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Abstract—This paper focuses on a decentralised nonlinear
estimation problem in a multiple sensor network. The stress is
laid on the optimal fusion of probability densities conditioned
by different data. The probability density conditioned by the
common data is supposed to be unavailable. The optimal fusion
is elaborated in the particle filtering and differential Shannon
entropy framework. The conversion of weighted particles into a
continuous probability density function is performed implicitly by
the time update. Further, the issue of sampling density proposal
is explored. The proposed approach is illustrated in numerical
examples.
Keywords: Data fusion, nonlinear estimation, particle
filters, multisensor tracking, Shannon fusion.

I. INTRODUCTION

The nonlinear state estimation of a stochastic system has
experienced a rich evolution during the past decades. The
optimal estimation theory is finely covered in [1]. Gaussian
sum filters [2], [3], point-mass filters [4] or particle filters [5]
form well established approaches that provide approximations
of the probability density functions. The approximations are
analytical, by a sum of weighted Gaussian densities, numer-
ical, by grids of point masses, and simulation, by sets of
weighted samples, respectively. The particle filters are chosen
as the core tool of this paper.

A multiple sensor network consists of multiple local estima-
tors with their own sensors. The estimators can communicate
with each other via a communication network. As the local
sensor measurements are low-level data, its communication
to other estimators is questionable due to a large amount
of data, which are moreover poorly comprehensible to other
estimators. The most natural information to communicate is
the state estimate, generally in the form of a conditional
probability density.

In each local estimator, the local estimate and the estimates
coming from the communication network are subsequently
fused in order to obtain a superior estimate. However, the
fusion of estimates is sensitive to their underlying dependence.
The local estimates are conditioned by different data. A piece
of data that was used by both estimates should not be double
counted during the fusion process. The estimate conditioned
by common data can resolve the double counting problem
optimally, however, such an estimate has to be carefully

maintained, which is possible only in a special network
configuration or after an artificial reduction to it.

In a hierarchical network, the common information is stored
in the fusion centre, that can be connected by a feedback to
the local estimators. See [6], [7] or [8] for example. The latter
article deals with general densities represented by particles. In
tree networks, each estimator embeds an additional estimator
for each communication link to store the common informa-
tion. The additional estimators are called channel filters [9].
The channel filtering approach has been extended to general
densities in [10] and [11]. A concept for 2-tree network has
recently appeared in [12].

In general networks, the fusion has to respect all possi-
ble common information. For Gaussian densities, it can be
achieved by the Covariance Intersection algorithm [13]. Gen-
eral densities can be fused by the weighted geometric mean
of densities [14]. The optimal weight can be chosen according
to the uncertainty of the fused density. The usually used
measure of uncertainty is the differential Shannon entropy.
Various approaches to approximate the optimal weight were
proposed in [15] or [16]. An approximate fusion of Gaussian
sum densities was studied in [17].

However, a little attention was paid to the fusion of weighted
samples that are provided by the particle filters. The first
attempt was made in the thesis [18], but some pieces of the
puzzle are missing there. The goal of this paper is to elaborate
the particle based fusion and to propose an approach to the
density fusion with differential Shannon entropy criterion. A
justified conversion of weighted particle sets to corresponding
continuous densities and the choice of a common sampling
density are in the focus.

The outline of the paper is the following. Section II intro-
duces the decentralised fusion problem. Section III presents the
proposed approach that is further discussed in Section IV. An
academic example and a target tracking one are demonstrated
in Section V. The conclusion is given in Section VI.

II. PROBLEM STATEMENT

Let a discrete-time nonlinear stochastic system be given
by the state transition density p(xk+1|xk) with the initial
condition given by the density p(x0). The state dimension is
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nx. There are multiple sensors that measure some function of
the system state. The sensors are grouped into S sensor nodes
that are provided with a state estimator. The measurements
at a sensor node `, ` = 1, . . . , S, at the time k are denoted
together as z(`)

k and the measurement likelihood p(z(`)
k |xk)

is known. This knowledge is available only locally in the
appropriate sensor node `. Moreover, it is assumed that the
measurement likelihoods may be conditionally dependent,
i.e. the measurements are generated from the joint density
p(z(1)

k , . . . , z(S)
k |xk). In a sum, the system is given by

p(xk+1|xk), p(x0), (1)

p(z(1)
k , . . . , z(S)

k |xk), (2)
k = 0, 1, . . .

and the local estimators provide conditional state densities
p(xk|Z(`)

k ), where Z(`)
k = {z(`)

k , z(`)
k−1, . . . , z

(`)
0 } if there is

no fusion operation during the estimation.
Let the state estimators be realised by particle filters.

The densities are represented by weighted particles P
(`)
k =

{(xi,(`)k , w
i,(`)
k )}, i = 1, . . . , N (`)

k , where, from a simplifying
point of view, xi,(`)k are samples from a sampling density
π(xk|Z(`)

k ),

xi,(`)k ∼ π(xk|Z(`)
k ), (3)

and wi,(`)k represent the assigned weights,

w
i,(`)
k ∝

p(xi,(`)k |Z(`)
k )

π(xi,(`)k |Z(`)
k )

,

N
(`)
k∑
`=1

w
i,(`)
k = 1. (4)

The relation (4) will be used to generate the weights wi,(`)k if
the density estimate p̂(xi,(`)k |Z(`)

k ) is available or to obtain the
density estimate p̂(xi,(`)k |Z(`)

k ) from the weights wi,(`)k . The
further simplification resides in the notation of the sampling
density.

Now, the multisensor estimation will be defined. There exist
a communication network, which is described by an oriented
graph with the vertices at the sensor nodes that are equipped
by estimators and with edges representing the communication
links. Each estimator ` communicates local particles P

(`)
k to

its neighbouring estimators n ∈ N` ⊂ {1, . . . , S}\`. The par-
ticles coming from the communication network will be called
remote and are denoted as P

(r)
k , where r(`) ∈ {s : ` ∈ Ns}

and the dependence of r on ` is omitted in the notation, since
the term remote is always viewed from the perspective of a
local estimator. The remote particles are consequently fused
with the local particles and the fused particles P

F{(`),(r)}
k ,

where the superscript F denotes which particles have been
fused, usually replace the local particles. As the network is
arbitrary in general, the dependence of the local and remote
densities, that is represented by the densities conditioned by
common measurements, is unavailable. It is not known which
measurements have been used in the corresponding estimators
during past fusion operations and even if it is known, there

are no means how to subtract the information gained by a
particular measurement.

Due to the unavailable common information p(xk|Z(`)
k ∩

Z(r)
k ), the fusion operation cannot be optimal in the Bayessian

sense, that is the fused density p(xk|Z(`)
k ∪ Z

(r)
k ) cannot be

obtained from the local densities p(xk|Z(`)
k ) and p(xk|Z(r)

k ).
An approximate density pa(xk|Z(`)

k ∪Z
(r)
k ) that is optimal in

some other sense has to be searched instead. From now on,
having done some fusion operations, Z(`)

k denotes the set of
measurements which were used to compute the conditional
density at the `-th estimator. These sets consists not only of
local measurements, but also of some past measurements of
other estimators in the network. The delay is given by the
length of the shortest path from the other estimators to the
local estimator.

The goal is to design a particle based fusion approach which
provides the fused particles P

F{(`),(r)}
k , that represent the

approximate density pa(xk|Z(`)
k ∪Z

(r)
k ), supposing availability

of the local and remote particles, P
(`)
k and P

(r)
k .

III. PARTICLE BASED SHANNON FUSION

This section describes the proposed approach to the fusion
of densities that are represented by weighted particles.

The weighted geometric mean of the densities [14] – [18]
is the fusion operation that is preferred in this paper. This
operation does not decrease the information associated to each
state, as it is shown in [14], and therefore this operation is
called consistent. The weight enables a smooth transition from
the local density to the remote density. Unlike the weighted
arithmetic mean of the densities, by which the weight assigns
probabilities to local and remote densities that represent al-
ternative hypotheses, the weighted geometric mean combines
densities that are both valid, but conditioned by different data.

Thus, applying the weighted geometric mean, the fused den-
sity pa(xk|Z(`)

k ∪Z
(r)
k ;ω) which can be also called exponential

mixture density is given by

pa(xk|Z(`)
k ∪ Z

(r)
k ;ω) =

pωa (xk|Z(`)
k )p1−ω

a (xk|Z(r)
k )∫

R

pωa (xk|Z(`)
k )p1−ω

a (xk|Z(r)
k )dxk

(5)
where the subscript a emphasises that the densities are not
the analytical conditional densities but some approximations
of them, the integral in the denominator is just a normalising
constant and ω, 0 ≤ ω ≤ 1, is the weight that can be chosen
according to a criterion. The usual one is the uncertainty of
the fused density that is measured by the differential Shannon
entropy H,

H(pa(xk|Z(`)
k ∪ Z

(r)
k ;ω)) = (6)

−
∫
R

pa(xk|Z(`)
k ∪ Z

(r)
k ;ω) ln pa(xk|Z(`)

k ∪ Z
(r)
k ;ω)dxk,

and such fusion is called Shannon fusion.
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A. Recomputation of the particles

The issue of the particle fusion is that the random samples
{xi,(`)k }, {xi,(r)k } are not collocated. They may be of different
size, N (`)

k 6= N
(r)
k . Thus, it is necessary to draw samples from

another density π(x|P(`)
k ,P

(r)
k ) and compute the weights of

the new samples. Sections IV and V discuss why it is not
advisable to use the current local or remote samples.

The density estimation problem is tough. It brings in an
additional approximation and moreover, the extrapolation to
the new sample can really be treacherous. In order to avoid
this approximation, the idea to bypass the problem at time k
by using the time update of the particle sets and to fuse the
sets at the time k + 1 is applied. Instead of estimating the
densities pa(xk|Z(`)

k ), pa(xk|Z(r)
k ), the predictive densities

pa(xk+1|Z(`)
k ), pa(xk+1|Z(r)

k ) will be estimated and conse-
quently the predictive density pa(xk+1|Z(`)

k ∪Z
(r)
k ;ω) will be

searched.
Similarly to the particle filtering prediction step, the

weight wi,(`),F{(`),(r)}k+1 of the particle in the predictive sample
xi,F{(`),(r)}k+1 ∼ π(xk+1|P(`)

k ,P
(r)
k ) is based on the particle

weight at time k multiplied by the ratio of the transition
density and the sampling density. But in contrast to the particle
filter, where the particles are propagated independently, all
transitions have to be taken into account, the whole set of
particles is propagated instead. After all, different sample
sizes, N (`)

k 6= N
(r)
k , hint that the one to one propagation

is impossible. Thus, using the basic idea of the particle
filters, the predictive local and remote weights wi,(`),F{(`),(r)}k+1 ,
w
i,(r),F{(`),(r)}
k+1 are given by the sum of the weighted ratios,

w
i,(•),F{(`),(r)}
k+1 ∝

N
(•)
k∑
s=1

w
s,(•)
k

p(xi,F{(`),(r)}k+1 |xs,(•)k )

π(xi,F{(`),(r)}k+1 |P(`)
k ,P

(r)
k )

,

(7)
where the symbol • substitutes ` in the former case and r in
the latter case.

B. Common sampling density

In the classical one sensor particle filtering, the sam-
pling density is usually based on individual particle location
xi,(`)k , [19]. In the multisensor estimation, there are mul-
tiple particle sets and thus the common sampling density
π(xk+1|P(`)

k ,P
(r)
k ) is based on whole sets characteristics and

should sufficiently cover the support (the areas with non negli-
gible probability) of the fused density pa(xk+1|Z(`)

k ∪Z
(r)
k ;ω)

for all ω in the unity interval, i.e. it should cover both of the
densities and all weighted geometric means of them. This is
an essential requirement for a successful sampling.

The design of the sampling density is nontrivial. Suppos-
ing the densities are unimodal and of small skewness, the
covariance union algorithm [13], [20], can be used, though
it does not guarantee the consistency requirement for all
convex combinations, see Section IV. The generalisation of
the algorithm is a subject of a further study.

The predictive means x̂(`)
k+1|k, x̂(r)

k+1|k and covariance matri-

ces P(`)
k+1|k, P(r)

k+1|k are computed from the predicted particles

P
(`)
k+1, P

(r)
k+1 that are obtained by a standard particle filtering

technique. The covariance union mean x̂U{(`),(r)}k+1|k and co-

variance matrix PU{(`),(r)}
k+1|k are determined consequently. The

sampling density is Gaussian,

π(xk+1|P(`)
k ,P

(r)
k ) = N (xk+1; x̂

U{(`),(r)}
k+1|k ,PU{(`),(r)}

k+1|k ).
(8)

C. Particle weight fusion

Having the particles at a common location, the fusion can be
performed. As the ratio of the sampled and sampling density
(4) is one in expectation, the geometric mean can be applied
to the weights instead of the densities (5), as can be seen from
the following derivation.

Having N samples xi from π(x) with weights of two
densities p(1)(x), p(2)(x), it holds that

(p(1)(xi))ω(p(2)(xi))1−ω ≈ (wi,(1))ωπω(xi)Nω(wi,(2))1−ω·
· π1−ω(xi)N1−ω = (wi,(1))ω(wi,(2))1−ωπ(xi)N, (9)

where the symbol ≈ means approximately, because the
fused weights wi,F{(1),(2)}(ω) are obtained as a nor-
malised ratio of the fused density pF{(1),(2)}(xi;ω) ∝
(p(1)(xi))ω(p(2)(xi))1−ω and the sampling density π(xi).

Thus, the ω dependent fused weights wi,(r),F{(`),(r)}k+1 (ω) are
given by the relation

w
i,F{(`),(r)}
k+1 (ω) ∝ (wi,(`),F{(`),(r)}k+1 )ω(wi,(r),F{(`),(r)}k+1 )1−ω.

(10)

D. Optimal weight determination

Once the fused weights are computed, the density
pa(xk+1|Z(`)

k ∪ Z
(r)
k ;ω) can be estimated,

p̂a(x
i,F{(`),(r)}
k+1 |Z(`)

k ∪ Z
(r)
k ;ω) = (11)

w
i,F{(`),(r)}
k+1 (ω)π(xi,F{(`),(r)}k+1 |P(`)

k ,P
(r)
k )NF{(`),(r)}

k+1 ,

and the differential Shannon entropy (6) can be estimated for
the fused predictive densities,

Ĥ(pa(xk+1|Z(`)
k ∪ Z

(r)
k ;ω)) = (12)

−
N

F{(`),(r)}
k+1∑
i=1

w
i,F{(`),(r)}
k+1 (ω) ln p̂a(x

i,F{(`),(r)}
k+1 |Z(`)

k ∪ Z
(r)
k ;ω).

The weight ω minimising the estimate (12) is the optimal
weight ω∗,

ω∗ = arg min
0≤ω≤1

Ĥ(pa(xk+1|Z(`)
k ∪ Z

(r)
k ;ω)). (13)

Table I summarises the proposed approach to the Shannon
fusion.

IV. DISCUSSION

This section discusses the key steps of the proposed ap-
proach. The sampling density issue is addressed first, followed
by the density estimation problem.
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Table I
THE MAIN STEPS OF THE PARTICLE BASED SHANNON FUSION

1) design a common predictive sampling density
π(xk+1|P(`)

k ,P
(r)
k ), (8), and draw the samples

xi,F{(`),(r)}k+1 , i = 1, . . . , NF{(`),(r)}
k+1

2) compute the corresponding predictive weights
w
i,(`),F{(`),(r)}
k+1 , w

i,(r),F{(`),(r)}
k+1 , (7), for all to all

particle transition
3) find the optimal weighting parameter ω∗, (13), where

the entropy estimates Ĥ(pa(xk+1|Z(`)
k ∪ Z(r)

k ;ω)),
(12), are based on the fused predictive weights
w
i,F{(`),(r)}
k+1 (ω), (10), and on the fused predictive den-

sity estimates p̂a(x
i,F{(`),(r)}
k+1 |Z(`)

k ∪ Z
(r)
k ;ω), (11)

4) compute the optimal fused predictive weights
w
i,F{(`),(r)}
k+1 (ω∗), (10)

A. Sampling density issue

The estimation of entropy (12) requires sampling from a
suitable density. The paper proposes using the covariance
union method, which is discussed in this section.

The estimate (µπ,Pπ), where µπ is the estimate of the mean
and Pπ is the estimate of the covariance matrix, is consistent
if it obeys the condition

Pπ − E{(x− µπ)(x− µπ)T} ≥ 0, (14)

where the inequality means that the left hand side is positive
definite. The covariance union provides a consistent estimate
with respect to the input estimates (µ`,P`), ` = 1, 2. It is
achieved by obeying the following inequalities,

Pπ −
(
P` + (µ` − µπ)(µ` − µπ)T

)
≥ 0, ` = 1, 2, (15)

where the values µπ , Pπ are chosen according to a criterion,
e.g. the minimal determinant of the covariance matrix Pπ .

For Gaussian densities, the geometric mean (5) is solved
analytically by the well known Covariance intersection algo-
rithm [13]. The following example shows that the covariance
union estimate (µπ,Pπ) need not be consistent with respect
to all possible fused estimates.

The estimates (µ`,P`), ` = 1, 2, are given as follows,

µ1 =
[
0
0

]
,P1 =

[
1 0.9

0.9 1

]
, (16)

µ2 =
[
3
0

]
,P2 =

[
1 −0.9
−0.9 1

]
. (17)

An estimate that meets the conditions (15) is for example the
following one,

µπ =
[
1.5
0

]
,Pπ =

[
4.9 0
0 1.5

]
. (18)

The fused estimates (µω,Pω) are not consistent for the
weights ω ∈ (0.0166, 0.8834), the matrix on the left hand

−1 0 1 2 3 4

−1

0

1

x
1

x 2

0 0.5 1
−2

0

2

4

6

ω

λ 1, λ
2

Figure 1. Left figure: Covariance ellipses, {x; (x − µ)TP−1(x − µ) =
1}, x = [x1, x2]T, of the local estimates (µ`,P`), ` = 1, 2, (thin solid
lines), covariance intersection estimate (µ0.5,P0.5) (thick solid line) and the
covariance union estimate (µπ ,PΠ) (dashed line). (µπ ,PΠ) is inconsistent
with respect to (µ0.5,P0.5). Right figure: Eigenvalues (two solid lines) of the
difference (15) for µ` = µω , P` = Pω , 0 ≤ ω ≤ 1 (horizontal axis), negative
eigenvalues are emphasised by the thick line. The inconsistency appears for
0.0166 < ω < 0.8834.

side of the inequality (15) is indefinite. The case ω = 0.5 is
a good example,

µ0.5 =
[

1.5
1.35

]
,P0.5 =

[
0.19 0
0 0.19

]
. (19)

The inconsistency is caused by an unexpected shift in
the mean value. The covariance union algorithm expects the
arithmetic combination rather than the geometric one. Figure
1 shows the covariance ellipses of the estimates.

It must be mentioned that the local estimates are distant,
so the fusion via the particles will require a large sample
sizes to cover the tails of the densities, but this situation may
happen relatively frequently, as will be shown in Section V.
The covariance union is not an ideal method for the sampling
density design, but a better method is missing.

To generalise the covariance union method, the consistency
for probability densities has to be defined first. A consistent
sampling density is an intuitive requirement for a suitable
sampling that is doubly essential in the case of entropy esti-
mation (12). Nevertheless, as the previous example hints, even
if one generalises the method, a sampling density consistent
with respect to local and remote densities will not ensure the
consistence with respect to the fused density.

B. Density estimation

To estimate the differential Shannon entropy (6), one needs
the logarithm of the fused probability density. As the true
fused probability density is unavailable by definition, it must
be estimated first. It is possible to estimate the logarithm
implicitly [21], but here, the available knowledge of the
sampling density can be exploited to estimate the density
explicitly (11) with less effort.

The proposed approach views the fusion of particles from
the perspective of particle weights. The perspective of the
density values at the fusion sample proposed in [18] is very
similar in fact. The reason is the division by the common
sampling density π(xi,F{(`),(r)}k+1 |P(`)

k ,P
(r)
k ) in (7). Without

that division, the sums are equal to the density estimates
p̂(xi,F{(`),(r)}k+1 |Z(`)

k ), p̂(xi,F{(`),(r)}k+1 |Z(r)
k ), yet the proposed

approach differs in the density estimation.

806



Here, the predictive density is a sum of kernels placed
at the particles. In general, the kernels may be different, so
the predictive density is a mixture density with the number
of components equal to the number of particles. Opposite to
the mixture density estimation via the EM algorithm, where
the component number is much lower than the number of
particles, or the kernel mixture with the rule of thumb kernels,
the predictive density represents an optimal solution. The
particle filters compress densities into discrete points, so all
the information is contained right in the sample. The state
noise spreads the information back to a continuous set of
states naturally; there is no rule of thumb. Here, the particle
extrapolation is based on the state noise. This approach is as
double-edged as the one proposed in [18], but the edges are
inverted. It is not possible to extrapolate easily to the areas
with no particles, but at the same time it impedes us to do
such unwise deed.

V. NUMERICAL EXAMPLES

In order to be able to compare the simulation results against
an analytical solution, let the system (1), (2) be linear Gaussian
with two independent sensors, S = 2,

p(xk+1|xk) = N (xk+1;Fxk,Q), (20)
p(x0) = N (x0; x̂0,P0) (21)

p(z(1)
k , z(2)

k |xk) = p(z(1)
k |xk)p(z

(2)
k |xk) (22)

p(z(`)
k |xk) = N (z(`)

k ;H(`)xk,R(`)). (23)

Each sensor has its own particle filter and communicates its
particles after the filtering step at time k. After the communica-
tion, the particles at the `-th estimator, ` = 1, 2, are resampled
and propagated to the time k + 1 with the posterior sampling
densities π(xk+1|z(`)

k+1,x
i,(`)
k ), that are obtained by Kalman

filters. For the demonstration purpose, the fused estimate does
not replace the local estimates in the numerical examples.
Since the fusion is symmetrical in individual local estimators,
the term local will be used instead of the term remote, which
should not lead to any confusion.

The covariance union algorithm proposed in [20] was used
with the weighting parameter equal to 1

2 , i.e. the estimates in
(15) are given by

µπ =
1
2
µ1 +

1
2
µ2, (24)

Pπ = STV max(D, Inx
)VTS, (25)

where U` = P`+(µπ−µ`)(µπ−µ`)T, ` = 1, 2, STS = U2,
V and D are the matrices of eigenvectors and eigenvalues
of (S−1)TU1S−1 and the max function is the element-wise
maximum of the matrices.

A. Example 1

The first example inspects the sampling density issue.
The entropy estimates are compared against approximative
theoretic values and the effective sample size of the fused
density is shown to be dependent on the distance of the local
densities.

The matrices F, Q, H(`), R(`), ` = 1, 2, and the initial
condition x̂0, P0 in (20)–(23) are given by

F =
[

0.8 0.1
−0.1 0.8

]
, Q =

[
10 0
0 10

]
, (26)

H(1) =
[
1 0

]
, R(1) = 0.1 (27)

H(2) =
[
0 1

]
, R(2) = 0.1, (28)

x̂0 =
[
0
0

]
, P0 =

[
1 0
0 1

]
. (29)

Contrary to the fusion of analytical densities, such as
Gaussian mixtures [17] that approximate the particles, the
direct particle fusion is really sensitive to the particle location,
since the extrapolation is difficult in the direct case. As the
underlying densities in the examples are Gaussian, the distance
d(p1, p2) of the densities p1 = N (µ1,P1), p2 = N (µ2,P2)
will be measured by

d = (µ1 − µ2)T(P1 + P2)−1(µ1 − µ2). (30)

Each particle filter uses N = 1000 particles, the quantiles
of the distribution of the distances d (30) are estimated and
the results are presented in Figures 2–6.

−5 0 5
−5

0

5

d = 0.10

x 2

−5 0 5

−5

0

5
d = 0.30

−5 0 5 10
−5

0

5

d = 0.77

x 2

x
1

−10 −5 0 5 10

−5

0

5

d = 1.17

x
1

Figure 2. Covariance ellipses of the predictive local estimates (solid lines),
sampling density (dashed line), particle based Shannon fusion estimate (thick
solid line) and covariance intersection estimate (dotted line). Predicted state
(circle) and true state (dot).

Figure 2 shows four chosen cases of the fusion ordered by
the distance d of the predictive estimates (x̂(`)

k+1|k,P
(`)
k+1|k),

(x̂(r)
k+1|k,P

(r)
k+1|k). The distances are roughly equal to the 1

8 ,
3
8 , 5

8 and 7
8 quantiles. The horizontal axis corresponds to the

first state component, the vertical to the second. For a better
comparison, the origin of the axes is shifted to the mean of
the sampling density. The estimate of the fused density that is
obtained by the proposed particle based approach is denoted as
(x̂F{(`),(r)}k+1|k (ω∗F ),PF{(`),(r)}

k+1|k (ω∗F )). For comparison, the es-

timate (x̂I{(`),(r)}k+1|k (ω∗I ),PI{(`),(r)}
k+1|k (ω∗I )) that is obtained by

the covariance intersection algorithm applied to the predictive
estimates is shown as well. As the optimal weights ω∗F of the

807



particle based fusion closely match the covariance intersection
weights ω∗I , the estimates are close too. The simulation results
are close to the analytic results.

The entropy estimates (12) for 0 ≤ ω ≤ 1 are displayed
at Figure 3 and compared with the entropies of the fused
Gaussian densities N (x̂I{(`),(r)}k+1|k (ω),PI{(`),(r)}

k+1|k (ω)), which

are given by HCI(ω) = 1
2 ln{(2πe)nx |PI{(`),(r)}

k+1|k (ω)|}.
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Figure 3. Entropy estimates (12) based on the Shannon fusion particles (solid
lines) for 0 ≤ ω ≤ 1 (horizontal axis) and their minima (dots). Covariance
intersection based entropies (dashed lines), their minima (circles). The graphs
correspond to those of Figure 2.

The entropy estimates and the analytical approximation
entropies match up well, but a slight degradation appears for
increasing distance of the densities.

Figure 4 explains this degradation. It depicts the effective
sample size Nef ,

Nef =
1∑N

i=1(w
i,F{(1),(2)}
k+1 (ω))2

, (31)

which is normalised by the sample size N , of the Shannon
fusion particles. The increase in distance d of the densities
leads to the decrease in the effective sample size. For covari-
ance union based sampling density (8), the effective sample
size remains roughly constant for different weights ω.
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Figure 4. Relative effective sample size Nef/N (solid lines) of the Shannon
fusion particles (10) for 0 ≤ ω ≤ 1 (horizontal axis). The graphs correspond
to those of Figure 2 and 3. Optimal weights ω∗F and ω∗I are indicated by
the dots and circles. The × symbols show the relative effective sample sizes
of the local particle sets at the time k.

Figures 5 and 6 explain why it is not possible to use one
of the local densities as a sampling density. The reason is
that if one uses a local density for sampling, the other density
will be sampled improperly. This results in the declines of
entropy estimates and effective sample sizes, while the lowest
entropy estimates do not correspond to the lowest entropies.
Unfortunately, the lowest entropy estimate often corresponds
to a poor effective sample size, which can be seen from the
dots position in the corresponding figures. Ideally, the weights
ω∗F should equal to the covariance intersection weights ω∗I

which are given by ω∗I = 0.5 in this example .

More generally, it is not even possible to use an approxi-
mation of the fused density (in this example, the covariance
intersection based Gaussian density) as the sampling density.
This case includes the previous ones for the choices ω = 1 or
ω = 0 respectively. The effective sample size is preserved only
for the chosen weight ω and the entropy estimate approaches
the theoretic value only in a small neighbourhood of the
weight. As it is difficult to compare the mean values of several
random variables from one sample and the entropy estimate
is a random variable, it is not possible to divide the unity
interval to several subintervals and to design a sample density
for each subinterval. As was stated earlier, it is necessary to
design one sampling density that is suitable for all weighted
geometric means of the local densities. Otherwise the optimal
weight ω∗ can be selected incorrectly and the effective sample
size can be annihilated.
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B. Example 2
This example focuses on the sample size. The state equation

describes a moving target. The matrices F, Q, H(`), R(`),
` = 1, 2, and the initial condition x̂0, P0 in (20)–(23) are
given by

F =
[
1 T
0 1

]
, Q = 4

[
T 3

3
T 2

2
T 2

2 T

]
, T = 1, (32)

H(1) =
[
1 0

]
, R(1) = 10 (33)

H(2) =
[
1 0
0 1

]
, R(2) =

[
200 0
0 1

]
, (34)

x̂0 =
[
10
10

]
, P0 =

[
1 0
0 10

]
. (35)

The target moves with a nearly constant velocity, the first
sensor measures the position of the target with smaller error
than the second sensor, but the second sensor additionally
measures the velocity of the target. The measurements are
synchronised with a period T . The simulation results are
presented in Figures 7–11.

The particle filters use N = 3000 particles, the other
progress is the same as in the first example. The fusion is
more difficult than in the first example, the covariance ellipses
of the estimates, see Figure 7, are nearly axis aligned. The
entropy estimates of the fused density, Figure 8, worsen with
increasing distance d (30) of the local densities. The relative
effective sample size decreases with the increasing distance d.
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Figure 7. Covariance ellipses of the estimates. The notation is the same as
in Figure 2.

Now, the same data are used, but the particle filters operate
with a smaller number of particles, N = 1000. The covariance
ellipses of the estimates are very similar to those of Figure 7
and, therefore, are not depicted. The relative effective sample
size Nef/N does not change too much in comparison with
Figure 9, and hence it is not shown. In other words, the
performance of the particle filters that run locally does not
degrade much.
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Figure 8. Entropy estimates based on the Shannon fusion particles. The
notation is the same as in Figure 3. Since the local covariances are nearly
axis aligned, more samples are needed to obtain a comparable quality.
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Figure 9. Relative effective sample size Nef/N of the Shannon fusion
particles. The notation is the same as in Figure 4. The relative values do not
change substantively for different sample sizes N .

Figure 10 shows that the entropy estimates differs from
those of Figure 8. A degradation can be seen for the high
values of the distance d. It must be emphasised that the
distances are not exaggerated. Both the local densities are
correct, they are not a product of a wrong association, they
are distant due to the conditioning on different data.
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Figure 10. Entropy estimates based on the Shannon fusion particles for
sample size N = 1000. The quality is influenced by the relation of the local
densities. The quality is inferior to the first example, compare with Figure 3.

Figure 11 shows the situation for even a smaller sample
size, N = 300. The entropy estimates are unusable for high
distances, the optimal weight ω∗F cannot be reasonably deter-
mined. The covariance intersection entropies differs from those
in previous figures because the covariances are determined
from the particles.
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Figure 11. Entropy estimates based on the Shannon fusion particles for
sample size N = 300. A small number of particle prevents a reasonable
choice of the optimal weight ω∗F .
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The example has demonstrated the need for a high number
of particles. Though a certain sample size may be sufficient for
particle filtering, it may be insufficient for the fusion purpose.
Since the extrapolation of the density to the areas with no
particles is almost impossible, the number of particles has to
be high enough to cover the tails of the distribution.

VI. CONCLUSION

The paper dealt with a decentralised fusion method. The
Shannon fusion approach was newly elaborated in the particle
framework only. The main contribution of the proposed ap-
proach is that the weighted particles need not be approximated
by a probability density function with a given structure. Next,
the requirements for the common sampling density design
were stressed and the covariance union method was proposed
as an suboptimal solution in simple cases. The approach was
illustrated in numerical examples. It was explained why the
idea to sample from one local density should be abandoned.
Further, it was shown that if the local densities are distant, the
particle approach requires an excessive particle number, but at
the same time it is exactly the case when the application of
the fusion is questionable.
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