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Abstract—A group of multiple heterogeneous sensors is used
to observe events of interest and their readings are aggregated
into observation vectors that are used to draw inferences. In
this generic environment we wish to integrate data provided by
”hard” sensors such as readings of radar and thermal sensors
with data provided by ”soft” sensors such as reports from
humans or context analysis by domain experts. Here we form
a probabilistic representation of soft sensor data using Dempster
Shafer’s belief mass assignment and a consensus operator for
combining human opinions with uncertainties. We then use a
probability fusion rule proposed by Krzystofowicz and Long to
generate a hard and soft data fusion system. This approach brings
all sensor outputs to the same probabilistic framework prior to
fusion. The formulation is demonstrated through three exercises
involving hypothetical and real scenarios.
Keywords: Evidence fusion, Dempster-Shafer Theory,
Hard and Soft Sensors, Consensus Operator.

I. INTRODUCTION

Interest is growing in simultaneous use of ”hard” and ”soft”
sensors, recognizing the fact that readings from devices such
as electromechanical or optical sensors (”hard” sensors) can
be supplemented by expert opinion or eye witness reports
provided by human observers (”soft” sensors). The challenges
of fusion of data from ”hard” and ”soft” sensors include
compatible representations of data in a way that would allow
meaningful comparison and aggregation of data that come
from different types of sensors as well as credit assignment
to decisions and estimates that were created [2]. Soft sensor
data are generally subjective in nature and have inherent
uncertainties. One possible tool for representation of such
uncertain data is Dempster Shafer theory (DS theory) which,
rather than computing the probability of an hypothesis or
event, aims to compute the probability that the hypothesis
is supported by the available knowledge or evidence (which
might be incomplete or contradicting). When multiple soft
sources are present, DS theory offers a combination rule which
allows to combine data from all such sources to obtain an
aggregate probabilistic measure about the occurrence of an
event. Along the lines of Dempster’s rule of combination
(DrC), Josang [3] proposed a new evidence combination
rule, the Consensus Operator. Unlike the DrC, the consensus
operator is proposed to produce logical results even in the
presence of highly conflicting information and also provides a
way of representing subjective knowledge using probabilistic

measures. Before a discussion on the consensus operator, we
review several concepts of DS belief model theory based on
which the consensus operator is defined.

A. Discussion on DS belief model, [1]

The first step in applying the DS belief model [1] is to define
a finite set of possible states called a Frame of Discernment
(FoD) that the event under observation can take. The FoD
helps form a set of all feasible outcomes of the event and
each such outcome is referred to as a proposition. If Θ is
used to define a set of disjoint states and forms the FoD, then
the power set of Θ represented as 2Θ is sometimes an useful
choice as the set of propositions. In that case, all elementary
states of the set of propositions will be called atomic sets
[3], as they do not have any subsets. The next step is for an
observer to assign belief masses to the various propositions.
The belief mass assignment (BMA) is basically associating
numbers m(x ) to each subset x ∈ 2Θ such that they obey the
following constraints.

m(x) ≥ 0; m(φ) = 0;
∑
x∈2Θ m(x) = 1

where φ is the null set. Belief mass assigned to a proposition
x can be thought of as the confidence of the observer toward x
being true. It does not however represent belief in the subsets
of x. The belief function of DS theory on the other hand is
generally the total belief that a particular proposition is true.
The belief function b of a particular proposition x is defined
as

b(x) =
∑
y⊆xm(y), x, y ∈ 2Θ . (1)

DS theory also specifies upper and lower bounds on the
probability of a particular proposition. These bounds and the
consensus operator are discussed in the following section.

B. The Consensus operator, [3]

Along the lines of DrC, Josang [3] proposed a new evidence
combination rule, the Consensus Operator. A new metric called
’opinion’ forms the basic building block of this operator. The
opinion ω is a tuple consisting of 4 pieces of information,
namely the belief (b), disbelief (d), uncertainty (u) and relative
atomicity (a). The opinion about a proposition x basically has
the form

ωx = (b(x), d(x), u(x), a(x)). (2)
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We have already defined the belief function b in (1). The
disbelief in a proposition x is the belief in x and is defined as

d(x) =
∑
y∩x=φm(y), x, y ∈ 2Θ. (3)

The uncertainty for a given set x is expressed as the sum of
the belief masses on supersets or on partly overlapping sets of
x.

u(x) =
∑
y∩x6=φ,y 6⊆xm(y), x, y ∈ 2Θ, x 6= φ. (4)

As shown in [3], the following holds:

b(x) + d(x) + u(x) = 1, x ∈ 2Θ.

Classic DS theory’s upper and lower bounds of probabil-
ity are called plausibility and belief respectively. From the
above expressions it can be inferred that Belief(x) = b(x),
Plausibility(x) = 1 − d(x) and Plausibility(x) − b(x) =
u(x). The fourth co-ordinate of the opinion tuple is called the
relative atomicity and is denoted by a(). For any particular set
x the atomicity of x is the number of atomic sets it contains,
denoted by |x |. In [3] the relative atomicity of a proposition
x relative to another proposition y is defined as

a(x|y) =
|x ∩ y|
|y|

. (5)

Another new quantity in [3] is the probability expectation,(E).
It is defined as

E(x) =
∑
ym(y)a(x|y), x, y ∈ 2Θ. (6)

In (6), the term m(y) is the belief mass assigned to set y and
the term a(x|y) denotes the amount of confidence toward the
truth of set x that can be generated if the set y is true. The
probability expectation E(x) for any particular proposition x is
a mapping of the 4 tuple opinion ω on to the probability space
[0 1] and is the expected probability of x being true such that∑

i

E(xi) = 1, xi ∈ 2Θ (7)

In general, the relation in (7) holds only when the sets of
propositions are the singletons. In case focal elements have
composite sets as well, a normalization might be required [5].

In order to simplify the representation of beliefs for propo-
sition sets we will use focused frame of discernments which
will always be binary, i.e. it will only contain (focus on) one
particular set and its complement. More precisely it can be
defined as below. Let Θ be a frame of discernment and let
x ∈ 2Θ. The frame of discernment denoted by Θ̃x containing
only x and x where x is the complement of x in Θ is then
called a focused frame of discernment with focus on x. Josang
in [3] showed that the focused frame of discernment and the
corresponding BMA will for the proposition in focus produce
the same belief, disbelief and uncertainty functions as the
original frame of discernment and BMA. In other words, if
Θ is the original FoD with b(x), d(x) and u(x) as the belief,
disbelief and uncertainty functions for proposition x then in

the focused FoD Θ̃x with focus on x (i.e. containing x and x ),
the BMA is defined as follows

m
Θ̃x (x) = b(x), m

Θ̃x (x ) = d(x), m
Θ̃x (Θ̃x ) = u(x)

The focused relative atomicity of the proposition x is however
defined as

a
Θ̃x (x) =

E(x)− b(x)

u(x)
(8)

where E(x) is calculated using (6). The focused relative
atomicity is defined as in (8) so that the probability expectation
value of proposition x is equal in both the original FoD and the
focused FoD. Hence, instead of working with a complex set of
propositions, the focused FoD which by definition is binary,
allows a much simpler and tractable way to implement the
consensus operator. Based on the concepts explained above,
the consensus operator can be defined as a mathematical
framework which can be used to combine multiple opinion
vectors each owned by a separate soft sensor. This results
in a fused opinion tuple which is the aggregate opinion
about the particular proposition. In [3] the consensus operator
for combining two opinions ωAx = (bAx , d

A
x , u

A
x , a

A
x ) and

ωBx = (bBx , d
B
x , u

B
x , a

B
x ) respectively owned by soft sensors

A and B about a proposition x, is defined as follows.

bA,Bx = (bAx u
B
x + bBx u

A
x )/κ

dA,Bx = (dAx u
B
x + dBx u

A
x )/κ

uA,Bx = (uAx u
B
x )/κ (9)

aA,Bx =
aAx u

B
x + aBx u

A
x − (aAx + aBx )uAx u

B
x

uAx + uBx − 2uAx u
B
x

.

where κ = uAx + uBx − uAx uBx . The assumption in the above
formulation is that κ 6= 0.

C. Logical operators and opinions

It was mentioned in section 1A that a general choice of
the set of propositions can be the power set of the FoD. The
assumption was however that the power set is defined on a
set consisting of only disjoint elements. In other words, only
one elementary state of the system can be true at any given
time. If for example let us consider a set Θ consisting of
disjoint elements {t1, t2, t3} such that ti ∩ tj = φ, i 6= j.
The power set 2Θ would contain the following elements
{t1, t2, t3, {t1, t2}, {t2, t3}, {t3, t1}, {t1, t2, t3}}. Standard set
theory says the element {ti, tj} = ti ∪ tj implies ti or
tj or both. However, if the assumption is that the elements
ti, i = 1, 2, 3 are disjoint, then the terms {ti, tj} in the power
set only means ti or tj . The case of set theoretic intersection of
ti∩ tj is not included. Hence if a BMA is designed with such
an assumption on the FoD then the probability expectation
of the cases like ti ∪ tj or ti ∩ tj with ti ∩ tj 6= φ, i 6= j
cannot be computed using definitions explained in section
1B. Josang in [4] proposed a framework for applying logical
operations like AND, OR and NOT on opinion tuples and
probability expectations. The expressions for applying AND
and OR operations on probability expectations are provided
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below. For more rigorous analysis and proofs the reader is
referred to [4].

Let Θ1 and Θ2 be two distinct binary frames of discernment
with x ∈ Θ1 and y ∈ Θ2 as two propositions. If the probability
expectations of the propositions x and y defined over Θ1

and Θ2 are E(x) and E(y) respectively, then the combined
probability expectations of x ∩ y (logical AND) and x ∪ y
(logical OR) satisfy

E(x ∩ y) = E(x)E(y) (10)
E(x ∪ y) = E(x) + E(y)− E(x)E(y). (11)

In section III, the first example illustrates the use of the above
expressions.

II. PROPOSED APPROACH

Common frame and fusion: Based on the discussion above
it is possible to use the probability expectation to map an
opinion tuple into a probabilistic measure [3]. Once a finite

Figure 1: Schematic of proposed approach

set Θ of possible states forming the FoD is decided, observers
are asked to assign belief masses or measures of confidence
to the various propositions which are members of 2Θ. The
observers can base their decisions on prior knowledge, expe-
rience and/or data gathered or reported by other individuals,
newspaper articles, television images etc. The BMA allows
the computation of the opinion tuples and the corresponding
probability expectations. Equations (10) and (11) must be
used when the requirement is to obtain probability expectation
values for union or intersection of elementary propositions.
The probability expectation values can then be combined with
the probabilistic measures obtained from hard sensors using
a fusion of probability rule such as the one proposed by
Krzystofowicz and Long [7]. The process is shown in Fig. 1.
There are ’r’ soft sensors S1 to Sr. All of them assign masses
to each element of the proposition set, P1 to Pn. From the
belief masses the belief functions are calculated. In Fig. 1,
these are represented by Bij where i represents the soft sensor
and j is the proposition number. The 4 coordinates needed to
produce an opinion tuple are obtained and the corresponding

opinions toward various propositions are formed. Each such
opinion has an owner in the form of the soft sensor who
assigns belief masses to the proposition set. From Fig. 1 each
of the soft sensors S1 to Sr will own opinions about each
of the propositions in the set P1 to Pn. The opinion held
by soft sensor ’A’ about proposition x would be represented
as ωAx = (bAx , d

A
x , u

A
x , a

A
x ). In the situation when multiple

soft sensors provide opinions about a set of propositions, the
consensus operator is used to combine the various opinion
tuples owned by different soft sensors but pertaining to the
same proposition, to form the aggregate opinion tuple vector
for that particular proposition. For the ’n’ propositions P1
to Pn, these aggregate opinion tuples are represented by w1

to wn in Fig. 1, each having a form as shown in (2). The
consensus operator is associative and hence belief combination
can be updated sequentially. However, if n > 2 beliefs
are available simultaneously, then the following generalized
consensus operator for combining opinions can be used. For
opinion tuples ωix = (bix, d

i
x, u

i
x, a

i
x), i = 1, 2, ..., n held

by n soft sensors about the same proposition x, the tuple
ω1...n
x = (b1...nx , d1...n

x , u1...n
x , a1...n

x ) defined as

b1...nx =

∑n
i=1 b

i
x

(∏
j 6=i u

j
x

)
∑n
i=1

(∏
j 6=i u

j
x

)
− (n− 1) (

∏n
i=1 u

i
x)

d1...n
x =

∑n
i=1 d

i
x

(∏
j 6=i u

j
x

)
∑n
i=1

(∏
j 6=i u

j
x

)
− (n− 1) (

∏n
i=1 u

i
x)

u1...n
x =

∏n
i=1 u

j
x∑n

i=1

(∏
j 6=i u

j
x

)
− (n− 1) (

∏n
i=1 u

i
x)

(12)

a1...n
x =

∑n
i=1

[
aix

(∏
j 6=i u

j
x

)
(1− uix)

]
∑n
i=1

(∏
j 6=i u

j
x

)
− n (

∏n
i=1 u

i
x)

represents the combined opinion tuple about proposition x. In
the last expression of (12), aix represents the focused relative
atomicities obtained from (8). The combined values of belief
b1...nx , uncertainty u1...n

x and relative atomicity a1...n
x are then

used in (6) to provide the aggregate probability expectation
value for the proposition x. Since the probability expectation
of both the original and focused FoD are the same, while using
(6), the power set of the focused FoD is used, i.e containing
sets x and x only. Hence, the expression for the aggregate
probability expectation for a proposition x simplifies to

E(x)1...n = b1...nx + (d1...n
x × 0) + (u1...n

x × a1...n
x ) (13)

In Fig. 1, these are represented as E1 to En. The hard sensor
data (after processing, to express them as probabilities) are
fused with the probability expectation values obtained from
(13), using a fusion rule described in [7]. The hard sensor
data are processed to produce a support value corresponding
to each proposition. In other words, each hard sensor data
will be a vector of support values each element of which is
the support value corresponding to a particular proposition.
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The vector[X1, X2, ..., Xn] in Fig. 1 corresponds to the data
from one hard sensor. The elements Xi are the support values
for the ’n’ propositions P1 to Pn. In the scheme, there can be
multiple such vectors each from a different hard sensor. A brief
description of the probability fusion model is provided here.
In a system of ’m’ sensors observing a fixed proposition ’h’,
each sensor outputs the detection probability of the occurrence
of h based on its own observations. f(q1, · · · , qm|h) is the
joint density of detection probabilities q1,· · ·,qm. The posterior
detection probability can be defined as

η(q1, · · · , qm) = P (h = 1|q1, · · · , qm)

Using Bayes rule and theorem of total probability the expres-
sion for posterior detection probability can be written as

η(q1, · · · , qm) =

(
1 +

[
p1

1− p1

f(q1, · · · , qm|1)

f(q1, · · · , qm|0)

]−1
)−1

(14)

where ’p1’ is the prior probability of proposition h. Equation
(14) is the fusion rule to combine detection probabilities ob-
tained from multiple sensors. Instead of detection probability
we choose to use the term ’degree of support’ since data
obtained from sensors and also belief functions may not be
exactly probabilities but rather probabilistic measures. The
joint probability density functions f(.) provides a statistical
characterization of the sensor system and is determined by
the individual design. Among the known parametric families
of densities, beta family can be used to model the sensor
data because they are rich in shapes and most importantly
their domain is the interval [0 1]. Beta distribution is also
the conjugate prior for binomial events. Therefore, for a vast
category of sensors, the beta distribution can be used to model
the likelihood functions. In the discussion that follows, the
symmetric beta distribution with different parameter sets (α,β)
are used to characterize the likelihood functions of the different
sensors (the choice of symmetric beta distribution was merely
to ease the mathematical calculations). The observations of
each sensor are assumed to be independent of each other.
While implementing the fusion rule in (14), there will be
as many vectors q = [q1q2...qm] as the total number of
propositions. Each such vector will correspond to a particular
proposition and will consist of support values obtained from
all the sensors irrespective of hard and soft. This can be done
since both the soft sensor and hard sensor data are now in the
same format of probabilistic measures and there is no need
to distinguish between them. The expression in (14) needs to
be used for all such vectors separately to obtain fused support
values for each member of the proposition set. Examples in
the next section will elucidate this fact. We summarize the
whole algorithm as follows:

1) Fix a set of cases to be considered and form the FoD
2) S

¯
oft Sensors
• Develop BMA toward the FoD for each soft sensor.
• Use (1), (3), (4) to form the focused opinion tuples.
• Use (6) to form probability expectations for all

propositions.

• Use (8) to obtain focused relative atomicities.
• Use (12) and (13) to form fused opinion tuples and

probability expectations.
3) H

¯
ard Sensors
• Process hard sensor data to obtain support values for

all the propositions. This processing is application
and data specific.

4) Use (14) to perform final fusion.

A. Justification of the proposed approach
1) Choice of DS theory: The objective of this work is to

develop a framework that can facilitate fusion of data from
hard and soft sensors without being limited to working with
probabilities and their associated functions. Dempster-Shafer
theory allows us to build the formulation without knowing any
prior probabilities or the underlying probability distributions
of the event outcomes. Furthermore through the assignment of
belief masses to elements of the power set, DS theory allows
modeling of uncertainty of sources. If the situation is simple
enough where belief masses are assigned without uncertainty
(zero mass to the FoD) to only the singleton elements of the
power set, then the belief mass assignment becomes the famil-
iar probability assignment. However proceeding with Bayes’
theory always requires the knowledge of prior probabilities
which can be avoided in an approach based on DS theory.

2) Choice of Consensus Operator, [3]: Under the the DS
framework there are various ways to combine data obtained
from multiple sources. The most important challenge for such
combination rules is how to handle the conflict or disagree-
ment between sources. The Dempster’s rule of combination
(DrC) [1] normalizes and in effect filters out the conflict,
redistributing it to all focal elements of the power set. Other
rules like Yager’s rule [8] assigns the conflict to the FoD and
thus increases ignorance. The Consensus operator [3] performs
an averaging operation and can handle conflicts in a manner
which is intuitively more appealing than DrC or Yager’s rule.
Moreover, instead of providing a range of the likelihood of a
proposition bounded by the belief and plausibility (like DrC),
the consensus operator provides an estimate of the probability
of a proposition through the probability expectation quantity.
Under circumstances where there is a set of conflicting data
obtained through the DS theory framework, the consensus
operator appears to be a better choice for combining such data.
In cases where there is no conflict, DrC and the consensus
operator perform almost similarly.

Generally no fusion scheme involving hard and soft sensor
data fusion can be universal in applicability. The method
proposed here is a step towards developing a framework that
can facilitate hard/soft data fusion and as we show in the next
section, it is versatile enough to handle varied scenarios. The
following section includes examples showing the working of
the fusion framework. Example 1 is concocted and shows
the detail implementation of the concepts discussed so far.
Examples 2 and 3 do not delve into step by step detail but show
the extent of applicability of the framework when situations
and data are real.
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III. EXAMPLES

A. Example 1

This example simulates a situation with two soft sensors
and two hard sensors and uses the data from each of them to
calculate the final degree of support for the propositions under
consideration.
Situation: A heist scenario was simulated where a valuable
object was stolen from a secured place. Two persons (P)
and (S) were asked to perform this act. The location was
monitored using two cameras capable of sending live video
feed to a computer. Let Θ = {P, S,X}. The proposition
”Unknown (X)” was added to Θ and caters to the case when
the perpetrator is unidentified. This is a simulated situation
and the truth is the set P ∪ S.

a) Soft Sensor modeling: There can be the following two
cases:

1) The elements of Θ are disjoint and the intersection θi ∩
θj = φ, i 6= j

2) The elements are not mutually exclusive and the inter-
section θi ∩ θj 6= φ, i 6= j

We do not provide an example supporting case 1 and perform
the soft sensor modeling based on the assumption that any
two propositions in Θ can occur simultaneously. The ternary
set Θ was chosen as the FoD. In addition to the probability
expectations of the elements of Θ, we wish to find out
probability expectations for the following cases as well: P ∪S,
S∪X , X∪P where the elements P, S and X are not disjoint i.e.
P∪S means P or S or both and similar meaning holds for other
unions as well. Set theoretic operations are not applicable on
opinion tuples and probability expectation calculations unless
the frame of discernments are distinct [4]. In other words,
equations (12) and (11) can be applied only when there are two
distinct FoDs Θ1 = {x , x} and Θ2 = {y , y} with x ∩ y = φ,
x ∩y = φ and x ∩y = φ. For this example we therefore define
3 distinct sets of propositions as follows:

F1 = {P, P ,ΘP = {P, P}};

F2 = {S, S,ΘS = {S, S}}; F3 = {X,X,ΘX = {X,X}}.

To obtain the BMA, video snapshots captured from the cam-
eras were presented to 18 different individuals and all of
them were asked to independently provide feedback in the
form of confidence in the occurrence of the propositions. The
individuals were asked to provide a number between 1 and
10, higher value representing more confidence. The data was
collected independently for the 3 sets of propositions. The
normalized set of those values were used as BMA for the
propositions. Depending upon the situation, the individuals
can be witnesses, investigators or experts. Henceforth the data
obtained from them will be referred to as just soft sensor
data. Two soft sensors were randomly sampled from the set
of 18 and corresponding BMAs were used for calculation
of probability expectations. The sampling was repeated 100
times. The following table lists one such set of BMA for soft
sensors W1 and W2. An opinion will be represented as ωAx =
(bAx , d

A
x , u

A
x , a

A
x ). ”A” denotes the owner of the opinion and x

Table 1: Initial BMA

Propositions Belief bW1 Belief bW2

P 0.488 0.130
P 0.366 0.779

ΘP 0.024 0.065
S 0.727 0.501
S 0.182 0.333

ΘS 0.091 0.166
X 0.539 0.2
X 0.385 0.6

ΘX 0.077 0.2

is the proposition in focus. The parameters bAx , d
A
x , u

A
x , a

A
x are

the belief, disbelief, uncertainty and focused relative atomicity
respectively of the proposition x according to owner A. The
focused opinion tuples for the BMAs in Table. 1 are presented
below.
ωW1
P = (0.488, 0.366, 0.024, 1/2); ωW2

P = (0.130, 0.779, 0.065, 1/2)

ωW1
S = (0.727, 0.182, 0.091, 1/2); ωW2

S = (0.501, 0.333, 0.166, 1/2)

ωW1
X = (0.539, 0.385, 0.077, 1/2); ωW2

X = (0.200, 0.600, 0.200, 1/2)

Note that the relative atomicity in the above opinions is
1/2 since the distinct sets of propositions are formed from
binary frames of discernment. The combined opinion tuples
and the probability expectations toward each proposition were
calculated using (12) and (13). The aggregate probability
expectations are provided below.

EW1,W2
P = 0.250, EW1,W2

S = 0.442, EW1,W2
X = 0.308

Using the expression in (11) for applying logical OR operation
to opinion tuples, the following probability expectation values
were computed:

EW1,W2
P∪S = 0.581, EW1,W2

S∪X = 0.614, EW1,W2
X∪P = 0.481

The vector of probability expectations toward the propositions
{P, S,X, P ∪ S, S ∪ X,X ∪ P} so obtained by averaging
over 100 runs was used for fusion with hard sensor data.

b) Hard Sensor modeling: The hard sensors are 2 cam-
eras which are situated at two different positions monitoring
the location of the object and can provide video data. A
database of 118 images was created. Image analysis was
done by a face recognition software which compared test
images with those stored in the database and also provided
corresponding degrees of similarity. The images of the entities
(P) and (S) which were well defined propositions in the soft
sensor model were included in the database and were tagged
(the scheme can be shown to work even in the case where
images of entities included as members in the FoD are not
recorded). Frames were extracted from the video captured
by the camera and a face extraction algorithm was used to
separate the face regions in the frame. These sub images of
faces were suitably resized and were compared individually
with the database. A threshold was chosen with the goal
that any degree of similarity above that threshold would be
considered as a match. The procedure to obtain the degree of
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support values is explained below. Taking into account that
the prime suspects are (P) and (S), the following cases were
considered.

Case 1: Let the maximum cardinality of elements of the
proposition set be c. In this example c = 2. Lets consider
the case when the frame contains g ≥ c face images, two of
which separately have their maximum degrees of similarity
with (P) and (S) whereas the other (g − 2) images do not
have a match with anyone in the database. In such a situation,
the maximum degrees of similarity with P and S are taken to
be support values for the corresponding propositions ’P’,’S’
respectively and the (g − 2) faces are ignored since there
is no way to compare them against any reference. On the
other hand if k images (k ≤ g − 2), have matches with the
database (i.e k images when compared individually against
the database, provide k corresponding maximum degrees of
similarity all of them being above the threshold), the average
of the k maximum degrees of similarity is considered to be
the support value for the proposition ’X’. The support values
for any composite propositions are obtained as the sum of the
support values of the constituent propositions. For example,
the support value for the proposition (P ∪ X) would be the
sum of the supports for ’P’ and ’X’.

Case 2: When the frame contains only 2 facial regions and
both of them match with (P) and (S), then the support for the
proposition ’X’ is taken to be a very small number ε > 0

Case 3: When k faces match with images in the database,
none of them being either (P) or (S), then the average of the k
maximum degrees of similarity is taken to be the support for
proposition ’X’. The support values for propositions (P) and
(S) are taken to be ε.

Case 4: If the number of facial regions detected in the frame
is f < c, then the support values for the propositions with
cardinality greater than f are taken to be a small number ε > 0.

Case 5: When among k facial regions which match with
entries in the database, only one matches with either of the
propositions (P) and (S), then average of the remaining k− 1
maximum degrees of similarity is considered to be the support
for the proposition (X). The support for the proposition among
(P) and (S) with which there was no match is assigned a small
number ε > 0.
For the subsequent steps we chose ε = 0.05. In the simulation,
one camera feed had a single facial region and hence for this
data, all propositions with more than 1 constituent element
were assigned a support value of 0.05. For the other camera,
the video had two facial regions which matched with (P) and
(S). This above situation resulted in non conformity between
camera results since for one of the camera feeds, only one
face was detected and therefore the corresponding decision
supported a singleton proposition whereas the other camera
data with two faces, supported one of the non atomic cases.
This closely resembles a situation in reality where due to rea-
sons like angle, lighting conditions, occlusion etc cameras at
different vantage points do not see the same objects in similar
number or state. The data obtained from above modeling were
used as inputs to the probability fusion rule proposed in [7].

Without loss of generality in this example scenario, the soft
sensor data which has been referred to in terms of probability
expectation, was assumed to be beta distributed with certain
set of parameters. The soft sensor thereby was included as a
part of the cluster of 3 sensors. All of them produced an output
vector of degree of support (each being a 6 element vector for
6 propositions). The corresponding likelihood functions were
modeled using symmetric Beta distribution with each sensor
having a different set of (α,β) parameters under different
hypothesis. The parameters for the sensors are presented in
Table. 2. Two soft sensors were randomly sampled from a

Table 2: Sensor Parameters

Hypothesis Sensor 1(Soft) Sensor 2(Hard) Sensor 2(Hard)
h=1(alternate) α=4,β=3 α=3,β=2 α=2,β=1

h=0(null) α=3,β=4 α=2,β=3 α=1,β=2

group of 18. Their opinions were combined and a probability
expectation vector obtained. The sampling was done 100 times
and an averaged probability expectation vector was computed.
The two camera data vectors were then fused with this average
probability expectation vector. Table. 3 shows the support
values (unnormalized probability expectation values from soft
sensors averaged over 100 runs and degree of support values
from hard sensors) for the various propositions. Each column

Table 3: Data from different sensors supporting each proposition

Sensors Propositions
P S X P ∪ S S ∪X X ∪ P

1 0.353 0.431 0.2168 0.649 0.553 0.502
2 0.234 0.288 0.237 0.05 0.05 0.05
3 0.305 0.274 0.238 0.579 0.512 0.543

in this table forms a vector q = [q1q2...qm] where m is
the number of sensors and the elements qi are the support
values from all sensors toward a particular proposition. Using
(14) for each column in Table. 3, the final support values
for the propositions were calculated. Table. 4 shows the final
normalized result against the propositions. It can be inferred

Table 4: Combined values supporting each proposition

Propositions
Final Result

P S X P ∪ S S ∪X X ∪ P
< 0.138 0.219 0.058 0.256 0.169 0.160

that the opinions from human experts and hard sensor data
when combined, results in a cumulative value which supports
the proposition (P ∪S) to the maximum extent. This coincides
with the actual truth. In almost all real scenarios the truth
is unknown and the proposition which the above technique
will support depends heavily on the belief mass assignments
and the efficiency of the hard sensor data processing software
used. The above process can be employed in an expert system
followed by a decision making module.
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B. Example 2

The example simulates a situation with four soft sensors
and one hard sensor and uses the data from each of them to
calculate the final degree of support for the propositions under
consideration.
Situation: Let there be a possible geographic region which is of
interest for undertaking archaeological digging. This location
was chosen near Valley Forge Memorial Park, Philadelphia.
A feasible latitude longitude position was fixed and assumed
to be the true location. Four persons were asked to find out
the location of the site within a region of 0.1 mile radius.
None of them had any knowledge of the true position. One
of the persons had a gps tracker attached to him which could
send out position data to a centrally located server. All the
individuals were also given pictures of how the location would
roughly look like physically. It was also assumed that the
individuals never got separated during their search. Two cases
were considered: the persons are within 0.1 mile of the site
(I), the persons are outside 0.1 mile region (O). The humans
could see the geographical location and compare with the
pictures. This helped the observers to send out reports with
answers to the 2 propositions under consideration. A similar
feedback scheme as in example 1 was used. The tracker
provided just the hard location. The location from the tracker
data was compared using Google Earth and support values for
the two propositions were obtained. This data was regarded
as the hard sensor data. The process is described as follows:
Using the location (latitude-longitude) from the tracker, its
line of sight distance from the assumed true location was
computed. If it’s less than 0.1 miles, the first proposition (I)
was assigned a value of 1 and the other (O) a small value
of 0.01 and vice versa. The small value of 0.01 was assigned
so that no undefined operations like division by zero were
encountered. Table. 5 shows a set of support values from the
persons in the field (soft sensors) and the gps tracker (hard
sensor) when the whole set up was simulated. The uncertainty

Table 5: Support Assignments

Sensor1 Sensor2 Sensor3 Sensor4 Sensor5
Propositions (Soft) (Soft) (Soft) (Soft) (Hard)
<0.1 mile(I) 0.5 0 0.1 0 1
>0.1 mile(O) 0.4 0.9 0.8 0.99 0.01
Uncertainty 0.1 0.1 0.1 0.01 -

of the gps tracker can be represented in terms of percentage
of correctness of its output. This work did not use any value
for that proposition corresponding to the hard sensor. Some of
the soft sensors were in disagreement as can be seen from the
above table. The consensus operator was used to combine the
conflicting opinions and the probability fusion rule allowed to
aggregate the hard sensor data and the combined opinion to
obtain a fused result. The final support values for the various
propositions as calculated are provided in the table below. The
time when the data in Table. 5 was obtained, the group was
actually within 0.1 mile of the true location. The final fused
result in Table. 6 conforms that.

Table 6: Combined values supporting each proposition

Propositions
Final Result

I O
< 0.841 0.159

C. Example 3

This section illustrates a scenario where a set of satellite
images of a particular geographical location and a set of text
based data sources are collected and fused. Fig. 2 shows
satellite imagery of a couple of newly constructed sites in
a location called Semnan in Iran. These were captured by
the Eros-B satellite in 2009 (the images are widely available
on the internet). There are many articles in newspapers,
defense magazines and on line discussion forums speculating
the possible reasons for such massive construction. Barring
the speculations, the unanimous opinion has been that these
constructions are part of a large missile base. This example
shows how the hard satellite image data and soft text based
information can be combined to get support values for a
possible set of suitable propositions. As a first step toward

(a) Possible Assembly location

(b) Possible Launch Site

Figure 2: Eros-B Satellite images showing newly constructed sites

hard sensor data processing, the suitable satellite images were
selected and passed as an input to an edge extraction module.
The images where edge extraction is very difficult or there are
too many objects were not used for edge analysis. The edge
extraction module processed the image in two steps. First it
removed the shadows (if any) and second, it filtered the image
to extract closed regions. In this example, the image in Fig.
2(a) was used. Fig. 3 shows the result of this processing using
a generic shadow removal algorithm based on pixel intensity
comparison and the standard Sobel filter for edge extraction.
Using a prespecified image scale (meter to number of pixel
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ratio), the areas and perimeters of the buildings were obtained.
These data points would be helpful in understanding whether
the buildings are big enough to house missile assembly units or
manufacturing equipments. The aforementioned information
and the images were provided to a domain expert for analysis
and the support values to the set of propositions were asked. A
collection of text based sources each disjoint from each other
in the sense that neither of them contain same information or
are written by the same author were grouped as the soft data.
Two human interpreters were asked to read through this data
set and find threads of importance and relevance considering
the proposition set. The human interpreters provided a set of
support values toward the propositions under consideration,
possibly based on abstract and complex traits like experience,
missing clues, information both historical and political. The set

(a) Image from fig2(a) with shadows removed

(b) Closed regions resembling buildings

Figure 3: Image processing steps

of propositions considered in this example are listed below.
• A-The missile base is a new development to cater to a

new class of long range missiles.
• B-The construction is a sister facility to a larger, already

existing base and poses no new threat.
• C-The construction is shifting of an existing base and

abandonment of the latter and is purely for logistical and
economic reasons.

Table 7 shows the support values for the set of propositions
under consideration. The fusion of the soft data was performed
using consensus operator and the final fusion with hard sensor
data was performed using (14). Table 8 lists the final fused
support values.

Table 7: Support Assignments

Sensor1 Sensor2 Sensor3
Propositions (Hard) (Soft) (Soft)

A 0.5 0.8 0.2
B 0.1 0 0.2
C 0.3 0.1 0.4

Uncertainty 0.1 0.1 0.2

Table 8: Combined values supporting each proposition

Propositions
Final Result

A B C
< 0.727 0.022 0.250

No fusion scheme is universal and based on the proposi-
tions, the processing module that analyzes data becomes a
dynamic function. The processing done for the above example
may not be useful for generating support values toward a
different proposition set. However, the example shows that
disparate and heterogeneous sources can be combined to yield
a result that can facilitate informed decision making.

IV. CONCLUSION AND DISCUSSION

An approach based on evidence combination has been pre-
sented to facilitate hard and soft data fusion. Based on an event
and available knowledge of its possible outcomes, soft sensor
data is modeled using DS theory. In the case of more than
one soft sensor, the consensus operator [3] is used to combine
multiple belief functions. After processing hard sensor data to
obtain probabilistic support values for various propositions the
fusion of probability rule [7] is implemented to perform final
fusion of hard and soft data. Depending upon the situation and
the nature of hard sensors employed, the technique to process
sensor data will change but the fusion rule will remain the
same. Since there are roles for domain experts and analysts
like experience and intuition based decision making which
are extremely difficult to imitate in a computer algorithm,
the whole fusion process does require human intervention and
therefore is a semi-automatic procedure.
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