optimal whenever all local tracks are
submitted successfully.

On the algorithms: For an easy reimplementation, we
would like to state both algorithms, with and without the
globalized likelihood. The notation style is a mixture of
pseudo code and the python language [17] which contains
some functional elements. Please note that ** denotes the
superscript and .T the transpose operator. Some preliminary
explanations of variables used:
• P_list: List variable which contains all current estimate

covariances {Ps
k|k}s=1,...,S .

• S: Number of sensor sites S.
• F and D: Transition matrix Fk|k−1 and evolution covari-

ance matrix Dk|k−1.
• z: Current measurement.
• R_list: List variable which contains all measurement

error covariances {Rs}s=1,...,S .
• H: Measurement matrix H which is assumed to be equal

for all sensors in the code.
Using these algorithms, it is easy to see that both of them

are equivalent to a central Kalman filter processing. Moreover,
the advantage of the globalized likelihood function becomes
totally clear, as algorithm 2 is much smaller and easier to
understand than algorithm 1.

Simulative Example: In the sequel, we present results of
numerical simulations. First and foremost, they demonstrate
the equivalence of the presented distributed schemes to a
central Kalman filter measurement processing. The chosen
simulation scenario consists of a maneuvering target observed
by ten sensors measuring its position once a second. The
sensors are of varying quality and the respective measurement
noise is modeled as a zero-mean Gaussian-distributed error
with a covariance Rs = λ · Iz , where λ = 50, 100, . . . , 500,
and Iz is the identity matrix in the dimension of the position
measurements zk. The target motion was modeled using a
Continuous White Noise Acceleration Model [18] using a
power spectral density parameter of q = 3.0. However,
similar results can be produced using any other model or
parameter. Each sensor corresponds to a fusion node which
locally processes its measurements according to algorithm 2.

Algorithm 1 Globalized Prediction
function predict()
{

P_bar = sum(P**(-1)
for P in P_list)**(-1)

x_k = S * F * P_bar * P_k**(-1) * x_k
P_k = S * (F * P_bar * F.T + D)
P_list = S * [self.P_k]

}

function filter()
{
nu = z - H * x_k
S_list = [H * P * H.T + R

for P,R in (P_list, R_list)]

W_list = [P * H.T * S**(-1)
for P,S in (P_list, S_list)]

W = W_list[sensor_index]
x_k = x_k + W * nu
P_list = [P - W*S*W.T

for P,W,S in (P_list, W_list, S_list)]

P_k = P_list[sensor_index]
}

Algorithm 2 Globalized likelihood
function predict()
{

x_k = F * x_k
P_k = F * P_k * F.T + S*D

}

function filter()
{
P_prediction = P_k
R_global_inv = S**(-1) * H.T * sum(R**(-1)

for R in R_list) * H
P_k = (R_global_inv

+ P_prediction**(-1))**(-1)
x_k = P_k * (P_prediction**(-1)

* x_k + H.T * R**(-1) * z)
}

Furthermore, each update is transfered to the fusion center at
each step. As the fusion result is independent from previous
transmissions, this would not be obligatory for every step.
However, this way we are able to to check any difference in
the position estimation in a distance comparison to a central
Kalman filter (CKF). The latter receives all measurements in a
separate process. As a evaluation metric, we use the distance
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Figure 1. Simulation results of ten sensors observing a maneuvering target.
The figure presents the distance in position estimate and its corresponding
covariance of the distributed scheme in comparison to a central Kalman filter
fusion.

in each position estimate and in the L2-matrix distance of the
covariances.

In Figure 1, simulative results are given. An increase of the
estimate and covariance distance can be observed. As in the
preliminary algorithm 1, this is due to rounding errors in the
numerical function for inverting matrices of the simulation
environment. This can well be avoided by using the Joseph
update form for all estimate covariances [?].However, it can be
neglected as the accumulated error in the estimate distance is
below 10−12m in the maximum. Therefore, the tracks of both
algorithms go exactly together in terms of numerical accuracy.
Analogously, one can see that the covariances are identical.

V. CONCLUSION

By a calculation of the globalized likelihood function, it
becomes clear that a decentralized decorrelation of sensor
tracks can be done in a Kalman filter equivalent manner. The
assumption, however, could not be relaxed yet. But it is an
important step to reveal the complete structure of decorrelated
track updates in order generalize the proposed scheme. Future
work will concentrate on the assumption that all measurement
error covariances are known at the local sensor sites.

APPENDIX

Product Formula for Linearly Conditional Gaussians

For matrices of suitable dimensions the following formula
for products of Gaussians holds:

N (z; Hx, R) N (x; y, P) = N (z; Hy, S)

·

{
N
(
x; y +Wν, P−WSW>)

N
(
x; Q(P−1y +H>R−1z), Q

) (26)

with the following abbreviations:

ν = z−Hy (27)

S = HPH> +R (28)

W = PH>S−1 (29)

Q−1 = P−1 +H>R−1H. (30)
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