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Abstract—In active sonar, low measurement rates of up to
several minutes are commonly used. Thus, strong manoeuvres
may occur between two measurements. To assure high-quality
tracking, target dynamics have to be modelled precisely. In
this paper, a variant of the Nearly Constant Velocity model is
presented with deviations modelled according to the assumption
that for submarine manoeuvres a change in heading is more
likely than a change in speed. The proposed motion model uses
Gaussian Mixtures to approximate the non-Gaussian distribution
after the Kalman Filter prediction step. It is realised in the
framework of multi-hypothesis tracking and applied to the
Metron data set which simulates sonar contacts detected by 25
distributed sonobuoys. A high amount of low-quality input data
is provided to the tracker. Thus, this paper additionally proposes
a contact-fusion approach to display the measurements of a single
time step and of multiple sensors into Cartesian coordinates.

Keywords: Multistatic Tracking, Multi-Hypothesis Track-

ing, Gaussian Mixtures, Motion Model, Contact Fusion

I. INTRODUCTION

Successful tracking with high-quality target tracks needs

a precise modelling of the valid conditions, as for example

the assumed target dynamics. The modelling of the target

dynamics is needed within the prediction step of the Kalman

Filter (KF). In active sonar, measurement intervals are often

large. Within these time intervals of up to several minutes,

the target is able to perform manoeuvres. Thus, especially in

scenarios with low measurement rates, a precise modelling of

the target dynamics is important. In the field of submarine

tracking the target dynamics are often assumed to follow a

Nearly Constant Velocity (NCV) model with a process noise

parameter which models equal variances for the deviations

of the constant velocity in x- and y-directions. Actually, for
submarine manoeuvres a change in the heading direction is

more probable than a change in speed. Thus, in this paper

we introduce a NCV model, in which the process noise is

modelled in a more realistic way by the use of a Gaussian

Mixture (GM) model. The GM motion model approach leads

to reduced estimation errors and, thereby, to improved state

estimates resulting in a higher track-localisation accuracy. The

presented motion model is included in a multi-hypothesis

tracking (MHT) algorithm. An improvement in tracking per-

formance is verified by Monte Carlo simulations and the

approach is applied to the Metron data set [1]. This data

set is challenging for target tracking due to low-quality input

data with respect to a low probability of detection and large

measurement errors. Thus, we additionally present a method

for contact fusion that improves the quality of the input data

significantly. Thereby, we split the association task into two

parts. The association over time is done by the MHT, whilst

the multi-sensor association is done in the contact-fusion step.

II. METRON DATA SET

The Metron data set [1] was distributed by Metron Inc. to

the Multistatic Tracking Working Group (MSTWG). It is a

simulated data set with four active sources and 25 receivers

representing five scenarios with deployed sonobuoys. Only

scenario 1 is subject to analysis in this paper. Figure 1

shows the geometry of scenario 1 of the Metron data set. It

includes data of 200 sonar transmissions with an interping

time of 180s. During the run each target performs 4 loops

on the rectangular paths (red in figure 1). The receivers are

represented by blue asterisks, the blue circles denote the

sources. Only one source transmits a signal at a time. Two

different sonar signals (FM and CW) are transmitted in an

alternating manner. The CW signal allows an extraction of

Doppler information, which is proportional to the range rate.

Fusion of contacts including information on range rate leads

to fused contacts with information on Cartesian velocities vx
and vy . Target tracking in the Metron data set is challenging.

The probability of detection PD is low for each target and

each source-receiver combination. Moreover, the measurement

errors of the contact data are large, especially for the bearing

error with a standard deviation of σϕ = 8◦.
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Figure 1. Geometry of scenario 1 of the Metron data set.

III. CONTACT FUSION

In the Metron data simulation the case of multiple, i.e. 25,
low-quality sensors is considered. This means that the prob-

ability of detection (PD) for each sensor is low, while at the

same time there are a large number of false measurements.

However, even when the PD of each sensor and each ping is

only about 0.15, the probability that the target is detected by

one of the 25 sensors becomes 1 − 0.8525 = 0.98. Thus, the
probability of having a target contact is quite high. However,

since the quality of a single measurement is low, a high number

of false alarms makes track association challenging. Therefore,

our aim is to increase the precision of measurements and

to decrease the number of false contacts. In table I the

Table I
PROBABILITY THAT THE TARGET IS DETECTED BY MORE THAN 1, 2 OR 3

SENSORS.

detection by target 1 target 2 target 3 target 4
n sensors

n > 1 0.83 0.67 0.85 0.84
n > 2 0.64 0.49 0.58 0.67
n > 3 0.42 0.36 0.37 0.41

probabilities of detection by more than n sensors is listed for

the four targets. Since the probability of detection by more than

3 sensors is less than 0.5, which seems to be rather low, we use

the criterion of detection by at least 3 sensors to identify target

contacts versus the background of false alarms. Additionally,

we model the sensor PD in dependency on the bistatic range.

Contacts are expected in a range up to 80 km.

a) Generating Cartesian estimates from measurements of

three sensors: By calculating ellipse intersections we generate

Cartesian estimates from bistatic range measurements of each

two sensors [2]. The azimuth measurements are used to

validate if the intersection point matches with the measured

azimuth. By application of a gating procedure we identify

measurements of a third sensor and process the information

of the third measurement according to a KF update. If a CW

signal is broadcasted, the measured Doppler is used to generate

a velocity estimate of the target. The outcome of this procedure

in form of a valid Cartesian estimate is denoted by Cartesian

Hypotheses Hi. Each estimate consists of an expectation,

covariance and the Log Likelihood value qi, which is used

for later evaluation.

b) Multitarget association step: Starting from the set

of Cartesian estimates {H1, . . . , HN} which are generated

by the fusion of 3 measurements, we generate multi-target

hypotheses. This means, we look for valid combinations of

Cartesian estimates in the sense that a single measurement is

only allowed to be used once.

By application of the 0 − 1 integer programming technique

[3] each Cartesian estimate can be represented by a vector

of length
∑25

i=1 ℓi, where ℓi is the number of measurements

delivered by the ith sensor at the current ping. The vector

vj belonging to Hj contains only zeros and ones, where the

ones indicate which measurements are associated with this

Cartesian estimate.

A multi-target hypothesis MHi is the combination of Mi

Cartesian estimates. So, let

indexi = {k|Hk contained in MHi} be the set of indices of

Cartesian estimates contained in the multi-target hypothesis

MHi. Then MHi can be represented by the vector wi and the

score q̃i with:

wi =
∑

j∈indexi

vj , and q̃i =
∑

j∈indexi

qj (1)

If the maximal value of wi ≤ 1 the combination of these

Cartesian estimates is valid.

After derivation of the L-best multi-target hypotheses

MHj, j = 1, . . . ,L according to the 0−1 integer programming

technique [3], the probability of a single estimate on the basis

of evaluation of multi-target hypotheses is given by:

pHi
=

∑

j∈indexi

q̃j/

L
∑

k=1

q̃k. (2)

This probability can be used to threshold estimate data.

The approach shows some analogues to the multi-sensor fusion

component of the MHT technique, see e.g. [4]. It is applied

to data of a single time scan. Hypotheses are evaluated after

processing all available data and the resulting score is used to

prune unlikely hypotheses. The remaining hypotheses are fed

into a second (full) MHT to handle the fusion over time.

IV. MULTI-HYPOTHESIS TRACKING

Tracking using the MHT scheme as described in [5] is done in

the Cartesian plane. Thus, state vectors are defined in Cartesian

coordinates with information on position and velocity:

~x = (x, y, vx, vy)
T . (3)

Assuming a linear dependency of the subsequent states, the

motion model is linear and thus, can be described in matrix

notation

~xk+1 = A · ~xk + ~wk (4)
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with the system matrix A. ~w is a zero-mean White Gaussian

distributed random variable modelling the process noise.

Sonar contacts ~zjk (j = 1, 2, . . . , J) within one ping k are

combined in the set of contacts Zk. Contacts ~zj which are

processed by the MHT contain, as a result of the contact fusion

(compare section III), information on position in the Cartesian

plane. If the signal transmitted by the sonar sensor allows for

an extraction of Doppler information, the measurement vectors

~zD additionally include Cartesian velocities after fusion:

~z = (x, y)T , ~zD = (x, y, vx, vy)
T . (5)

The measurement function is represented by a simple mea-

surement matrix H, consisting of only zeros and ones, and is

distorted by additive White Gaussian noise ~ρ:

~zk = H · ~xk + ~ρk. (6)

Data association is realised by applying the MHT scheme

as described in [5] where target states are represented by

several different hypotheses. New hypotheses are built by

associating contacts ~zj to already existing hypothesis states ~xi.

For every new composed hypothesis a corresponding weight,

representing the probability that the respective hypothesis

denotes the target state, is calculated according to

â
ij
k+1 =

{

aik
PD

fc
N (~zj ;H · ~xi, Sij) j > 0

aik(1− PD) j = 0
(7)

with N (~m; ~̄m,M) denoting a Gaussian distribution with mean
~̄m and covariance matrix M evaluated at ~m and aik denoting

the weight of hypothesis i calculated in k. The case j = 0
considers the hypothesis that all contacts are false alarms.

Stating hypotheses j > 0 the respective contacts include false

alarms as well as a target contact. PD is the probability of

detection and fc denotes the clutter density. S is the innovation

covariance and results from the Kalman Filter update step. To

assure that the calculated weights represent probabilities, the

weights â
ij

have to be normalised to aij such that
∑

aij = 1 (8)

holds true.

To limit the number of hypotheses, gating, pruning and

merging [4] are applied to the MHT algorithm. Furthermore,

sequential track extraction [6] is included in the track manage-

ment of the algorithm to confirm and delete tracks.

V. GAUSSIAN MIXTURE MOTION MODEL

In Kalman filtering, sequential Bayesian estimation of the

conditional pdf p(~xk|Zk) of a state ~xk at the discrete point

of time k is performed. The pdf is conditioned on the set of

measurements

Zk = {Z1, Z2, . . . , Zk}, (9)

denoting all measurements which have been processed until

time k. Each estimation in the sequence of discrete times

k consists of a prediction step and a filtering step. The

prediction step determines the pdf p(~xk|Zk−1) before a new

measurement Zk is considered. In the following filtering step

the measurement Zk is processed and the new pdf conditioned

on Zk is derived. Figure 2 illustrates the prediction and

filtering of one estimation step.

p(~xk−1|Zk−1) p(~xk|Zk−1)

p(~xk|Zk)

Prediction

Filtering

Figure 2. Scheme of one estimation step including prediction and filtering.

The prediction step utilises the assumptions on target dyna-

mics. In many tracking approaches, a nearly constant velocity

is assumed as target-motion model and applied in the Kalman

Filter prediction step. The included process noise models

deviations from the assumed constant velocity. As tracking

is done in the Cartesian plane, these deviations usually form

accelerations in x- and y-direction. Within the standard NCV

model, uncertainties in velocity estimation are assumed to

be equal in x- and y-direction. This assumption represents

a mismodelling of the process noise in many real scenarios

which can cause association problems. Either the process

noise is chosen too large, which supports false tracks and

decreases performance in the filtering step, or the process noise

parameter is chosen too low, which causes inconsistency of the

KF. Especially in dense-clutter tracking scenarios this can lead

to a decreased tracking performance.

In this paper we propose a process noise modelling which

is more realistic for submarine tracking. The fundamental

assumption of the presented model is that a change in the

target’s velocity vector is more likely to happen caused by

changes in the heading h than by changes in the absolute

value of the velocity, that is by a change in speed s. Thus, we
introduce a process noise variable ~θ as

~θ = [∆ vs,∆ vh]
T , (10)

that describes deviations from the constant velocity in the polar

coordinate plane with speed

vs =
√

(v2x + v2y) (11)

and heading

vh = arctan

(

vy
vx

)

. (12)

The process noise ~θ is distributed according to a zero-mean

Gaussian distribution. Figure 3 illustrates the 3σ-uncertainty
ellipse of the process noise in the polar coordinate plane. For

an appropriate prediction within the NCV model using (4),

the uncertainty has to be transformed into the Cartesian

coordinate plane in vx and vy . This transformation is done

by a nonlinear function f , i.e [vx, vy] = f([vs, vh]). The

transformed distribution is not Gaussian, since Gaussians stay

Gaussian only under linear transformations. The transformed
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Figure 4. Nonlinearly transformed uncertainty region (red) compared to
uncertainty ellipse in a standard NCV-model (blue).

ellipse from figure 3 forms an uncertainty region which is

shown in red in Figure 4. For comparison, the 3σ-ellipse used
in a standard NCV model is shown as well. The NCV process

noise is modelled according to [4], leading to the covariance

matrix

Q =









T 3/3 0 T 2/2 0
0 T 3/3 0 T 2/2

T 2/2 0 T 0
0 T 2/2 0 T









· q, (13)

with T denoting the interping interval time. q represents the

process noise intensity is set to q = 0.01. As can be seen

from figure 4, for the standard NCV model changes in speed

of about 4 m/s are admissible, while for the new model strong

deviations in target speed are less likely.

An approximation of the transformed uncertainty region by

means of an Extended Kalman Filter (EKF) or Unscented

Kalman Filter (UKF) would lead to unacceptably large

approximation errors [7]. Thus, in our approach we express

the transformed uncertainty by means of a Gaussian mixture

(GM). In general, a Gaussian mixture is used to approximate

an arbitrary probability density function as a weighted sum of

M Gaussian densities with means ~µi and covariances Pi:

p(~x) =
M
∑

i=1

αi · N (~x; ~µi, Pi) (14)

Here, we use a GM to express the process noise p(f(~θk))
by means of a Gaussian mixture. Processing this GM in
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Figure 5. Gaussian Mixture approximation with five mixture components
for the distribution of the velocity vs (a) and the velocity vh (b). The blue
curves show the original Gaussian distribution. In gray, the Gaussian mixture
components are shown and the red line represents the GM approximation.

the Kalman Filter prediction step leads to a GM describing

p(~xk|Zk−1). To have p(~xk|Zk−1) expressed by a GM fits per-

fectly into the MHT scheme, since each Gaussian component

states an additive prediction hypothesis and can be processed

separately in the preceding steps. The GM approximation of

the transformed uncertainty is state-dependent. Thus, it would

be computationally intensive if one GM approximation would

have to be determined for every single target state. To avoid

such computational costs, a GM approximation following [8]

is applied. In a first step, the GM approximation

N (~θ,~0,Θ) =

M
∑

i=1

αiN (~θ, ~µi,Θi) (15)

is performed. A solution for (15) is determined by applying

a Particle Swarm Optimisation (PSO) [9] algorithm including

boundaries for the values of the means and covariances. This

optimisation is computational intensive but since it only has

to be performed once prior to the tracking algorithm for a

certain number of Gaussian sum components, it does not affect

the computational load of the overall tracking algorithm. The

determined Gaussian sum approximation is even scalable to

different means and covariances by a linear transformation

of the densities. Thus, it is adaptable to different scenarios

or even different applications. Figure 5 illustrates the GM

approximation given in (15) for five mixture components

(M = 5) separately for the two dimensions vs and vh. The
strong nonlinearity of the transformation from the polar to

the Cartesian space mainly results from the assumed large

errors in the estimation of vh, the phase of the velocity

vector. Thus, we focus on a GM approximation of vh which

leads to considerably smaller standard deviations σi,vh for

the single components. The values of σi,vh as well as the

positions of the mean values µi,vh are realised by setting
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appropriate bounds within the PSO algorithm for the means

and covariances of the GM components. For the approximation

of the distribution p(vs), these bounds are set loosely, which

leads to an approximation shown in Figure 5 (a). Transforming

the single component densities includes less nonlinearities due

to smaller covariances and thus leads to smaller approximation

errors in the application of an e.g. Unscented Transform [10],

the way the nonlinear KF processing is realised here. After

each Gaussian component is transformed, a Gaussian mixture

p(~xk|Z
k−1) =

M
∑

i=1

βi · N (~x; ~mi, Bi) (16)

is determined. The single means ~mi and covariances Bi result

from the Unscented Transform. The weights βi have to be

calculated according to [8] with

β̃i = αi ·
√

det(Bi). (17)

and normalised with

βi =
β̃i

∑M
i=1 β̃i

. (18)

In the following, the main steps of applying the GM motion

model are summarised:

1) Approximation of the target process noise by a

white Gaussian random variable with covariance matrix

diag(σ2
vs
, σ2

vh
).

2) Approximation of the target process noise by a Gaussian

Mixture given by

M
∑

i=1

αi · N
(

~θ, [µi,vs , µi,vh ]
T , diag(σ2

i,vs
, σ2

i,vh
)
)

.

3) Prediction of the current hypothesis of the MHT giving

target position and velocity in consideration of each

summand of the GM, resulting in a GM representation

of the predicted target state. Thereby, the number of

hypotheses increases by the number of mixture com-

ponents.

4) Consideration of each of the single target state hypothe-

ses (resulting from association ambiguity or assumptions

on process noise) for measurement update.

VI. TRACKING RESULTS

A. Monte Carlo Simulations

To verify the positive influence of applying the GM motion

model to active sonar data processing, Monte Carlo (MC)

simulations were performed. Data of N = 1000 runs were

generated and processed with the MHT. For comparison, the

GM motion model approach was compared to the processing

of the data with a standard NCV model.

We choose the number of Gaussian components in the Gaus-

sian mixture to be M = 5. An odd number of components

has the advantage to include the prediction of the standard

NCV, but with a lower weight and different covariance. For

the standard NCV motion model, the level of process noise
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Figure 6. True trajectory of the target for MC runs. The square denotes the
origin of the track, the black star represents the end of the trajectory.
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Figure 7. RMSE of the position (a) and the velocity (b) estimate within the
target track.

intensity was set to q = 0.01, the process noise covariance

was determined according to (13). The standard deviations for

the GM motion model approach within one ping period were

set to

~θ = [σvs , σvh ]
T = [0.5m/s, 15◦]T . (19)

Figure 6 shows the true trajectory of the target used in the

MC simulation. The trajectory is the same as the trajectory of

target 1 in scenario 1 in the Metron data set (see figure 1).

We simulated 70 pings with an interping interval of 180s. The

target performs five turns during the simulated scenario. The

start and the end of the trajectory are marked with a black

square and a black star in figure 6, respectively. For each ping

we included 5 uniformly distributed clutter points, the standard

deviations for the measurements were set to feasible values

resulting from the contact fusion applied to the Metron data

set.

Figure 7 shows the Root Mean Squared Error (RMSE) for the

position (a) and the velocity (b) estimates of the target track

for each ping. Let ~̃xk = [x̃k, ỹk, ṽxk, ṽyk]
T be the observed

estimation error in ping k, then the RMSE for N Monte Carlo
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Figure 8. Average NEES of the position (a) and the velocity (b) estimate
within the target track.

runs of the position estimate is defined as [11]

RMSEpos(k) =

√

√

√

√

1

N

N
∑

i=1

(x̃2
i,k + ỹ2i,k). (20)

Equivalent for the RMSE of the velocity estimate, it holds

RMSEvel(k) =

√

√

√

√

1

N

N
∑

i=1

(ṽx
2
i,k + ṽy

2
i,k

). (21)

From figure 7 it can be seen that including a GM motion model

in the MHT improves the tracking performance concerning

the RMSE for position as well as for velocity estimates.

Especially, it should be noted that after the RMSE-increase

due to a target manoeuvre, the RMSE decreases faster within

the GM approach.

To verify the consistency of the realised tracking filters we

exploit the Normalised Estimation Error Squared (NEES) for

the two dimensions position and velocity. The NEES ǫk for a

state estimate with covariance matrix P k and estimation error
~̃xk is defined as

ǫk = ~̃xTP−1
k

~̃x (22)

The consistency test is based on the results of the MC

runs. From N runs the average NEES ǭk is calculated and

shown in figure 8. Under the assumption, that the tracking

filter is consistent, ǫk should be chi-square distributed and

its expectation E[ǫk] should be equal to the dimension of ~x.
Determining a separate NEES for the position and the velocity

estimate leads to the desired average NEES of ǭk = 2 [11].

Figure 8 shows that using the GM motion model the average

NEES in general is closer to the desired value of ǭk = 2.
The NEES is increased by the application of the GM motion

model. This shows that within the standard NCV the track
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(a) Standard NCV model
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Figure 9. Evaluation of the most probable hypothesis for all MC-runs and
every ping. (a) shows the case for a standard NCV motion model, (b) for the
GM motion model.

state covariances are overestimated leading to a higher false-

track rate.

A third evaluation of the GM motion model investigates the

frequency with which the MHT determines the no-association

hypothesis (case j = 0 in (7)) as the strongest hypothesis, i.e.

the most probable one. Figure 9 shows an evaluation of the

most probable hypothesis for all MC runs and every ping. A

red marker indicates when the no-association hypothesis is the

most probable one, otherwise the marker is white. Figure 9(a)

shows the results applying the MHT including a standard

NCV model, in (b) the GM motion model is included. The

time instances where the target performs a manoeuvre can be

clearly identified since for these pings the most probable target

hypothesis is the no-association hypothesis. A clear difference

between (a) and (b) is, using the GM motion model, the

MHT finds an appropriate association faster. This is due to

the additive hypotheses with appropriate velocity estimates.

In general, frequent determination of the no-association hy-

pothesis as the most probable one more often leads to

fragmented tracks. For the standard NCV model we find a

fragmentation rate of

FRAGNCV = 0.43, (23)

which represents a percentage of 43% of all target tracks which

are fragmented at least once. For the GM motion model this

value is considerably lower with

FRAGGM = 0.05. (24)
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Figure 10. Tracking results for the Metron data set when applying a standard
NCV model separately for each target loop.

With five false contacts per ping included in the data, the mean

number of false tracks is

FALSENCV = 3.8, (25)

if the standard NCV is used. By the application of the GM

motion model the number of false tracks is reduced to

FALSEGM = 2.2. (26)

If the number of false contacts is increased to 15 per ping, for

the standard NCV model the number of false tracks doesn’t

change significantly. For the GM motion model the number of

false tracks increases to

FALSE15
GM = 3.1, (27)

which is still below FALSENCV . Due to smaller covariances,

the hypothesis weights calculated according to (7), rise faster

compared to the standard NCV model, in case a clutter contact

is associated to a track. Thus, tracks are extracted earlier,

which might lead to false tracks in dense clutter scenarios.

The results of the MC simulations show that the GM motion

model is preferable to the standard NCV model in all inves-

tigated tracking performance features for the analysed target

behaviour.

B. Metron Data Set

Figure 10 and figure 11 show the tracking results for the

Metron data set for tracking with a standard NCV and with the

inclusion of the GM motion model, respectively. The threshold

for the Log Likelihood value on input data was chosen to

be 0.02. Only contacts including information on Cartesian

velocities vx and vy are used for track initiation. The levels

of process noise were set according to (13) with q = 0.01
and (19). The results are shown separately for every target loop
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Figure 11. Tracking results for the Metron data set when applying the GM
motion model separately for each target loop.

on the true trajectory. It can be seen that the track probability

increases with the use of the GM motion model. This is most

obvious for target 2, which with the standard NCV is only

tracked during the first loop (figure 10(a)). Applying the GM

motion model leads to a tracking result with target 2 being

tracked on every loop (figure 11(a)-(d)). Due to smaller track

state covariances in the GM motion model (compare figure 8),

the assigned hypothesis weights, calculated according to (7)

rise faster than in the standard NCV model. Thus, tracks

are extracted earlier and maintained for a longer period. In

general, a faster track extraction leads to more extracted tracks,

which can also be seen from the comparison of figure 10

and figure 11 considering target 3 and target 4, where tracks

initialised in clutter are already extracted before they are

merged with the target track.

Table II
MEAN ESTIMATION ERROR.

(a) Position

Target NCV [m] GM [m]

1 573.85 486.16

2 556.53 709.01

3 462.77 432.76

4 552.31 523.58

(b) Velocity

Target NCV [m] GM [m]

1 2.11 1.35

2 1.44 1.52

3 1.35 0.94

4 1.39 1.16

Table II shows the mean estimation errors separately for the

position (a) and the velocity (b) estimation error for the four

different targets. In most cases tracking with the GM motion

model leads to smaller estimation errors. The only exception

is target 2 for which a fair comparison is not possible due to

the significant difference in the track probability of detection.

There are a few false tracks in the GM motion model tracking

results as can be seen from figure 11. For both approaches

each track is fragmented at least once.

1137



VII. CONCLUSIONS

In this paper a new motion model for submarine tracking is

proposed. It allows tracking of the target during manoeuvres

while at the same time the target speed is controlled by

reasonable behaviours for a submarine. For the future the

incorporation of this model into an interactive motion model

is planned. In particular, results for a challenging simulated

data set (the Metron data set) are provided. We showed that

the combination of the GM motion model with a pre-contact

fusion step gives reasonable results, while producing only few

false tracks.
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