
A Multi-Sensor Circular Particle Filter Applied to
the Fusion of the GPS-L2C Channels

Georges Stienne, Serge Reboul, Monir Azmani, Jean-Bernard Choquel and Mohammed Benjelloun
Laboratoire d’Informatique Signaux et Images de la Côte d’Opale

Université du Littoral Côte d’Opale
Univ Lille Nord de France, F-59000 Lille, France

50, rue Ferdinand Buisson BP 719 - 62228 Calais Cedex, France
Email: serge.reboul@univ-littoral.fr

Abstract—Angular data are involved in many applications.
This paper investigates more precisely the phase GNSS signal
processing, particularly when measurement fusion on several
channels is possible. The classical approaches use local lineariza-
tions to filter and fuse measurements with optimal methods
defined in the linear domain. These approaches do not fit when
the angle reaches the bounds of its periodicity definition interval.
Moreover, an ambiguity on the angle to estimate can appear in
case of noisy measurements. This paper proposes tools defined
in the circular domain in terms of Bayesian inference to solve
these problems and improve the processing of angular data. The
proposed tools are assessed on synthetic and real data in an
original Phase Open Loop tracking architecture.
Keywords: Phase Open Loop, Circular data, Particle
filtering, Bayesian inference, Nonlinear filtering, Tracking,
Fusion.

I. INTRODUCTION

In many application fields, the processed data are defined on
a circular domain different from the classical linear domain.
For example, one can cite the study of the wind direction in
meteorology [5] [13] and the hue images processing [10]. In
this paper, we investigate the study of satellite signals carrier
phase [11], which is of primary importance in the field of RTK
positioning [15].

Some modern GNSS signals, like the GPS-L2C signal,
present multi-channels structure. The availability of a dataless,
or pilot, channel along with the data channel allows fusing
redundant data in order to reduce the variance of the measure-
ments. The signal phase is one of this redundant information
[17] [7]. The modern GNSS receivers process the carrier phase
in order to compute positioning with high accuracy [14]. Phase
is an angular data, defined on a circular domain. The accuracy
of the estimation of the carrier phase GNSS signals depends on
the ability of the fusion and filtering tools developed to process
angular data. Furthermore, phase estimation can be realized
via a Phase Open Loop which allows improving tracking
robustness as compared to the traditional closed loop receiver
architecture.

Angular data present some particularities that processing
tools have to deal with. The major difference between circular
and linear domain is the periodicity modulo 2π of the angles,
that impose to fix a definition interval of length 2π (eg
[0; 2π) or [−π;π)). Generally, angular data are estimated using

Gaussian statistic filters. The most frequently used tool in that
case is indeed the Extended Kalman Filter. This technique
employs a local linearization of the model equation [12].
Furthermore, in the Gaussian case, the classical fusion operator
is the weighted sum defined in the maximum likelihood sense.
Unfortunately, this approximation isn’t valid when angles are
next to the definition interval bounds. Indeed, in this case the
statistical filter considers the transitions between the bounds
as abrupt changes in the mean value. Moreover, if the error
measurement on the angle to estimate is superior to π/2,
there is an ambiguity of π on the angle to estimate. This
ambiguity has to be removed. Consequently, we propose to
develop fusion operator and filter in a Bayesian framework
with one of the existing circular statistics distributions, namely
the von Mises distribution [3].

In this article, we propose three contributions for the pro-
cessing of the GNSS phase signal. These three contributions
are namely a Bayesian circular fusion operator, a Bayesian
circular particle filter and the implementation of this filter in
a Phase Open Loop process. The proposed multisensor fusion
operator is defined in the maximum likelihood sense with von
Mises distributions. The proposed circular filter is also defined
in a Bayesian context with von Mises distributions. To improve
the estimation of angular data, it is necessary to take into
account the angle and its angular variation, also proportional to
its pulsation. In our application to GPS-L2C phase estimation,
the angle is measured by means of an arctangent and thus
varies between −π/2 and π/2. The pulsation is obtained as
a difference between two phase estimations and thus varies
between −π and π. The pulsation is consequently subject to
an ambiguity. According to that, the filter was developed as
two scalar filters operating in parallel. The choice of a particle
filter was due to the impossibility to solve the Chapman-
Kolmogorov equation that defines the prediction step of the
Kalman filtering.

In this paper, we assess the proposed filter on synthetic
data. We compare in this case the classical Kalman Filter and
fusion operator with the proposed techniques developed in
the circular domain. Finally, we show the feasibility of the
proposed phase open loop that uses our fusion operator and
circular filter on real L2C signal.

The paper is organized as follow. After the introduction, we
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present the Bayesian circular filter in the second part. In this
part, we provide a presentation of the von Mises distribution,
a modeling of the problem and the particle circular filter itself.
In the third part, we describe the multisensor Bayesian fusion
operator and we show its ability to increase the measurement
concentration parameter. The fourth part is dedicated to the de-
scription of the Phase Open Loop architecture. In the fifth part,
we describe the experimentation realized with the different
proposed tools on synthetic and real data. The estimations are
compared with the results obtained with an Extended Kalman
Filter, a weighted sum fusion operator and a Phase Lock Loop
architecture. The last part is the conclusion.

II. BAYESIAN CIRCULAR FILTER

A. Von Mises distribution

The von Mises distribution, also named circular normal
(CN) distribution [3], describes circular directional random
phenomenon [8]. Indeed, this distribution can be considered as
a circular version of the normal distribution [9]. It describes the
distribution of a circular random variable f(θ; µ, κ) of mean
µ and variance 1/κ. κ, the concentration parameter, varies
from 0 to infinity. θ can be any real number, the distribution
being periodic with period [0; 2π). For low values of κ, the
von Mises distribution has a uniform repartition between 0
and 2π, for which any particular direction is privileged, as
one can see on figure 1. For high values of κ, the von Mises
distribution tends to a normal distribution of variance 1/κ.

Figure 1. Von Mises distribution for µ = π

Let θ be a random angular variable evolving in any interval
of length 2π. The von Mises distribution is symmetric and uni-
modal [4] and its density is given by the following expression:

f(θ; µ, κ) =
1

2πI0(κ)
eκ cos(θ−µ) (1)

where θ defines the random direction, µ the mean direction
and κ the concentration parameter. I0 is the modified Bessel
function of the first kind and order 0. I0(κ) can be considered
as a constant of normalization [6].

I0(κ) =
1
2π

∫ 2π

0

eκ.cos θ dθ =
∞∑

r=0

(κ
2

)2r
(

1
r!

)2

(2)

B. Statistical inference

The filter is applied to the study of a system evolving circu-
larly following a constant acceleration α. Thus, we consider
the following state equations for the angle θ and the pulsation
ψ:

θk = θk−1 + αψk−1 + ν1,k (3)
ψk = ψk−1 + ν2,k (4)

In other terms, for Xk =
(
θk

ψk

)
and F =

(
1 α
0 1

)
,

Xk = FXk−1 + Vk (5)

The vector of noise Vk = [ν1,k, ν2,k]T represents the
model error. ν1,k, ν2,k are respectively the state noise on the
angle and the pulsation. ν1 and ν2 have a centered von Mises
distribution with respective parameters of concentration κ1,Q

and κ2,Q.
In our application to the estimation of a GPS signal phase,

the phase measurements φ are obtained using a phase tracking
loop. The pulsation variations are not observed using a fre-
quency tracking loop and pulsation measurements ω are then
collected by calculating the difference between to successive
phase estimations:

ωk ≈ θ̂k − θ̂k−1

∆t
(6)

The measurement equation is then as follows:

Zk = HXk +Wk (7)

with H =
(

1 0
0 1

)
the observation matrix.

The vector of noise Wk = [w1,k, w2,k]T represents the
measurement error. w1,k, w2,k are respectively the measure-
ment noise on the angle and the pulsation. w1 and w2 have a
centered von Mises distribution respective parameters of con-
centration κ1,R and κ2,R. The concentration parameter κ2,R

corresponds to the obtention of the pulsation measurement in
terms of difference between two random variables following
von Mises distributions.

C. Particle filter

In the case of angular data, several sequential recursive
filters have been used, such as the Extended Kalman Filter
[2], but none is optimal. Particle filtering is a powerful
smoothing tool when the models in use are non-linear
and when the distributions of the state and measurement
noises are not Gaussian. There are three principal steps at
each iteration of the process, namely the prediction, which
consists in generating particles pseudo-randomly following
the state equation; the correction, which is a ponderation of
the generated particles using measurements; and finally the
resampling of the particles, which allows eliminating particles
with low weights. Numerous resampling methods exist [1],
each having its advantages and inconveniences.
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In our application, because of the definition of the parame-
ters to estimate on intervals of different lengths, the choice was
done to realize two scalar particle filters operating in parallel.
The filtering algorithm is thus as following:

1) Initialization: we draw 2N particles xi
1,0, i = 1, . . . , N

and xi
2,0, i = 1, . . . , N from von Mises distributions of

respective means φ0 and ω0 = 0 (initial measurements),
with respective concentration parameters κ1,0 and κ2,0.
The weights are initialized to pi

1,0 = pi
2,0 = 1/N .

2) Pulsation filter: the pulsation particles are updated fol-
lowing the equation 4 and the pulsation measurement
ωk calculated using the equation 6. The particle weights
are obtained by the formula:

pi
2,k = pi

2,k−1f
(
ωk;xi

2,k, 2κR

)
(8)

with f the von Mises distribution defined equation
1. The weights are then normalized. The pulsation is
estimated according to the formula:

ψ̂k = arg

(
N∑

i=1

pi
2,ke

jxi
2,k

)
(9)

where j is the complex number square root of −1. An
observation ωk can be associated to the values ψ̂k or
ψ̂k + π of the parameter to estimate. Thus it exists
an ambiguity of π on the parameter to estimate. This
ambiguity appears most offen for low values of the
concentration parameter that models the measurement
noise. To solve this ambiguity, we propose to use the
circular distance [6] between the measurement and the
predicted angle.
Let the circular distance dc between two angles be:

dc(ψk, ωk) = 1− cos(ψk − ωk) (10)

Then:

If dc(xi
2,k, ψk) > dc(xi

2,k + π, ψk) (11)

Then ψ̃k = ψk + π (12)

3) Phase filtering: the phase particles are updated using the
formula:

xi
1,k = xi

1,k−1 + ∆tψ̂k + ν1,k (13)

Particle weights are then obtained by:

pi
1,k = pi

1,k−1f
(
φk;xi

1,k, κR

)
(14)

and normalized. Phase estimation is obtained by:

θ̂k = arg

(
N∑

i=1

pi
1,ke

jxi
1,k

)
(15)

4) Resampling: the chosen resampling is here the SIR
(Sequential Importance Resampling) [1] with effective
number of particles, respectively for the phase and the
pulsation filter, as follow:

Neff,1 =
1∑N

i=1 p
i
1,k

2 , Neff,2 =
1∑N

i=1 p
i
2,k

2 (16)

III. CIRCULAR FUSION OPERATOR

We propose to define the fusion operator of von Mises ran-
dom variables in the maximum likelihood sense. The proposed
operator incorporates the periodicity of random variables and
doesn’t depend on the choice of the zero direction.

Let’s consider N angular measurements φ(1)
k , . . . , φ

(N)
k that

we want to fuse in a single measure φf,k. We suppose that
these measurements are independants and that they all follow
von Mises distributions of mean θk and of respective concen-
tration parameters κ(1)

R . . . κ
(N)
R . The von Mises distribution

likelihood of the fused measurement given the state is obtained
by:

f(φf,k/θk, κf ) ∝ f(φ(1)
k /θk, κ

(1)
R )f(φ(2)

k /θk, κ
(2)
R )

. . . f(φ(N)
k /θk, κ

(N)
R ) (17)

with :

f(φf,k/θk, κf ) =
1

2πI0(κf )
exp (κf cos(φf,k − θk)) (18)

f(φ(i)
k /θk, κ

(i)
R ) =

1

2πI0(κ
(i)
R )

exp
(
κ

(i)
R cos(φ(i)

k − θk)
)

(19)

Thus:
1

2πI0(κf )
exp (κf cos(φf,k − θk)) ∝ 1

2πI0(κ
(1)
R )

. . .
1

2πI0(κ
(N)
R )

exp

(
N∑

i=1

κ
(i)
R cos(φ(i)

k − θk)

)
(20)

The product of several von Mises distributions can be approx-
imated by a von Mises distribution [6]. Thus:

κf cos(φf,k − θk) =
N∑

i=1

κ
(i)
R cos(θk − φ

(i)
k ) (21)

Then:

cos(θk)κf cos(φf ) + sin(θk)κf sin(φf )

= cos(θk)
N∑

i=1

κ
(i)
R cos(φ(i)

k ) + sin(θk)
N∑

i=1

κ
(i)
R sin(φ(i)

k ) (22)

Using the linearly independance of cos and sin applied to θk,
we can deduce the two following equations:

κf cosφf,k =
N∑

i=1

κ
(i)
R cosφ(i)

k (23)

κf sinφf,k =
N∑

i=1

κ
(i)
R sinφ(i)

k (24)

The expressions of φf,k and κf can then be deducted. φf,k is
obtained by:

φf,k = arctan
(
κf sinφf,k

κf cosφf,k

)
(25)

= arctan

(∑N
i=1 κ

(i)
R sinφ(i)

k∑N
i=1 κ

(i)
R cosφ(i)

k

)
(26)
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κf follows the equation:

κf =
√

(κf cosφf,k)2 + (κf sinφf,k)2 (27)

=

√√√√(
N∑

i=1

κ
(i)
R cosφ(i)

k )2 + (
N∑

i=1

κ
(i)
R sinφ(i)

k )2 (28)

The values of φf,k and κf obtained are the ones used in the
circular particle filter.

For two angular measurements:

κf =
√

(κ(1)
R )2 + (κ(2)

R )2 + 2κ(1)
R κ

(2)
R cos(φ(1)

k − φ
(2)
k ) (29)

One can observe that instead of the weighted sum fusion
operator from the linear domain, the concentration parameter
depends on the value of the measurements to fuse. The
concentration parameter of the fusion operator κf has to
be superior to the highest concentration parameter between
κ1 and κ2, which are associated to the distributions that
model the measurements. Indeed, the concentration parameter
is inversely proportional to the variance of the distribution. The
values of φ(1)

k , φ
(2)
k being included in the interval [−π ; π), this

condition is not necessarily verified because cos(φ(1)
k − φ

(2)
k )

can be inferior to zero for
∣∣∣φ(1)

k − φ
(2)
k

∣∣∣ > π/2. We propose
then the following fusion operator that can be easily transposed
to the case of n measurements:

Most precise measurement : i = max︸︷︷︸
i

({κi})

If κf > κi

φf,k = arctan(Sk/Ck) (30)

κf =
√
S2

k + C2
k (31)

Else
φf,k = φ

(i)
k (32)

κf = κi (33)

with :

Ck = κ
(1)
R cosφ(1)

k + κ
(2)
R cosφ(2)

k (34)

Sk = κ
(1)
R sinφ(1)

k + κ
(2)
R sinφ(2)

k (35)

We show figure 2 the evolution of κf according to ∆φ =
φ

(1)
k − φ

(2)
k . This figure is obtained for κ

(1)
R = 1. The

concentration parameter κf is, as wanted, superior or equal
to the highest value between κ

(1)
R and κ

(2)
R , for any value of

∆φ. This demonstrates the advantage of this fusion operator.
Finally, there is a last limit to the utilization of the fusion
operator. Indeed, if

∣∣∣φ(i)
k − θk

∣∣∣ > π/2 then there is an
ambiguity on the angle observed by the measurement, which
can be θk or θk + π. A solution to solve this ambiguity was
proposed section II-C.

IV. PHASE OPEN LOOP

The two processing tools described in this article will be
applied to the tracking of the phase of a GNSS signal, namely
a GPS-L2C signal.

Figure 2. Evolution of κf according to ∆φ = φ
(1)
k − φ(2)

k

A. GPS-L2C signals

The expression of this signal emitted in the L2 band is as
follow:

SL2(t) =
√

2Ae d (t)P (t) sin (2πf2t)
+
√

2Ae [(CM(t)d (t))⊕ CL (t)] cos (2πf2t) (36)

with
f2 the frequency of the L2 carrier (1227.42 MHz),
Ae is the power of the emitted signal,
d (t) is the navigation message,
CM (t) the pseudo-random civil code CM clocked
at 511.5 kHz,
CL (t) the pseudo-random civil code CL clocked at
511.5 kHz,
P (t) the pseudo-random military code P,
⊕ the multiplexing operator of the two civil codes
(Time Division Multiplexing).

The originality of the GPS-L2C signal is the presence of two
civil channels, namely the pilot channel and the data channel.
These two channels are respectively multiplexed by the Code
Division Multiple Access (CDMA) codes CM and CL. This
allows collecting redundant informations by processing the
two parts of the signal. These informations can be fused to
improve the GPS signal parameters estimation. The phase of
the signal is one of these redundant informations, along with
the code and the frequency. Indeed, data and pilot channels
being coded with codes in quadrature, they undergo the same
phase delay and provide two different phase observations [7].

B. Phase Open Loop architecture

Generally, the phase of GNSS signals is tracked in a Phase
Lock Loop (PLL) [18] that estimates phase delay variations at
each period of the CDMA code. We propose to use a Phase
Open Loop that collects the phase delay of the signal for each
period of code, on both channels. These phase measurements
are fused using the operator described in III and the result is
smoothed by the circular filter described in II-C. The Phase
Open Loop architecture (POL) architecture is presented in
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Figure 3. Architecture of the proposed Phase Open Loop

figure 3. In a first stage, the carrier frequency f̂s, the code
delay τ̂s and the phase delay θ̂s of the received signal are
estimated in the signal acquisition process. At the end of this
first stage the receiver tracks the variations of these parameters
as a function of time in a tracking module. The frequency
and phase indeed change with the Doppler Effect (the relative
speed satellite-receiver), and the code delay with the satellite-
receiver pseudo range evolution. In order to compute the
navigation solution, the receiver multiplies the received signal
with in phase and quad phase replica of the GPS signal. The
code delay is tracked by a PLL (in the bottom of the figure)
and the phase delay is estimated in a POL (top of the figure).
We have, on the data channel:

I1(t) = Asd(t)CMs(t− τs)CMs(t− τ̂s)
cos(2π(fs − f̂s)t+ θs) + ηI

s (t) (37)

Q1(t) = Asd(t)CMs(t− τs)CMs(t− τ̂s)
sin(2π(fs − f̂s)t+ θs) + ηQ

s (t) (38)

I2(t) = Asd(t)CMs(t− τs)CMs(t− τ̂s)
cos(2π(fs − f̂s)t+ θs − θ̂s) + ηI

s (t) (39)

Q2(t) = Asd(t)CMs(t− τs)CMs(t− τ̂s)
sin(2π(fs − f̂s)t+ θs − θ̂s) + ηQ

s (t) (40)

In these expressions I1(t) and I2(t) are the in-phase com-
ponents and Q1(t) and Q2(t) are the quad-phase components
calculated respectively with the POL and the PLL. As is the
signal amplitude; it is normalized to drive the noise variance
of ηI

s (t), ηQ
s (t) to 1. It is a function of the signal to noise

ratio S/N0. The noise is supposed to be white, Gaussian, and
centered. Parameters are estimated every 20 milliseconds, the
period Tc of the CM code. The GPS signal is down converted
(in order to be sampled) at an intermediate frequency by means
of a down-converter driven by a local clock oscillator. In this
context the clock noise disturbances are modelled as normal

random walks [18]. At the ith period of code, N being the
number of samples integrated, we have:

I1i(∆) =
N∑

k=1

I1(t)√
N

=
√

2 S/N0 dt d(t) R(τei −∆)

sinc(fei
+
αi Tci

2
) cos(θsi

) + ηI
i (41)

Q1i(∆) =
N∑

k=1

Q1(t)√
N

=
√

2 S/N0 dt d(t) R(τei
−∆)

sinc(fei +
αi Tci

2
) sin(θsi) + ηQ

i (42)

In these expressions R(. . .) is the normalized correlation
function of the CM code. sinc(. . .) is a function that models
the error on the estimate of the carrier frequency. τe = τs− τ̂s
and fe = fs− f̂s are the respective code delay, frequency and
phase errors. The acquisition module provides initial values
of the GPS signal parameters, so these errors are supposed to
be close to zero at the beginning of the tracking stage. τei

is estimated using a coherent discriminator. Finally the value
of S/N0 is obtained when Ii(0) is maximum, so for fei = 0
and τei = 0. The measurement of the phase is obtained by the
formula:

φs = arctan
I1i

Q1i

(43)

The same process can be realized on the pilot channel, allow-
ing fusing phase measurements obtained on both channels. The
resultant estimation is then filtered.

V. EXPERIMENTATIONS

We want to show the contribution of the proposed tools,
namely the Phase Open Loop tracking architecture, the
circular fusion operator and the circular particle filter, by
confronting them to the classical tools: the Phase Lock Loop,
the weighted sum fusion operator and the Extended Kalman
Filter. First of all we realize experiments with a synthetical
GPS-L2C signal generated for different Signal to Noise
Ratios (SNR). The feasability of the proposed method will
then be assessed on a real signal. To evaluate and confront
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Figure 4. Fused phase and circular distance comparison

the obtained results, we estimate the circular distance d
[π]
c

and the circular dispersion D
[π]
v for angular values between

−π/2 and π/2 with the following expressions [6]:

d[π]
c (φk, θk) = 1− |cos(θk − φk)| (44)

D[π]
v (φk, θk) = n−

n∑
k=1

|cos(θk − φk)| (45)

When the circular difference θk−φk equals 0 or π, the circular
distance d

[π]
c reaches zero, its minimum. When |θk − φk|

equals π/2, the circular distance reaches 1, its maximum.

A. Experimentations on synthetic data

To assess the contribution of the methods described in this
paper, we simulate a L2C signal with SNR of 50 dBHz, 40
dBHZ, 30 dBHz et 20 dBHz. The sampling frequency is fixed
at 6 MHz and the simulation length is of one minute. We first
prove the contribution of the circular fusion operator used in
a POL in comparison with the weighted sum operator used
in a PLL. The phase measurements are fused from the two
channels of the simulated signal.

We show figure 4 the results obtained for the phase fusion
with each operator and for a SNR of 30 dBHz. On the left, we
represent the real phase and the fused measurements obtained
with the linear domain fusion operator and the circular domain
fusion operator. The results are close except on the [0;π)
transitions, where the weighted sum operator doesn’t fit,
considering these transitions as abrupt changes.

SNR (dBHz) 50 40 30 20
Measurement 0.033 0.068 0.098 0.186
Classical operator 0.117 0.192 0.222 0.322
Proposed operator 0.019 0.036 0.051 0.128

Table I
CIRCULAR DISPERSION FOR THE FUSED PHASE (MEAN ON 200

REALISATIONS).

The table I presents the circular dispersion values obtained
for the pilot channel phase measurement and the phase mea-
surements fused by each operator. One can see that the classi-
cal linear operator causes error largers than the ones obtained
by the real measurement. On the contrary, the circular fusion
operator nearly divides the circular dispersion per two. It
corresponds to the performance of the weighted sum operator
when it is used in the linear domain.

We show figure 5 the results on the phase estimation from
the measurements of the figure 4. The measures obtained from
our fusion operator are filtered by our particle filter and the
measures obtained from the weighted sum operator are filtered
by an Extended Kalman Filter. One can observe that in the case
of a signal with a SNR of 30 dBHz, the EKF doesn’t solve the
problems of the [0;π] transitions and doesn’t provide accurate
estimations of the pulsation. Indeed, the estimated phase is
delayed when the pulsation is underestimated. By comparing
the circular distances of figures 4 and 5, one can note that the
circular distance between the phase estimated by the circular
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Figure 5. Estimated phase and circular distance comparison

SNR (dBHz) 50 40 30 20
Measurement 0.033 0.068 0.098 0.186
Classical filter (θ̂/ψ̂) 0.093 / 0.00123 0.133 / 0.00756 0.225 / 0.01807 0.383 / 0.0392
Proposed filter (θ̂/ψ̂) 0.0053 / 0.000345 0.00089 / 0.000862 0.00124 / 0.00186 0.00266 / 0.00486

Table II
CIRCULAR DISPERSION FOR THE ESTIMATED PHASE AND ANGULAR VARIATION(MEAN ON 200 REALISATIONS).

filter and the real phase is distinctly less than the cricular
distance obtained by the fusion operator alone. The same
conclusion can be done with the results shown table II. We
present also the circular dispersion on the estimated angular
variation, proportional to the pulsation. The proposed methods
gives also the better results in terms of circular dispersion.

B. Experimentations on real data
To prove the feasability of the proposed methods on real

data, we represent figure 6 the in-phase component obtained
with the tracking of a GPS-L2C data channel. This component
is calculated by equation 41 with ∆ = 0. The signal is in a
first experimentation tracked by a vector tracking loop [16]
and in a second experimentation by the tracking architecture
proposed figure 3. We observe with the prompt values of the
data channel that the results given by the proposed method are
of higher amplitude and less noisy than the results given by the
vector tracking loop. This is due to a better demodulation of
the signal thanks to a better estimation of the phase. The phase
estimated by each process is shown in figure 7. We can see

Figure 6. Observed in-phase component

that the variance of phase estimations is indeed higher for the
vector tracking loop compared to the proposed architecture.
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Figure 7. Estimated phase on real signal

VI. CONCLUSION

This paper demonstrates that in order to process angular
data, the fusion and filtering tools have to be defined in a
Bayesian circular inference.

We propose a fusion operator defined in the likelihood
maximum sense with von Mises distribution. We prove that the
developed operator permits to reduce the variance of the mea-
surements to fuse even if there are abrupt changes associated
to transitions between the bounds of the definition interval.
Moreover, we show that in the case of low angles ranging
around the center of the definition interval, the developed
operator is equivalent to the weighted sum defined in the linear
domain, which is the optimal fusion operator.

We propose a circular particle filter for the estimation of
phase delay and pulsation. The major improvement brought
by the circular filter compared to a linear filter is the absence
of unwanted smoothing when the measurement reaches the
definition interval bounds.

The developed tools are applied to the estimation of GNSS
phase delay obtained from the GPS-L2C signal pilot and
data channels. We propose a Phase Open Loop architecture
for GPS signals tracking. The contribution of each proposed
tool compared to the classical fusion operator and filter is
demonstrated. We show in the experimentation that our fusion
operator gives the same results as the classical linear fusion
operator when measurements don’t have abrupt transition
between π/2 and −π/2, the bounds of the interval. In the
opposite case, the proposed fusion operator is more accurate.
Furthermore, we show that the proposed circular particle filter
is more accurate than the classical Kalman filter and that
we can solve the ambiguity of the measurements used as

observations in the filter. The feasability and the benefit of the
proposed tracking architecture is demonstrated on real data.

The prospects of this article are the detection of phase cycle
slips in GNSS signal processing and the use of covariance in
circular filtering.
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