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Abstract—In this paper, we address the multimodality of the
filtering distribution in the context of ambiguous measurements.
In terrain navigation, the similarities in the elevation profiles
can lead to multiple modes in the posterior distribution. Typical
experiments based on standard particle filters show that the filter
tends to lose the true mode as time goes on. Using a clustering
algorithm, a new filter based on a mixture representation with
local regularization is introduced and displays good robustness
properties.
Keywords: Particle filtering, Mixture filters, Multimodal-
ity, Regularized particle filters, Terrain navigation, Clus-
tering.

I. INTRODUCTION

Particle filters have recently proved to be the most efficient
solution to non-linear/non gaussian filtering in a wide range
of applications. They were introduced in a Bayesian setting
where recursive computation of the approximate posterior
distribution is made tractable once a dynamic markovian
model and a likelihood model are defined.
Besides its ability to deal with non linearities in both the
dynamics and the observation model, particle filtering is suited
to multimodality in the posterior distribution. However, it
has been observed that usual particle filters are not always
successful at keeping more than one mode in the posterior
distribution [1]. This can be critical in applications where
the measurements are ambiguous for a long stretch. Another
issue, specific to the standard regularized particle filter is that
the resampling procedure often fails when the modes in the
filtering distribution are well separated.
In this paper we propose to adapt mixture particle filters
to the problem of terrain navigation. After underlining the
relationship between mode loss and resampling in section
II, we recall the basics of mixture filters in section III and
show how it can be applied to regularized particle filters [6].
Simulations show a gain in robustness especially when the
resampling rate is high.

II. RESAMPLING AND LOSS OF MULTIMODALITY

Consider the following popular state/space model, analyzed
in particular in [2]:{

Xk = Xk−1 +Wk

Yk = X2
k + Vk

(1)

where Wk ∼ N (0, σ2
w) and Vk ∼ N (0, σ2

v). The observation’s
ambiguity leads to a multimodal filtering distribution with

symmetric modes around zero. In [2], it was observed that
the classical particle filter loses track of one of the modes
after a few iterations.

To get an insight into why resampling can lead to a loss
of mode, we introduce a simple probabilistic experiment. We
evidence mathematically that repeated resampling leads to a a
loss of mode in a multimodal setting. Let {X0

1 , · · · , X0
N} be a

sample set generated according to a bimodal distribution with
symmetric modes around zero. In practice, X0

i can be drawn
from a gaussian mixture ρN (−1, 0.1) + (1 − ρ)N (1, 0.1),
where 0 < ρ < 1. A simple classification rule is to assign X0

i

to the first mode if X0
i < 0 and to the second one otherwise.

Now by drawing N samples uniformly with replace-
ment from the initial set, we obtain a new collection
{X1

1 , · · · , X1
N}. Denote {Xk

1 , · · · , Xk
N} the sample set at

time k drawn from {Xk−1
1 , · · · , Xk−1

N } according to the same
procedure. This is analogous to the Wright-Fisher model [13]
widely studied in population genetics. Let A = (Ak)k≥0
be the number of Xi

k’s belonging to the first mode. Ak ∈
{0, 1, · · · , N}. it is easy to see that Ak is a markov chain
with binomial transition probability B(N, Ak−1

N ) ie.:

P(Ak = j|Ak−1 = m) =

(
N

j

)(m
N

)j (
1− m

N

)N−j
= pmj

(2)
The states {0, N} are said to be absorbent since once the
Markov chain A reaches either one it remains attached to that
state. Note that because A is also a bounded martingale it
converges a.s to X∞. Since 0 and N are the only absorbing
states, X∞ ∈ {0, N}. This ensures that the time of absorption
τ = inf{n|An ∈ {0, N}} is almost surely finite. Let ti =
Ei[τ ] = E[τ |A0 = i] be the mean time of mode loss. The
Markov property yields the following equation [13]:

1 +
∑N

j=0 pijtj = ti ∀i = 1 · · ·N − 1 (3)

where pij is the transition matrix defined in (2). This is a linear
equation involving (t1, ..., tN ) so a solution can be obtained
through matrix inversion. For large N , the following simple
approximation [13] is often preferred:

E[τ |A0 = bnxc] ∼
N→∞

−2N (x lnx+ (1− x) ln(1− x))

(4)
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Figure 1. Mean Time of Absorption versus initial proportion x. Red Line :
theoretical approximation, Blue Line : empirical mean time

x being the initial proportion of samples belonging to the first
mode. Note that the mean time of absorption is linear with
respect to N which is, in the filtering context, the number of
particles.

Figure 1 shows the adequation of the theoretical mean
time of loss (4) and the empirical one computed with 500
runs. The theoretical mean time of mode loss is around 138
iterations for N = 100 and x = 1/2. Note that this estimate
has a high empirical standard deviation (100) which means
that the probability of losing a mode can be high after only
a few iterations. This experiment illustrates that resampling
automatically leads to a mode loss in a finite time.
For comparison’s sake we ran a bootstrap filter [4] with 100
particles for the state/space model defined in (1). The true
state was simulated according to the equations state in (1). x0
was drawn from a mixture of symmetric uniform distribution
1
2U(−6.01,−5.99) + 1

2U(5.99, 6.01). The process and mea-
surement noise variance where σ2

w = 0.01 and σ2
v = 0.01.

The mean time of mode loss was found to be around 11
iterations. This lower number can be accounted for by the
fact that the resampling is done according to the normalized
weights which evolve through time. In the next section, we
describe a general framework for limiting mode loss through
the use of a mixture representation and derive a new algorithm
for regularized particle filters.

III. MIXTURE FILTERING

A. General model

Let Xk be the state of an object partially observed through
a series of measurements Yk. We assume the following state-
space model : {

Xk = fk(Xk, wk)
Yk = hk(Xk) + vk

(5)

where the process noise wk and the measurement noise vk are
mutually independent, i.i.d sequences. We also assume that

Table I
SIR ALGORITHM WITH TRANSITION PRIOR PROPOSAL

Initialization Draw N i.i.d samples xi0 ∼ p(dx0)
Set wi

0 = 1
N

for k ≥ 1 Draw N i.i.d xik ∼ p(dxk|x
i
k−1)

Update the weights ωi
k = ωi

k−1g(yk|x
i
k)

Normalize ωi
k =

ωi
k

N∑
j=1

ωj
k

Compute Neff =
1∑N

i=1 ω
i
k
2

Resampling

if Neff is below a given threshold

Resample the set of particles

end if

vk ∼ pv(x)dx, where pv is a density w.r.t to the Lebesgue
measure.

Our aim is to recursively approximate the filtering
distribution pk = p(Xk|Y0:k). One may iteratively update the
filter through the following steps :

• Prediction Assume pk−1 = p(Xk−1|Y0:k−1) is available.
Then the predictive distribution can be computed through
the following equation :

p(Xk|Y0:k−1) =

∫
p(Xk|xk−1)p(xk−1|Y0:k−1) dxk−1

(6)
• Measurement Update The filtering distribution is obtained

through Bayes rule.

p(Xk|Y0:k) =
g(Yk|xk)p(xk|Y0:k−1)∫
g(Yk|xk)p(xk|Y0:k−1) dxk

(7)

g denotes the likelihood of the observation given the actual
state and can obtained easily since we assume additive mea-
surement noise. We also assume some prior distribution p(X0)
on the initial state. The classical SIR algorithm approximates
pk by the empirical weighed sum

p̂Nk =
N∑
i=1

ωi
kδxi

k
(8)

where δxi
k

denotes the dirac measure at xik.
The filtering problem is then reduced to a weight and particle
update (see table I).

It is often necessary to resample the set of particles when
weight degeneracy occurs. Indeed, after a few time steps, the
empirical distribution p̂Nk tends to have few particles with sig-
nificant weight, meaning that p̂Nk will be a poor approximation
of the filtering distribution. The main resampling procedures
usually consists in duplicating the particles with high weights
and discarding those with low weights any time the variance
of the normalized importance weights is too high. To monitor
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this variance, an empirical criteria called effective sample size
(Neff ) is often used.

Neff =
1∑N

i=1 ω
i
k
2 (9)

Resampling occurs anytime Neff falls below a given threshold
Nthresh.

As explained in section 2, we may lose the multimodality of
the underlying distribution if we resample often. To mitigate
this issue the use of a mixture filter representation has often
been advocated in visual tracking [2] and robot localization
applications [3], the idea being that each mixture component
should ideally track a mode. Such a representation can be
written as follows :

p(Xk|Y0:k) =
L∑

l=1

αl,kpl(Xk|Y0:k) (10)

where the mixture weights satisfy
L∑

l=1

αl,k = 1 and L is the

number of components.
Let us recall briefly how the mixture representation can
be updated. Let p(Xk−1|Y0:k−1) be the current filter
representation.

• Prediction Step The predictive distribution is obtained as
in (6), i.e. :

p(Xk|Y0:k−1) =

L∑
l=1

αl,k−1pl(Xk|Y0:k−1) (11)

where

pl(Xk|Y0:k−1) =

∫
p(Xk|xk−1)pl(xk−1|Y0:k−1) dxk−1

• Measurement update One may show using (7) that :

p(Xk|Y0:k) =
L∑

l=1

αl,kpl(Xk|Y0:k) (12)

where

pl(Xk|Y0:k) =
g(Yk|Xk)pl(Xk|Yk−1)∫
g(Yk|xk)pl(xk|Y0:k−1) dxk

and

αl,k =
αl,k−1pl(Yk|Y0:k−1)∑L

j=1 αj,k−1pj(Yk|Y0:k−1)

The second equation shows that the mixture weights can be
updated recursively provided that an estimate of the predictive
likelihood is available for each component.

B. Mixture Particle Filtering
The previous section explained how to update recursively

the mixture representation in the Bayesian framework.
We shall now address how particle filtering can yield a
practical implementation of mixture filters. In their most
general setting, particle filters can approximate the filtering
distribution without constraining the dynamic and observation
models to be linear and/or gaussian. Furthermore, they
are particularly suited when the filtering distribution is
multimodal.

Similarly to III-A, let L be the number of mixture compo-
nents and αl,k the mixture weights at time k. Each component
pl is tracked by a particle filter with a set of Nl particles i.e.:

pl ≈
Nl∑
i=1

ωi
l,kδxi

l,k
(13)

From (11), it is clear that the prediction step will be done
independently for each mixture component using the dynamic
model. The same goes for the intra-component weight update
which can be done as outlined in I. More generally, if
q(dxk|xik−1, yk) is the proposal distribution used for the
particle set propagation, the update rule is :

ω∗,il,k = ωi
l,k−1

g(yk|xil,k)p(xil,k|xil,k−1)

q(xil,k|xil,k−1, yk)
(14)

ωi
l,k =

ω∗,il,k∑Nl

j=1 ω
∗,i
l,k

(15)

Then the particle approximation of our mixture filter is as
follows :

p̂N =

L∑
l=1

αl,k

Nl∑
i=1

ωi
l,kδxi

l,k
(16)

where
∑L

l=1Nl = N , N being the total number of particles.
Note that in this setting, resampling is done locally for

each mixture component. This way we can expect to maintain
multimodality over time. The mixture weights αl,k reflect the
likelihood of each mode and can be evaluated recursively by
working out the predictive likelihood of each component.

Ll(y) = pl(yk|y0:k−1) =

∫
pl(yk, xk|y0:k−1)dxk =

∫ ∫
gl(yk|xk)p(xk|xk−1)pl(xk−1|yk−1)dxkdxk−1

Replacing pl(xk−1|yk−1) by its particle approximation yields

Ll(y) ≈
∫∫

gl(yk|xk)p(xk|xk−1)

Nl∑
i=1

ωi
l,k−1δxi

l,k−1
dxk−1dxk

≈
∫
gl(yk|xk)

Nl∑
i=1

ωi
l,k−1p(dxk|xil,k−1)
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For bootstrap filtering, the latter integral can be evaluated
since {xil,k, i = 1 · · ·Nl} is an i.i.d sequence drawn from
the mixture

∑Nl

i=1 ω
i
l,k−1p(dxk|xil,k−1). Thus,

pl(yk|y0:k−1) ≈
N∑
i=1

gl(yk|xil,k) = w+
l,k (17)

and

αl,k ≈
αl,k−1w

+
l,k∑L

j=1 αj,k−1w
+
j,k

(18)

Note that in this section, {ωi
l,k}i denotes the set of weights

before resampling.

Recall that throughout this paper, we have implicitly sup-
posed that the number of mixture components is known
beforehand and remains fixed over time. Ideally, we wish
for each mixture component to represent a mode of the
target filtering distribution. Although, in some applications this
makes sense (for instance when tracking a fixed number of
objects in a video sequence), in terrain navigation, the number
of modes evolves over time so an additional step is needed in
order to maintain the mixture representation.

At time k − 1, the filter outputs p̂k−1 =
Lk−1∑
l=1

αl,k−1p̂l(Xk−1|Y0:k−1). At time k, after the correction

step p̂k =

Lk−1∑
l=1

αl,k

∑
i∈Il

ωi
kδxi

k
may be a mixture where each

component overlaps or contains several modes. If this is the
case, we need to compute another mixture representation with
as many unimodal components as possible.

Lk∑
l=1

βl,k
∑
j∈Jl

νjkδxj
k

(19)

where Lk is the number of new components. p̂k can be
rewritten as

p̂k =
N∑
i=1

αc1(i),kω
i
kδxi

k

we also consider the following expression obtained using the
new representation,

p̂k =
N∑
i=1

βc2(i),kν
i
kδxi

k

where c1(i) (resp. c2(i)) is the component number for par-
ticle i in the old mixture representation (resp. new mixture
representation). In this case (see [2]), we have

βl,k =
∑
i∈Jl

αc1(i),kω
i
k (20)

Jl being the set of sample indices pertaining to the lth mixture
component in the new representation defined in (19).
The new particle weights satisfy :

νik =
αc1(i),kω

i
k

βc2(i),k
(21)

Note that it’s unnecessary to maintain a mode if the corre-
sponding weight is too low i.e. less than a given threshold. To
maintain a constant number of particles, an additional step
consisting in sampling from the mixture composed by the
remaining components is required.
In our terrain navigation application, we used mean shift
clustering in order to maintain and update the mixture rep-
resentation. Introduced in [9], it is a non parametric technique
that does not require the number L of clusters to be known
in advance : this is useful since L changes with time. Due to
similarities in terrain profiles, there is ambiguity on the Xx and
Xy coordinates of the mobile’s position : in short, a measure of
the ground clearance yields multiple locations in the horizontal
plane, causing multimodality of the posterior distribution.
Hence, it’s sufficient to perform 2D spatial clustering to
determine the components of our mixture representation.
The mean shift algorithm is based on the determination of
the modes of the underlying spatial density through gradient
ascent. Given N particles xi, the following kernel density
estimate is used for mode finding :

f̂(x) =
1

NBd

N∑
i=1

KB(x− xi) (22)

where KB is a gaussian or Epanechnikov kernel and B is a
bandwidth parameter.
A cluster is defined as a set of points which converge to the
same local maximum. The bandwidth parameter can be typi-
cally chosen so as to have a reasonable degree of separation
between the clusters. In terrain aided navigation, we found
that the use of a fixed bandwidth parameter over time did not
degrade the clustering performance.

C. Locally regularized particle filtering

In the previous subsection we have presented the mixture
particle filtering in a Sequential Importance Resampling (SIR)
framework. As a general rule, repeated resampling introduces
a loss of diversity in the set of particles. In some cases, the
consequences can be extremely severe. For instance, when
the process noise is low with respect to the initial uncertainty,
the particles tend to accumulate in one zone of the state
space. The same can also be observed in the case of a highly
peaked likelihood function : this typically happens when the
observation noise is additive and very low. This can lead
to a high rate of divergence of the classical particle filter if
nothing is done to recreate some diversity. The Regularized
Particle Filter (RPF) [6] alleviates the loss of diversity by
replacing the discrete approximation p̂Nk by a continuous
one via a regularization scheme. One of the key steps in the
RPF algorithm is the whitening procedure that occurs in the
resampling step : by adding noise in a controlled fashion,
the particles regain diversity. However when the filtering
distribution is multimodal, with modes that are dispersed,
it was observed that whitening often leads to unstable filter
behavior. This can be explained as follows : whitening
transforms the sample uncertainty from an ellipsoid to a
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sphere. Then after whitening, noise is added in this sphere. In
the case where we have 2 or more modes, whitening deforms
the true shape of the underlying density.
In the following, we present a new procedure aimed at
robustifying the RPF through local regularization performed
via the use of a mixture representation.

In density estimation, a regularization kernel is a density
function K : Rd → R+ satisfying the following conditions :∫
K(x) dx = 1

∫
xK(x) dx = 0

∫
‖x‖2K(x) dx <∞

for h ≥ 0 (bandwidth), the scaled kernel is

Kh(x) =
det(S−1/2)

hd
K(

S−
1
2x

h
) (23)

where S is the sample covariance.
Let µ̂N =

∑N
i=1 ω

iδxi be a discrete probability measure
approximating a certain continous distribution µ with density
f(x)dx. Then the regularized measure of µ̂N has a density

(Kh ∗ µ̂N )(x) =

N∑
i=1

ωiKh(x− xi) (24)

where ∗ is the convolution operator.

The choice of the parameters h and K is done by min-
imizing the MISE criterion (Mean Integrated Square Error)
between the regularized distribution and the true distribution,
i.e. E

∥∥Kh ∗ µ̂N − µ
∥∥2
2
. The optimal Kernel is the Epanech-

nikov kernel (see [10]). In the case where µ represents a
multivariate Gaussian distribution with unit covariance, the
optimal bandwidth for the Epanechnikov kernel is

hopt = D(K)N−
1

d+4 (25)

where D(K) = (8cd
−1(d + 4)(2

√
π)d)(1/d+4) and cd is the

volume of the unit sphere.
In the standard RPF, particles are resampled from the
continous distribution (Kh ∗ p̂Nk )(dx). We briefly recall the
regularized particle filter algorithm hereafter :

Resampling step in the Regularized Particle Filter

at time k, compute Neff according to (9)
if Neff ≤ Nthresh

• compute the empirical covariance matrix S of {xik}i
• compute Ak such that AkA

T
k = S

• resample {xik}i according to their weights to obtain a
new set of particles {x̃ik}i

• draw N iid samples ηi from the Epanechnikov kernel K,
i = 1 · · ·N

• set xik = x̃ik + hoptAkη
i where hopt is given in (25).

end if

In its basic form, the RPF uses a fixed bandwidth parameter
even when multivariate distribution are involved. By adding

a whitening procedure, we can avoid using d bandwidth
parameters for each dimension of our state model. One
only needs to work with the whitened samples {S−1/2xik}i.
However this can yield very bad results when p(Xk|Y0:k) is
multimodal, especially when the modes are well separated.

To circumvent this, we propose the use of the mixture
representation. Assume the filtering distribution admits the
following representation :

p(Xk|Y0:k) =

L∑
l=1

αl,kpl(Xk|Y0:k) (26)

Each component pl is estimated via the RPF. In the same
way resampling was done independently for each mixture
components in the SIR framework, we shall regularize each
pl individually during the resampling step. The idea is that
if the above representation is well chosen, each pl should be
unimodal or have undistinguishable modes.
Hence we expect the whitening procedure to maintain the
shape of the density of each component. Moreover, in the
computation of the optimal bandwidth parameter hopt, the
filtering distribution is assumed to be gaussian. This, of course,
isn’t necessarily the case. By using the gaussian assumption
for each mixture component, we expect a more accurate
resampling procedure.

Let p̂l =
∑Nl

i=i ω
i
l,kδxi

l,k
be the empirical density of the

lth mixture component at time k, prior to the regularization
step. In the local regularization procedure, we first compute the
empirical covariance matrix of {xil,k}i=1···Nl

, denoted by Sl,k.
We then obtain Al,k such that Al,kA

T
l,k = Sl,k. The choice of

the bandwidth now also depends on our mixture components
pl.

hlopt = D(K)N
−1
d+4

l (27)

where Nl denotes the number of particles for the lth

component.
The new set of resampled particles can be worked out as
follows :

xil,k = x̃il,k + hloptAl,kη
i (28)

where {ηi}i is an iid sample of size Nl drawn from
the Epanechnikov kernel and {x̃ik,l}i denote the particles
resampled multinomially according to their weights. The
corresponding algorithm is summarized below :

• k = 0

– sample xi0 ∼ p0(dx0)
– compute the normalized weights wi

0

– determine a mixture representation {p̂0,l} with com-
ponent weights {α0,l}, l = 1 · · ·L0 using the mean
shift clustering

• k ≥ 1
for each of mixture component p̂k−1,l, l ∈ 1 · · ·Lk−1

– sample xil,k ∼ p(dxk|xil,k−1) i = 1 · · ·Nl
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– compute the intra component normalized weights
wi

l,k according to (15)
– compute mixture weight αl,k according to (18)

end for
update the mixture representation according to (20) and
(21), obtain Lk components
Local regularization step
for each of mixture component p̂k,l

– compute N l
eff

– if N l
eff ≤ N l

thresh, resample according to (28),
where the resampling threshold is defined as a frac-
tion of the total number of particles in the component
N l

thresh = γNl.
end for

IV. APPLICATION OF MIXTURE PARTICLE FILTERS TO
TERRAIN NAVIGATION

We consider an aircraft equipped with an INS (inertial navi-
gation system). Such systems provide estimates of the mobile’s
position, speed and its attitude thanks to internal sensors such
as accelerometers and gyrometers : accelerometers measure
the specific force whilst gyrometers yield the inertial rotational
angular velocity. The integration of the navigation equations
leads to an estimate of the aircraft’s position.
It is well known that the INS position, speed and attitude
estimates drift over time and a regular update is necessary
in order to maintain reasonable knowledge of the mobile’s
position.
Several particle filters ( [7], [12]) relying on numerical terrain
models have been tested since the development of sequential
Monte Carlo method. After recalling the dynamic and mea-
surement model, we show how terrain ambiguity can lead to
severe filter divergence and how we can mitigate this issue
when using locally regularized particle filters.

A. Dynamic and measurement model

In this section we will consider the problem of
estimating the absolute position and speed Xk =(
Xx

k , X
y
k , X

z
k , Ẋ

x
k , Ẋ

y
k , Ẋ

z
k

)
of an aircraft. For the sake of

simplicity, inertial measurements are not taken into account.
The dynamical model considered is the following first-order
equation :

Xk = FXk−1 +Wk (29)

where

F =


1 0 0 ∆ 0 0
0 1 0 0 ∆ 0
0 0 1 0 0 ∆
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 (30)

A radioaltimeter onboard measures the relative height along
the path and the aircraft. Thanks to a digital terrain database,
it is possible to compare the measured profile and all those

contained in the database. In this setting, the digital terrain
elevation is a function of coordinates Xx and Xy .
Thus the measure provided by the radioaltimeter is modelled
as follows:

Yk = Xz
k − hTE(Xx

k , X
y
k ) + Vk (31)

where hTE is the the terrain elevation data and Vk is an
additive gaussian noise accounting for the radio-altimeter
measurement error. We assume the error between the real
terrain profile and the terrain elevation data to be negligible
with respect to the measurement noise. Equations (29) and
(31) provide a bayesian setting in which particle filtering
methods are suited.

One of the main difficulties of terrain aided navigation via
radioaltimeter measurements is the ambiguity that may arise
due to similar terrain profiles in the immediate surroundings
of the aircraft. This can be further aggravated when the
measurement noise has a high variance. This leads to a
multimodal filtering distribution and the issues of mode loss
due to resampling arise (see section II). The other important
drawback in a highly ambiguous scenario is the increase of
divergences of the RPF when frequent resampling occurs.

To maintain the modes throughout the path of the aircraft
until a portion of unambigous terrain data appears, we propose
the use a mixture of regularized particle filters. Furthermore
robustness issues specific to the regularization procedure shall
be analyzed.

V. SIMULATION RESULTS

This section presents the performance of the mixture
regularized particle filters in the context of important terrain
ambiguity. We are interested in maintaining multimodality
until the terrain is unambiguous as well as quantifying a
possible gain in robustness induced by the local regularization
procedure detailed in section III-C.

We consider an aircraft moving along a straight path at a
constant speed of v0 = 156 m.s−1 during approximately four
and half minutes.
The mean of the initial particle cloud is drawn from a gaussian
centered around the true position with covariance matrix P0 =
diag(1000m, 1000m, 100m, 5m.s−1, 5m.s−1, 1m.s−1)2. The
time step ∆ is 0.7s. The radio-altimeter measurement noise
is modeled as a zero mean gaussian random variable with
standard deviation σv = 15 m.

In the numerical studies, we worked with N = 1000, 2000
and 3000 particles. Since the resampling criterion is crucial
we also included it in our analysis through the use of the
effective sample size defined in (9). Resampling scenarios
went from sparse resampling to systematic resampling
(Bootstrap filter).
First, the overall performance was assessed by evaluating the
rate at which each filter converges. We consider a filter run
to be a case of convergence if the final position was within
the 99% confidence ellipse centered around the true position.
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Figure 2. The regularized particle filter with a mean shift procedure : each
coloured cloud represents a mode of the filtering distribution. Dashed line :
horizontal position estimate, Solid line : true position

Figure 3. Convergence rate of the Mixture RPF (solid line) and standard RPF
(dashed line) plotted against γ such that Nthresh = γN (1000 particles)

Figure 4. Convergence rate of the Mixture RPF (solid line) and standard RPF
(dashed line) plotted against γ such that Nthresh = γN (2000 particles)

Figure 5. Convergence rate of the Mixture RPF (solid line) and standard RPF
(dashed line) plotted against γ such that Nthresh = γN (3000 particles)

Figure 6. RMSE evolution for the x coordinate of the Mixture RPF (solid
line) and standard RPF (dashed line) (3000 particles)

Figure 7. RMSE evolution for the x speed coordinate of the Mixture RPF
(solid line) and standard RPF (dashed line) (3000 particles)
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This ellipse is given by the Posterior Cramer-Rao Bound
(PCRB) [11]. 300 Monte Carlo runs were used in order to
derive these rates.

Figures 3, 4 and 5 show the convergence rate as a function of
a parameter γ such that the threshold Nthresh = γN when the
resampling criterion is the effective sample size. A small value
of γ indicates that we resample sparingly whereas a higher
value will increase the resampling rate. In the study case, the
average resampling rate was around 6% for the standard RPF
when setting Nthresh = N/3 and 30% for Nthresh = 3N/4.
According to our results, the mixture RPF outperforms the
standard RPF in terms of convergence whenever the effective
sample size threshold is set such that Neff >

N
2 . In particular,

the algorithm fares significantly better when we resample of-
ten. For instance in the extreme case of systematic resampling,
the standard regularized particle filter fails to converge when
using 2000 or 3000 particles whereas its mixture version
keeps track of the true state in 34% of the runs. This is
an interesting point since often times one can only set the
resampling threshold once and for all, which may turn out to
be suboptimal depending on the terrain. Hence, its desirable
to have an algorithm which is less sensitive to the choice of
this resampling parameter.
Additionally, in the standard RPF , the empirical covariance
of the resampled particles tends to be significantly greater than
what we would obtain by using local regularization. By locally
whitening the data, we avoid this unstable behavior and are
able to keep modes in the posterior density.
Finally, the comparison of the Root Mean Squared Error
(RMSE) of both algorithms (figures 6 and 7) did not reveal any
significant difference, thus underlining that the main aspect lies
in the greater stability of the mixture version of the RPF. Note
that the all the comparisons were carried out by using the same
number of particles for both algorithms and that the RMSE
was computed by taking into account only the convergent
trials. Finally, the overhead cost of the clustering algorithm
used to maintain the mixture representation is moderate.

VI. CONCLUSIONS

We have proposed a particle filter adapted to maintaining the
modes of the filtering distribution in terrain navigation. In this
context, the terrain ambiguities lead to multimodality in the
posterior density. The novel algorithm is based on a mixture
representation of the RPF where resampling is performed for
each mixture component. A clustering algorithm ensures that
each mixture component corresponds to a mode of the filtering
distribution. The algorithm is compared with the classical RPF
and proves to be more robust in that it is less sensitive to
resampling and is able to keep track of the true state at a
higher rate.
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