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Abstract—This paper addresses the problem of tracking a
maneuvering target from passive measurements collected by a
single observer. The target motion is characterized by several
legs where in each leg the target moves with a constant speed
and course. Course changes can be performed almost instanta-
neously. Furthermore, the observer takes either bearings-only or
combined bearing and bearing rate measurements obtained by
signals originating from the target. Here, the measurements are
acquired by taking advantage of signal processing using a sensor
array. In order to estimate the target state, a nonlinear Bayesian
estimator, more precisely the marginalized particle filter, is
applied in this work. Additionally, the times of course changes
are detected employing a chi-square test. Finally, a comparison
of the estimation results, obtained by Monte Carlo simulations, is
performed between the cases of bearings-only measurements and
combined bearing and bearing rate measurements. It is shown
that a superior performance is achieved when using combined
bearing and bearing rate measurements.
Keywords: Bearings-only tracking, bearing rate, target
motion analysis, maneuvering target, particle filter, change
detection.

I. INTRODUCTION

The estimation of the state of an emitting source from passive
measurements collected by a single moving observer is a
widely investigated problem, see Fig. 1. It is commonly
referred to as target motion analysis (TMA) [1] or, more
specifically, bearings-only target motion analysis (BOTMA) [2]
if only line-of-sight angles are considered. This problem is
encountered in various fields like airborne and underwater
applications. Generally, TMA is known to be a difficult
problem since passive angular measurements imply a high
degree of nonlinearity. A further issue is that, in general, the
target state is not fully observable unless the observer performs
a maneuver [1], [3]. That means, without a maneuver the
observer does not have sufficient information to estimate the
target range and therefore the full target state [4].

State estimation of targets by means of passive measure-
ments can be performed in various ways. On the one hand,
especially in the (long-range) passive sonar context, maximum
likelihood estimation (MLE) methods with a batch processing
of data, e.g. all past measurements, have been preferred [5].
They provide an acceptable estimation accuracy to the cost
of a high computational burden. On the other hand, recursive
Bayesian filtering methods have been applied in the context
of flying and underwater emitters [6], [7], among others. Due
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Figure 1. Target-observer geometry: The observer, moving along a path
described by (xsk, y

s
k), takes bearings-only measurements αm

k or combined
bearing and bearing rate measurements, αm

k and α̇m
k , from the target. The

target with true location (xtk, y
t
k) is moving with a constant velocity and is

performing a course change at time t̃1.

to the considered estimation problem, only approaches able
to handle a nonlinear measurement model can be employed.
These include various forms of the extended Kalman filter
(EKF), like its range-parameterised version RP-EKF, as well
as implementations using different coordinate systems like
modified polar coordinates and log polar coordinates [4]. More
recent approaches involve the unscented Kalman filter (UKF),
as well as particle filters [8]–[10]. Since the assumed motion
models are often linear, approaches exploiting linear sub-
structures like the marginalized particle filter (MPF) [11] and
the sliced Gaussian mixture filter (SGMF) from our previous
work [6] have been developed and applied. Exploiting linear
substructures is a special case of Rao-Blackwellization [12].
Especially for particle filters, it means that the same estimation
accuracy can be achieved by using less particles since the
dimension of the problem is reduced [11]. Hence, we have
chosen the MPF to estimate the target state in this work.

Often, the target path cannot be modeled by a straight
motion, so that maneuvering targets [2] have to be considered.
Generally, only few papers have been published about solving
the passive tracking problem for maneuvering targets. E.g.,
an IMM based approach has been proposed in [13] and
in [14], a hidden Markov model (HMM) based tracker has
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been presented. Furthermore, we have outlined in our former
work [15] a Cramér-Rao bound (CRB) estimator as well as
an MLE estimator for piecewise curvilinearly moving targets
assuming unknown maneuver change times.

In this work, we will focus on the type of scenarios depicted
in Fig. 1. They often appear in maritime applications where
it is common that a target moves preferably straight ahead
with a constant speed and changes its course at certain times
while keeping a constant speed [7], [16]. So, a target trajectory
consists of legs of constant speed and course with a short
maneuver phase in between. However, in order to perform a
correct modeling, one has to examine whether the duration of
a maneuver, i.e. the length of the maneuver phase, relative to
the sampling interval is sufficiently high [16]. If this is the
case, a reasonable choice is the interacting multiple model
(IMM) approach since it assumes different motion models
depending on the maneuvering situation of the target [2].
Especially in maritime applications, a maneuver appears to
occur instantaneously (also see Fig. 1). We therefore focus on
the detection of a maneuver occurrence rather than estimate the
details of it [16]. Hence, an IMM approach is not needed and
maneuver onset detection methods like a chi-square hypothesis
test, input estimation [17], or likelihood ratio based tests [18]
can be applied. In this work, we use a chi-square test.

In this work, we propose to use combined bearing and bear-
ing rate (or azimuth rate) measurements, see also Fig. 1. We
have shown in [19] that additional bearing rate measurements
lead to a higher estimation accuracy compared to bearings-
only measurements when using array sensors. However, this
requires a special method to obtain the bearing rate from raw
signals since simple differentiation of bearings does not lead to
additional information about the target state. The key idea is to
use array signal processing techniques that jointly estimate the
bearings and bearing rates. For this purpose, a direction finding
(DF) approach can be employed which uses an embedded
angular motion model [20] avoiding stationary assumptions
on the source signal like in common DF methods. In contrast,
a non-stationary signal is assumed. The explanation is that
finding the direction of a raw signal requires to take several
signal data samples over a short period of time. Due to the
highly dynamic target-observer geometry with maneuvering
target and observer, the true signal direction changes during
this period. This can be exploited using the suggested angular
motion model approach leading to bearing and bearing rate
measurements. Hence, we differentiate two cases: Bearings-
only TMA (BOTMA) and TMA based on bearing and bearing
rate measurements (BRTMA).

Our paper is structured as follows: In Section II the estima-
tion problem is formulated by outlining the relevant motion
and measurement model. Section III explains the MPF which
is used for state estimation. In Section IV we present the
chi-square test based algorithm which is used to detect target
course changes. Subsequently, in Section V the tracking results
based on bearings-only measurements are compared with the
results from combined bearing and bearing rate measurements.
For this purpose, Monte Carlo simulations are carried out.

Finally, in Section VI concluding remarks are given.
The following notation conventions are maintained in this

work: Vectors and matrices are typeset bold in upper- and
lower-case characters, respectively.N (·;µ,C) denotes a (mul-
tivariate) Gaussian density with mean µ and covariance C.
Furthermore, In is the n× n identity matrix and 0 denotes a
zero matrix or vector with appropriate dimensions depending
on the context.

II. PROBLEM FORMULATION

We consider a target moving along a trajectory (xk, yk)T with
constant speed and course. At certain times, it performs course
changes. Furthermore, a single observer moves along an arbi-
trary trajectory, which is assumed to be known [2], including
mandatory maneuvers, see Fig. 1. The observer’s task is to
estimate the current target state (i.e. position, velocity) and
to detect the times of course changes by means of passively
obtained line-of-sight bearings-only or combined bearing and
bearing rate measurements. We emphasize that the motion
model is linear, whereas the measurement model is nonlinear.
However, it is possible to identify linear substructures in the
measurement model which can be exploited leading to a more
efficient estimation process.

The target state x(tk) at discrete time tk is abbreviated by
xk and given by

xk = (xk, yk, ẋk, ẏk)
T . (1)

Here, the state contains the target’s location and its velocity in
Cartesian coordinates. We emphasize that the term velocity is
related to a Cartesian quantity, whereas the terms speed and
course are related to polar quantities.

A. Motion Model

In order to describe the target motion, we have chosen the
constant velocity (CV) motion model where the target velocity,
denoted by ẋk and ẏk, is assumed to be constant. Changes of
velocity due to e.g. course changes (see Fig. 1) are handled
by means of a white acceleration assumption subsumed in the
process noise.

The CV model is purely linear and given by

xk+1 = Akxk + wk (2)

with state transition matrix Ak and white process noise wk

which is assumed to be Gaussian distributed with zero mean
and covariance matrix Qk. The state transition matrix Ak for
the CV model can be expressed by

Ak =

(
I2 T I2

0 I2

)
, (3)

where T = tk+1 − tk which is assumed to be constant.
Due to the white noise acceleration assumption the process

noise covariance is given by

Qk = q2
k

(
T 3/3 I2 T 2/2 I2

T 2/2 I2 T I2

)
, (4)

where the factor qk affects the process noise level.
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B. Measurement Model

The measurement model is described for bearings-only mea-
surements as well as for combined bearing and bearing rate
measurements. To simplify matters, we assume that the detec-
tion probability is equal to 1 and the false alarm rate is equal
to 0. In general, the nonlinear measurement equation is given
by

zk = h(xk) + vk , (5)

where h(·) is the measurement function and vk is the mea-
surement noise assumed to be white and Gaussian distributed
with zero mean and a sensor-specific covariance matrix Rk.

In order to exploit linear substructures in the measurement
equation, we can rewrite it in a state decomposed form similar
to [6], [11], i.e.,

zk = hn(xn
k) + H(xn

k)x`k + vk , (6)

where xn
k describes the state in the nonlinear subspace and x`k

describes the state in the conditionally linear subspace.
For the bearings-only case, the measurement equation is

purely nonlinear and only depends on the target position. Thus,
H = 0 and the state decomposition is given by

xk = (xk, yk︸ ︷︷ ︸
xn
k

, ẋk, ẏk︸ ︷︷ ︸
x`
k

)T . (7)

The bearing measurements are specified by zk = αm
k . With

∆xk = xk−xs
k and ∆yk = yk−ys

k, where (xs
k, y

s
k)

T describes
the observer position, we can express the measurement func-
tion as

hn(xn
k) = α(xn

k) = arctan

(
∆xk
∆yk

)
. (8)

The noise covariance is assumed to be constant over time and
is given by Rk = σ2

α.
With combined bearing and bearing rate measurements

described by zk = (αm
k , α̇

m
k )T we have the same state decom-

position as above (7). However, the bearing rate depends on
the target’s velocity. Defining ∆ẋk = ẋk− ẋs

k, ∆ẏk = ẏk− ẏs
k

with ẋs
k and ẏs

k characterizing the observer’s velocity, and
r2
k = ∆x2

k + ∆y2
k describing the squared range between

observer and target, we obtain

α̇(xk) =
∆ẋk∆yk −∆ẏk∆xk

r2
k

. (9)

When fixing the state in the nonlinear subspace, xn
k =

(xk, yk)T, one can recognize that α̇(xk) only linearly depends
on the target’s velocity so that we can define H by

H(xn
k) =

1

r2
k

(
0 0

∆yk −∆xk

)
. (10)

However, term transformations will also lead to a remainder,

γ(xn
k) =

ẏs
k∆xk − ẋs

k∆yk
r2
k

, (11)

which is handled by the nonlinear measurement function ac-
cording to hn(xn

k) = (α(xn
k), γ(xn

k))T. Finally, the covariance
matrix of the measurement noise is given by

Rk =

(
σ2
α 0
0 σ2

α̇

)
(12)

assuming that the covariance is constant over time and that
bearing and bearing rate measurements are uncorrelated.

III. MARGINALIZED PARTICLE FILTER

In this section, we will review the MPF described in [11]. This
filter is able to exploit linear substructures in the estimation
problem given by the motion (2) and the measurement equa-
tion (6). As we have outlined in Section II, linear substructures
exist in the estimation problem since the motion model is
purely linear and the measurement model has a linear part
when using bearing and bearing rate measurements. Thus, the
dimension of the nonlinear part of the problem can be reduced.
In fact the MPF has strong connections to the SGMF [6]
which uses the same idea of Rao-Blackwellization. Hence, the
formulation of the MPF in this work is inspired by the SGMF.

The key idea of the MPF is to analytically marginalize out
the linear variables from a joint density p(x) = p(x`,xn)
according to the Bayes’ theorem, i.e.,

p(x`,xn) = p(xn)p(x`|xn) . (13)

Note that the time index has been omitted here for better
readability. The density p(xn) only depending on the non-
linear substate is estimated by an approximate particle filter
and the conditional density p(x`|xn) can be handled by a
Kalman filter. To be more specific, the density p(xn) can be
approximated according to the particle filter equations [21]
using N particles as

p(xn) ≈
N∑
i=1

wiδ
(
xn−ξi

)
, (14)

where wi denotes the weight, ξi the location of the i-th
particle, and δ(·) the Dirac delta distribution. Altogether, the
joint density p(x`,xn) is then represented by

p
(
x`,xn

)
≈

N∑
i=1

wiδ
(
xn−ξi

)
p
(
x`|ξi

)
(15)

with the conditionally linear density

p
(
x`|ξi

)
= N

(
x`;µ`i,C`i

)
. (16)

The above equation shows that the conditionally linear densi-
ties depend on the particle locations. Hence, the MPF employs
one Kalman filter associated with each particle.

In order to initialize the filter at k = 1, one normally draws
N particles from a starting density p(xn

0) as ξi1|0 ∼ p(xn
0) and

sets each weight wi1 to 1/N . For our problem using bearing
and bearing rate measurements it is difficult to specify an
initial density since no prior range information is available.
However, a minimum and and a maximum range rmin and
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rmax can often be assumed. Hence, we choose to initially
distribute N particles equidistantly along the line-of-sight
between rmin and rmax providing initial target positions (non-
linear subspace) ξi1|0. If additional bearing rate measurements
are given, we can obtain an initial target velocity (linear
subspace) µ`i1|0 by assuming a second bearing measurement
given by α̃m

1 = αm
1 + T α̇m

1 and then performing two point
differencing [2] on each particle. This way, each initially
distributed particle receives an attached velocity which value
increases with the range. If no bearing rate measurements are
given, the initial velocity is assumed to be zero. In both cases,
the covariance matrix C`i

1|0 is set to v2
max/2 I2, where vmax is

the maximum speed of the target.
Finally, the MPF steps are given in the next subsections,

where the abbreviations Hi
k=H(ξik|k−1) and hik=hn(ξik|k−1)

are used. Thus, for each k ≥ 1 the following steps have to be
performed:

A. Filter Step

For the filter step we assume that measurement zk is available.
The particle weights for i = 1, . . . , N are updated and
normalized according to

w̃ik = wik−1N
(
νik,S

i
k

)
, wik =

w̃ik∑N
j=1 w̃

j
k

, (17)

where νik is the innovation associated to the i-th particle given
by

νik = zk − hik −Hi
kµ

`i
k|k−1 , (18)

and Sik denotes the innovation covariance expressed as

Sik = Hi
kC

`i
k|k−1H

i
k

T
+ Rk . (19)

The particle locations are not changed in the filter step so that
we have for i = 1, . . . , N ,

ξik|k = ξik|k−1 . (20)

Subsequently, the filter step in the conditionally linear sub-
space is performed by updating the mean and covariance
attached to the i-th particle as in the conventional Kalman
filter, i.e.,

µ`ik|k = µ`ik|k−1 + Ki
kν

i
k (21)

C`i
k|k = C`i

k|k−1 −Ki
kH

i
kC

`i
k|k−1 , (22)

where the Kalman gain Ki
k is given by

Ki
k = C`i

k|k−1H
i
k

T
Sik
−1

. (23)

Note that if H=0, i.e., the measurement equation is purely
nonlinear, which is the case for bearings-only measurements,
Sik=Rk and the weights are updated according to likelihood.
Also Ki

k = 0 and therefore, µ`ik|k−1 and C`i
k|k−1 remain

unchanged.

B. Obtaining the Estimate

The overall estimate is obtained by moment matching which
leads to

x̂k|k =
N∑
i=1

wik

(
ξik|k
µ`ik|k

)
. (24)

Additionally, the corresponding estimation covariance is given
by

Pk|k =
N∑
i=1

wikP̃
i
k|k − x̂k|kx̂

T
k|k , (25)

where

P̃ik|k =

(
ξik|k

T
ξik|k ξik|k

T
µ`ik|k

ξik|k
T
µ`ik|k C`i

k|k + µ`ik|k
T
µ`ik|k

)
. (26)

The above derived quantities are only for obtaining the esti-
mation results, they will not be used in further MPF steps.

C. Prediction Step

Since the motion model is purely linear, we can directly prop-
agate the particle positions and the means of the conditionally
linear subspace through the motion equation yielding(

ξ̃
i

k

µ̃`ik

)
= Ak

(
ξik|k
µ`ik|k

)
. (27)

In order to formulate the covariance update, we have to rewrite
the state transition matrix according to the decomposed state
resulting in

An
k = T I2 and A`

k = I2 . (28)

See [6] for further details. Moreover, the process noise co-
variance matrix Qk is also partitioned according to the de-
composed state. The covariance C`i

k|k is applied to the motion
model as follows

Lik = A`
kC

`i
k|kA

`
k

T
+ Q``

k

Mi
k = A`

kC
`i
k|kA

n
k
T + Q`n

k

Ni
k = An

kC
`i
k|kA

n
k
T + Qnn

k .

(29)

Note that with the above given equation, we also obtain
a covariance in the nonlinear subspace. This means that
uncertainty is added to a particle leading to a Gaussian density
with mean ξ̃

i

k and covariance Ni
k. Hence, a predicted particle

is obtained by
ξik+1|k ∼ N

(
ξ̃
i

k,N
i
k

)
(30)

It should be clear that correlations between the nonlinear
and the conditionally linear subspace exist which cannot be
neglected. Therefore, the predicted mean and the predicted
covariance matrix in the conditionally linear subspace are
given by a Kalman filter step according to

µ`ik+1|k = µ̃`ik + Wi
k

(
ξik+1|k − ξ̃

i

k

)
(31)

and
C`i
k+1|k = Lik −Wi

kN
i
kW

i
k

T
, (32)
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where the Kalman gain Wi
k is obtained by

Wi
k = Mi

kN
i
k

−1
. (33)

The prediction step can also be performed regarding nonlinear
motion models with linear substructure, see [11] for more
details.

D. Resampling Step

Resampling of the particles is carried out by means of impor-
tance sampling [10]. This means, that we only resample when
the effective number of particles

Neff =
1∑N

i=1(wik)2
(34)

is below a certain threshold which is typically chosen as 2N/3.
The resampling procedure itself is called sampling importance
resampling (SIR) [8]: Draw N particles from the current
particle set where the probability to take sample i is wik. That
means, a high weighted particle results in a high number of
particles in the new set. The particle weights of the new set
are specified as wik = 1/N .

IV. CHANGE DETECTION

In this paper, the detection of a maneuver, i.e. the detection of
a course change with its associated time, is a decision problem.
This problem can also be formulated in the framework of an
estimation problem, as we have done in [15]. The reason is
that a decision approach is more natural for the discrete-time
case [17], e.g. when using a filter. In contrast to that the CRB
derivation in [15] originates from a continuous-time modeling,
so that there an estimation problem formulation is used where
the change time is part of the target state.

A decision whether a course change from true course ϕt
0

to course ϕt
1 (see Fig. 2) has taken place is made by means

of a chi-square hypothesis test. In order to carry this out, the
following hypotheses can be established:

H0 : No change;
H1 : A change has taken place.

One issue is to identify the quantity on which the decision is
taken. For chi-square tests, often measurement residuals zk −
h
(
x̂k|k−1

)
are considered. When using bearing and bearing

rate measurements to obtain the residuals, we have noticed that
these residuals do not vary sufficiently to detect target course
changes. The reason is the assumed process noise. Thus, a
quantity has to be found which (a) reflects the changes and
(b) is estimated with an acceptable accuracy to detect such
changes. It is obvious to choose the estimated target course
which fulfills the requirements: It is estimated with a sufficient
accuracy even in passive tracking applications and therefore
is suitable to serve as a quantity for change detection.

The estimated target course at time tk is calculated from
the estimated target velocity as

ϕk = arctan

(
ˆ̇xk|k
ˆ̇yk|k

)
, (35)

x

y

t̃1

vt, ϕt
0

vt, ϕt
1

Figure 2. Target motion with constant true speed vt and one change point
at time t̃1 which is to be detected. The true target course in the first leg is
denoted by ϕt

0 and in the second leg by ϕt
1.

where ˆ̇xk|k and ˆ̇yk|k are the velocity components of the
estimated target state x̂k|k (24). We can use the estimated
target course as a pseudo-measurement of an unknown mean
target course θk with error ek according to

ϕk = θk + ek , (36)

where ek is assumed to be white and Gaussian distributed
with zero mean and unknown variance σ2

ϕ. See also [22] for
such a formulation. The estimate of the mean target course
θ̂k is obtained via an MLE approach which, due to Gaussian
assumptions, equals a least squares approach. Minimization of
the least squares formulation leads to the arithmetic mean [22]
so that θ̂k is given by

θ̂k =
1

k

k∑
i=1

ϕi . (37)

The unknown variance of ϕk is estimated by an asymptotically
unbiased estimator as follows:

σ̂2
ϕ =

1

k − 1

k∑
i=1

(
ϕi − θ̂k

)2

. (38)

The normalized residual squared εk = (ϕk − θ̂k)2/σ̂2
ϕ is then

used to detect a change [17]. Its moving sum εsk over a sliding
window [k − s+ 1, k] of length s is given by

εsk =
k∑

i=k−s+1

εi . (39)

Under H0 the moving sum εsk is chi-square distributed with
snϕ degrees of freedom where nϕ = dim(ϕk). Thus, we
decide for a course change, i.e. accept H1, if εsk > χ2

snϕ
(β).

Here, 1 − β is the confidence level of the test which should
be chosen quite high, e.g. 95%.

If a course change is detected, t̃m, is set to the current
time tk, where m−1 is the number of the detected changes
up to now. Additionally, the process noise is increased to a
pre-defined level by adjusting the factor qk (4). It is decreased
again to the original level once εsk falls below a certain thresh-
old [2]. In order to control the change detection threshold and
the number of false alarms, a scaling factor can be used when
determining the variance of ϕk in (38).
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Figure 3. Target and observer trajectories for the considered 2D scenario.
The starting points are depicted as squares.

V. SIMULATION RESULTS

A. Simulation Setup

We consider the 2D scenario over 600 s depicted in Fig. 3.
The target starts at the true initial state(

xt
0, y

t
0, v

t, ϕt
0

)
= (1 km, 5.5 km, 15 m/s, 100◦)

and performs a course change to ϕt
1 = 190◦ at change time

t̃1 = 352 s assuming that T = tk+1 − tk = 1 s. Furthermore,
the process noise factor qk (4) is set to 0.5 initially.

For the purpose of change detection, we consider a window
length of s = 10 s so that the threshold for εsk is χ2

10(0.95) ≈
18.3 with a confidence level of 95%. Once a change has been
detected, qk is increased to 10. It is decreased to the original
level as soon as εsk falls below 10.

The observer’s initial state is given by

(xs
0, y

s
0, v

s, ϕs
0) = (0 km, 0 km, 12 m/s, 45◦) .

The observer performs two course changes, the first at time
100 s to course 305◦ and the second at time 375 s to course
65◦. Note that the velocity components of the true target and
the observer state are given in polar coordinates due to better
readability.

Bearing as well as bearing rate measurements are collected
with a rate of one measurement per second so that we have
a total of 600 measurements over 600 time steps. For bearing
measurements, we assume a standard deviation of the mea-
surement noise of σα = 1◦ and for bearing rate measurements
a standard deviation of σα̇ = 1 mrad/s ≈ 0.057 ◦/s. These
assumptions are similar to the standard deviations used in [19],
[20].

For initializing the filter, we have chosen the minimum
target range rmin and the maximum target range rmax as 1 km
and 8 km, respectively. The maximum target velocity vmax is
set to 20 m/s.

B. Performance Measures

In order to quantify the performance of the estimator, we
use the root mean square error (RMSE). Assuming M Monte
Carlo runs, the RMSE for time tk is given by

RMSEk =

√
1

M

∑M

i=1
dik . (40)

If we want to calculate the RMS position error, dik is given
by

dik =
(
x̂ik − xt

k

)2
+
(
ŷik − yt

k

)2
, (41)

where ν̂ik denotes the respective estimated quantity ν ∈
{x, y, ẋ, ẏ, v, ϕ} at time tk for the i-th Monte Carlo run. The
target truth, where the respective quantity is denoted by νt

k,
does not depend on a specific Monte Carlo run so that the
index i can be omitted. For the RMS velocity error we have
similar to the above equation

dik =
(

ˆ̇xik − ẋt
m

)2

+
(

ˆ̇yik − ẏt
m

)2

. (42)

Since the target moves with a constant speed at all times and
a constant course in each leg, the Cartesian velocity is also
constant per leg. Hence, we can use the index m for the truth,
where m denotes the number of course changes up to time tk,
thus νt

m = νt(t̃m) for the respective quantity and a true change
time t̃m. Note that this is equivalent to the target moving in
the (m+1)-th leg.

Furthermore, dik for the RMS speed error is calculated as

dik =
(
v̂ik − vt

)2
, (43)

where, in general, the speed is related to the Cartesian velocity
by the well-known equation v2 = ẋ2 + ẏ2. Finally, in case of
the RMS course error, we have for dik

dik =
(
ϕ̂ik − ϕt

m

)2
, (44)

where m is explained above. The course can be obtained from
the target velocity using (35).

For measuring the change detection performance, we apply
the mean time to detection (MTD) measure similar to [22]
which is defined as

MTD =
1

M

∑M

i=1

(
t̂i − t̃m

)
. (45)

Here, M is the number of Monte Carlo runs, t̃m is the true time
of the m-th (course) change, and t̂i is the first detected change
time of the i-th Monte Carlo run greater than or equal to t̃m.
The MTD answers the question: How long is the average time
to wait after a change until it is detected?

C. Results

The simulation results were obtained by employing the MPF
with N = 500 particles and carrying out M = 200 Monte
Carlo runs. In Fig. 4 the RMSE is shown for position, velocity,
speed, and course. It can be recognized in all four subfigures
that the performance of BRTMA approach is clearly superior
to the BOTMA approach. Furthermore, a decrease of accuracy
can be realized for all estimated quantities near the displayed
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Figure 4. RMSE for bearings-only TMA (BOTMA) and combined bearings and bearing rates TMA (BRTMA) using N = 500 particles and M = 200
Monte Carlo runs.

change time which is particularly severe for the target course.
This can be explained by the loss of information about the
target course which is about to change with an unknown
magnitude. The process noise has an influence, too, which
clarifies that the peak of the speed error coincides with the
change time in Fig. 4(c). Especially for position and speed
error in Fig. 4(a) and 4(c), the BOTMA method does not seem
to recover from the decrease of accuracy. Additionally, the
new target state may not be fully observable after the course
change. Altogether, the mean improvement is about factor 1.7
for the position accuracy and about factor 1.5 for the velocity
accuracy. For speed and course, the accuracy is on the average
ameliorated by factors 2.2 and 2.8, respectively.

The results for change detection are depicted in Fig. 5. Here,
the number of change detections after M = 200 Monte Carlo
runs is displayed in histograms, one for each TMA case. Each
bar in Fig. 5 covers 20 seconds, so that overall, 30 bars are
displayed for 600 time steps. In order to prevent too many false
alarms, the variance of ϕk (38) has been multiplied with 10
for both cases. This scales up the detection threshold. The total
number of detections for BOTMA is 163 and for BRTMA 209,
so that BOTMA Monte Carlo runs with no detected changes
exist. Nevertheless, one can recognize that there is a low rate of
true false alarms, i.e. detections before the change time, in both

cases. Also here, it is clear that BRTMA outperforms BOTMA:
The number of detected changes near the true change time
t̃1 = 352 s, i.e. the number of detections between 352 s
and 400 s, is significantly higher. The BRTMA plot has a
global maximum in this region, whereas the maximum of the
BOTMA plot is after 500 s. An MTD evaluation, cf. (45),
yields that in case of BOTMA we obtain an MTD of about
114 s and for BRTMA of about 99 s. This and also the location
of the maxima imply that for BRTMA one has a shorter mean
delay from the true change time until its detection time. Hence,
an improvement for course change detection performance can
be achieved by using additional bearing rate measurements.

To sum up, we can therefore say that additional bearing rate
measurements can be used to exploit the information about the
target state in a more powerful way than with bearings-only
measurements. The performance advantages of BRTMA have
also been outlined in a Cramér-Rao analysis, see our previous
work [19].

VI. CONCLUSIONS

In this paper, the problem of passively tracking a target
via bearing and bearing rate measurements, where the target
can perform course changes almost instantaneously, has been
addressed. Our contribution was to facilitate combined bearing
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Figure 5. Histograms for number of change detections considering (a) BOTMA and (b) BRTMA; one bar covers 20 s. The true change time is displayed by
the vertical blue line.

and bearing rate measurements by exploiting specific signal
processing methods and to employ a recursive Bayesian esti-
mator, the marginalized particle filter, for estimating the target
state. Associated with that, we have detected course changes
based on these measurements.

The simulation results clearly show that using additional
bearing rate measurements is advantageous since higher esti-
mation accuracy and better change detection performance is
achieved. Hence, the application of array signal processing
techniques that jointly estimate bearings and bearing rates via
an embedded angular motion model is justified and proposed.
Future work on this topic will include real measurements of
bearings and bearing rates.
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