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Abstract—Lack of knowledge of the prior probabilities in
Bayesian process classifications from short sequences, may
make temporary inferences unstable, or difficult to interpret.
In some time-critical applications the use of uniform priors
may be just too strong, or unjustified. A promising approach
to “objective” prior determination is the application of the
principle of maximum entropy to the model. The resulting
so-called entropic priors [5], are applied here to Bayesian
process classification with inferences based only on likelihood
knowledge. We address the posterior consistency problem
and derive a condition for ergodicity. The result is applied
here to the classification of Gaussian processes. Some typical
simulations of classification of AR processes are included.

I. INTRODUCTION

In many data fusion problems a system of probabilistic

inference has to be designed according to a best guess

about the model. Despite the elegance of Bayes’ theorem,

imperfect knowledge about likelihoods and priors may often

affect the results of our classifications in unpredictable ways.

The difficulty is particularly critical if we have to base our

inferences on small sets of observations.

Controversial results on the application of Bayes’ theorem

have recently stimulated a growing interest in alternative

theories to probability theory [1] [20]. The Dempster-Shafer

approach to data fusion [19], [21], [22] has become very

popular [1], [19] and to many it seems to be a promising

alternative to the standard Bayesian framework.

We take a more traditional approach in trying to resolve

our lack of knowledge about the model following the

Maximum Entropy (ME) principle [11]. We concentrate on

standard Bayesian inference in which the prior probabilities

are not known. In the statistics literature various ideas have

been explored in trying to obtain “objective” alternatives

to uniform priors. Jeffreys’ priors [12], Conjugate priors
[18], Reference Priors [2], [3], [10], Zellner’s Priors [24],

are the most known and often used as an objective choice.

Other priors, specific for given applications, can be derived

from normalizations related to domain knowledge [8]. None

of these approaches is directly applicable to our problem

because they have been derived for continuous parameters,

with the exception of reference priors that applied to discrete

hypotheses degenerate into flat priors. In this work we limit

our attention to priors derived from the maximization of

model entropy (entropic priors) because we find that the

ME approach is probably the best candidate for solving

some of the inconsistencies related to model uncertainties

(see [4] for an interesting discussion). Entropic priors have

been proposed mainly in theoretical physics [5], [6], [9],

[13], [14] and to our knowledge their real potential in signal

processing applications is yet to be explored.

In [15] we tested entropic priors for a target classification

problem taken from [19] and [1] in comparison to the

application of Dempster-Shafer (DS) theory obtaining very

similar results. In [16] we have compared the entropic

solution to priors derived from maximization of mutual

information (maxinf priors) and presented a number of

examples. In this paper we apply the idea to sequence

classification when we have available only a small number

of samples. In time-critical applications when we have to

quickly provide an inference about a class (i.e. for example

in tracking) we have to make sure that our results are not

the consequence of an incorrect set of prior assumptions.

Uniform priors sometimes may be inappropriate on small

data sets. Entropic priors, that applied to sequence clas-

sification present a time-varying profile, tend to be more

conservative as they correspond to the maximization of a

measure of uncertainty about the model. Beliefs based on

entropic priors are guaranteed to depend only on likelihoods.

Unfortunately, as the data set grows, entropy maximization,

that has also a nice combinatorial interpretation [11], [16],
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tends to assign to the class with the largest conditional

entropy most of the prior probability mass. This problem

has been recognized in repeated experiments by Caticha

and Preuss [6] that proposed to introduce constraints on

the prior distribution, although their approach is applied

to continuous parameters and not to discrete classes. We

address such a problem in our work and we show that

under specific conditions, even if the prior distribution tends

to become a delta function on the class with the largest

conditional entropy, the posterior process can still be made

to converge, thanks to the combined role of the likelihoods.

We have found experimentally that in process classification

the entropy spread problem is rarely a problem unless the

classes are weakly separated. In another paper [16] we

have proposed a constrained entropic prior solution that

guarantees posterior consistency, even when the classes are

poorly separated. We do not address such an extension here.

In Section II we start considering the inference problem

for processes and in Section III we derive the entropic prior

solution. Posterior consistency is considered in Section IV

and in Section V it is applied to Gaussian processes. In

Section VI a set of simulations for short-term classification

of AR processes in included. Conclusions are in Section VII

and mathematical derivations are in Appendix VIII.

II. INFERENCE FOR CLASSIFICATION

Suppose we have available n values of a stochastic process

{X[n]}
X1 :n = (X[1], X[2], . . . , X[n])T , (II.1)

directly linked to a class variable C which takes values in

the discrete alphabet

C = {c1, c2, . . . , cL} . (II.2)

Inference for classification consists in obtaining the degree

of association between X1 :n and C, i.e. from a realization

x1 :n = (x[1], x[2], .., x[n]), (II.3)

the objective is to obtain the a posteriori probabilities

(posteriors) computed for each c ∈ C via Bayes’ theorem

Pn(c|x1 :n) =
f(x1 :n |c)Pn(c)∑

y∈C f(x1 :n |y)Pn(y)
, (II.4)

where f(x1 :n |c) are the likelihood functions and Pn(c) are

the a priori probabilities (priors). In this general framework

the time index n may vary and also the prior may be

dependent on n. Process classification based on small values

of n may be important in time-critical applications where an

inference, or a decision, has to be made as soon as possible.

Unfortunately, in many practical cases the system designer

has to operate with uncertainties about both likelihoods and

priors. In classifications where n is small, lack of knowledge

about the model may make the results of Bayes’ inference

too unreliable. In this paper we focus on a scenario in which

the likelihoods are available, but we know nothing about the

priors. Of course, assuming uniform priors is very common

and it appears to be reasonable when such information is

not available. After all the well-known maximum likelihood
method makes decisions on the basis of uniform priors.

Unfortunately, Bayes’ theorem with uniform priors, when

applied on incomplete data sets may show contradictory

results when compared to our most intuitive understanding

of the problem. The assumption of uniform priors on scarce

data may be sometimes too strong, or completely arbitrary.

Let us start our discussion by looking at the following

example.

A. Example

Suppose we observe a short sequence of three independent

samples coming from one of two classes (L = 2) with

uniform likelihoods f(x1 :3 |c1) = (1/8)3U [−2, 6]3 and

f(x1 :3 |c2) = (1/10)3U [−5, 5]3, where U [a, b]3 denotes the

hypercube built on the segment [a, b]. If the three values

are all contained in the interval (−2, 5) our intuition tells

us that the values are compatible with both classes and

we should attribute equal confidence to each one of them.

Conversely, if we use Bayes’ formula with uniform priors

we get posteriors P3(c1|x1 :3 ) = 1000/1512 = 0.6614,

P3(c2|x1 :3 ) = 512/1512 = 0.3386, that shift our confi-

dence towards class c1 because it is the one with the lowest

variance, i.e. the highest likelihood. The result should be

considered somewhat questionable because we are forced

to shift out belief in a way that seems to contradict our

common sense. After all, the only knowledge we have

in this experiment is the data range of the two classes.

Obviously as more data is acquired and at least a sample

value should fall in the range [−5,−2] we would make a

definite decision about class c2. Similarly if a data point

should fall in the interval [5, 6] we would make a definite

decision about c1. In general, if no data point falls outside

[−2, 5], our common sense dictates that we should maintain

a more conservative attitude than Bayes’ result. We should

not declare class c1 until enough data has been acquired
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to build sufficient confidence about it. This example is

just a simple case in which we should question our prior

assumptions, because even if we know that eventually the

inference will converge, how soon can we trust Bayes’

belief? The situation can become fuzzier if we were in the

presence of smooth distributions. How do we know how

much of our beliefs are the result of prior assumptions and

how much is “objectively” contained in the data? There are

examples in the literature where Bayes’ formula applied on

small data sets leads to contradictory results as compared

to our most intuitive understanding of the problem [19]. In

general, we should try to remove any arbitrary assumption,

that perhaps inadvertently, has been injected into the model.

III. ENTROPIC PRIORS

The search for “objectivity” with respect to unknown

parameters is a classic problem in the statistics literature,

as partially reviewed in the introduction. Various “objective

priors” have been proposed in the literature (see [16] for

more references). We focus here on prior determination

based on maximization of the joint model entropy. Entropy

maximization appears the most appealing criterion when

no other hypotheses are available. We search for the prior

distribution that, given the likelihood functions, maximizes

the joint entropy

H(X1 :n , C) = E
[
log 1

f(X1 :n ,C)

]

=
∑

c∈C
´
f(x1 :n |c)Pn(c) log

1
f(x1 :n |c)Pn(c)

dx1 :n .
(III.1)

The integral is replaced by a summation if the variables in

X1 :n are discrete. The probabilities that maximize the joint

entropy H(X1 :n , C) for given likelihoods f(X1 :n |c), c ∈ C,

are the entropic priors

PnE(c) =
eH(X1 :n |c)∑
y∈C eH(X1 :n |y) , (III.2)

where H(X1 :n |c) is the conditional entropy (for easier nota-

tion we use natural logarithms (nats), but the base is totally

irrelevant to this discussion). The proof is straightforward

and is reported in Appendix VIII-A.

For no observations, n = 0, entropy maximization (just

H(C)) gives clearly the uniform distribution. However as

soon as we have data, joint entropy maximization suggests

that our prior belief about each class should be larger for the

classes with larger conditional entropy. This is equivalent to

consider the worse case scenario in terms of model knowl-

edge. A combinatorial arguments can be also used to justify

entropy maximization [11][16]. In practical cases, when we

have class distributions that are overlapping, multimodal, or

have different covariances, we may have very different class-

conditional entropies and the entropic priors can be much

different than the flat distribution.
It is interesting to reconsider Example II-A with entropic

priors. The conditional entropies are H(X1 :3 |c1) = 3 log 8
and H(X1 :3 |c2) = 3 log 10 and the entropic priors are

P3E(c1) = 512/1512, P3E(c2) = 1000/1512. Bayes’ rule

for samples all contained in the interval [−2, 5] and entropic

priors, gives two identical ( 12 ) posteriors, satisfying our quest

for a more conservative inference. Note that the conclusion

is based only on likelihood knowledge.

IV. CONSISTENCY

In any inference process where posterior probabilities are

adjourned as time index n progresses, we have to make sure

that the posterior process {Pn(c|X1 :n)} is consistent, i.e. if

the data is generated from class ci, Pn(ci|x1 :n) → 1 and

Pn(cj |x1 :n) → 0, j �= i. Since in our general approach

we allow the prior probabilities to change with n, the

convergence issue needs special attention in comparison to

inferences based on constant priors.
Observe that given a sequence xi

1 :n coming form class

ci, from the law of the large numbers as n → ∞{
log f(xi

1 :n |ci) → −H(X1 :n |ci);
log

f(xi
1 :n |ci)

f(xi
1 :n |cj) → Dn(i; j), j �= i

where Dn(i; j) =
´
f(x1 :n |ci) log f(x1 :n |ci)

f(x1 :n |cj)dx1:n is

the KL-divergence between likelihood f(x1 :n |ci) and

f(x1 :n |cj) and convergence is in probability [7]. Hence{
f(xi

1 :n |ci) → e−H(X1 :n |ci);
f(xi

1 :n |cj) → e−H(X1 :n |ci)−Dn(i;j), j �= i

that substituted in Bayes’ formula, immediately implies

that Pn(ci|xi
1 :n) → 1 and P (cj |xi

1 :n) → 0 if and only

if logPn(cj) < Dn(i; j) + logPn(ci). Therefore priors’

evolution has to be constrained to satisfy the inequality

Pn(cj) < Pn(ci)e
Dn(i;j) ∀ j �= i, (IV.1)

or

Dn(i; j) > log
1

Pn(ci)
− log

1

Pn(cj)
. (IV.2)
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Consistency requires prior evolution to be controlled in

dependence on the separation among the classes described

by all the KL divergences. For constant priors the condition

P (cj) < P (ci)e
Dn(i;j) ∀ j �= i, is certainly satisfied

for some n > n0 as usually Dn(i; j) → ∞ as n grows.

However, even if we are interested in inference for small

values of n, since we allow the priors to vary, we have to

check the general condition (IV.2).

A. Consistency for entropic priors

When we apply entropic priors to the stochastic pro-

cess inference, since entropy grows H(X1 :n |ci) <
H(X1 :n+1 |ci)∀i, entropic priors become progressively con-

centrated on the class with the largest asymptotic entropy,

i.e.

lim
n→∞PnE(c) = δ(c− cmax). (IV.3)

This is clearly unacceptable and it has appeared as a major

limitation to the practical use of entropic priors for repeated

experiments [6]. Even though domain-dependent solutions

have been proposed to contain the spread of the entropy

[6], if we look at the limiting behavior of the posterior

distribution, we can let the priors degenerate as far as the

posteriors remain consistent. In other words, even if the

priors tend to become concentrated on the class with the

largest entropy, as far as the posterior probabilities converge

properly, we can apply successfully solution (III.2) to our

objective inference. Condition (IV.2) for entropic priors

becomes

Dn(i; j) > H(X1 :n |cj)−H(X1 :n |ci), ∀ j �= i. (IV.4)

Inequality (IV.4) requires that the likelihoods are suffi-

ciently separated for entropic priors to provide a consistent

Bayesian inference. Even though in many cases such a con-

dition is easily verified (as we will see in the following for

AR processes), there are cases in which the likelihoods are

too superimposed and a constrained entropic prior solution

must be used [16]. In this paper, for space reasons, we

confine our attention only to the unconstrained case limiting

the usage of entropic priors only to problems in which (IV.4)

is satisfied.

We can check now for consistency in Example II-A.

Since the densities are null outside their range, we have that

D1(1; 2) = ∞, D1(2; 1) = ∞, which means that condition

(IV.4) is trivially satisfied for any n: the entropic priors give

posteriors equal to 1
2 as far as samples are contained in the

overlapping interval; as soon as a sample falls outside the

common range, a definite correct inference is made. Note

again that such a conclusion is drawn only on the basis of

likelihood knowledge.

V. GAUSSIAN PROCESSES

We focus here on the important case in which process

{x[n]} is Gaussian. Entropies and KL-divergences can be

computed explicitly, i.e. H(X1 :n |ci) = 1
2 log(2πe)

n|Σni|,
Dn(i; j) = 1

2 (log
|Σnj |
|Σni| + tr(Σ−1

nj Σni) + (μnj −
μni)

TΣ−1
nj (μnj − μni) − n), where μni = E[X1 :n |ci] and

Σni = COV [X1 :n |ci] and both means and covariances

depend on n as the observation window grows. Entropic

priors are

PnE(ci) =
|Σni|∑M
j=1 |Σnj |

, i = 1, ..., L, (V.1)

and Bayes’ formula with entropic priors is reduced to

PnE(ci|x1 :n) =
e−

1
2 (x1 :n−μni)

TΣ−1
ni (x1 :n−μni)∑M

j=1 e
− 1

2 (x1 :n−μnj)TΣ−1
nj (x1 :n−μnj)

,

(V.2)

i = 1, ..., L. It is striking to observe how the entropic

solution equalizes the heights of the Gaussian likelihoods

recalling the structure of the Gaussian membership func-

tions commonly used in fuzzy logic [23]. The intriguing

similarities, that will be addresses elsewhere, suggests that

fuzzy methods, that find useful application when model

knowledge is scarce, may bear some important connections

to the maximum entropy method used here.

The condition for consistency (IV.4) for Gaussian pro-

cesses becomes

tr(Σ−1
ni Σnj) + (μni − μnj)

TΣ−1
ni (μni − μnj) > n ∀i �= j.

(V.3)

Large separation among the means clearly favors consis-

tency. However, when the means are all superimposed

(and/or null) consistency must rely upon differences in

covariance eigenstructures.

A. AR Processes

We apply here entropic priors to the classification of a set

of Auto-Regressive Gaussian processes.
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Recall that an auto-regressive AR(M) Gaussian process

of order M is described by the difference equation x[n] =∑M
k=1 akx[n−k]+w[n], where {w[k]} is a Gaussian process

with auto-correlation Rw[m] = σ2
wδ[m] and a1, ..., aM

are real coefficients. The AR process has stationary auto-

correlation Rx[m] = E[x[n]x[n − m]] solution of the

classical Yule-Walker equation Rx[l] =
∑M

k=1 akRx[l −
k] + σ2

wδ[l], l = 0, 1, 2, .....The auto-correlation values

Rx[0], Rx[1], Rx[2], ... are usually obtained in a recursive

fashion [17]. For easier handling of covariance matrices

of varying orders, a compact direct formula is derived in

Appendix VIII-B.

In the inference problem, from observations x1:n we

have to obtain posterior probabilities for L AR pro-

cesses with coefficient sets ai = (ai1, ai2, ..., aiMi
), i =

1, ..., L and variances σ2
wi, i = 1, ..., L. The means are

zero and the covariance matrices are Σni = Rni =
Toeplitz(Rxi[0], ..., Rxi[n− 1]), where the auto-correlation

coefficients are computed as in Appendix VIII-B. Condition

(V.3) for consistency of entropic priors for zero mean

processes simplifies to

tr(R−1
ni Rnj) > n ∀i �= j. (V.4)

To keep better track of consistency as n progresses, we

define a consistency index

en = min
i �=j

tr(R−1
ni Rnj)

n
(V.5)

that we must check to be > 1.

VI. SIMULATIONS

We have simulated entropic prior classification with three

processes. Process 1 and 2 are AR(2) with coefficients

a1 = (a11, a22) = (2ρ1 cos θ1,−ρ21), ρ1 = 0.9, θ1 = π
5 ,

σ2
1w = 1, a2 = (a21, a22) = (2ρ2 cos θ2,−ρ22), ρ2 = 0.9,

θ1 = π
7 ,σ2

2w = 1. Process 3 is a white sequence with

variance σ2
3w = 1. Figure VI.1 shows the three auto-

correlation sequences for n = 0, ..., 29.

Figure VI.2 shows the consistency index (V.5) for n =
1, ..., 30. As we can see, for n > 3 the index exceeds

one. This means that the three classes are sufficiently dif-

ferentiated so that consistency in the posterior evolution is

not a problem. We have verified experimentally, in many

more simulations, that unless we are in the presence of

processes with very similar parameters, condition (V.4) is

usually satisfied. When this is not the case, as mentioned

Figure VI.1. Auto-correlation sequences for process 1, 2 and 3

Figure VI.2. Consistency index

above, a constrained solution for entropic priors has been

proposed [16], but it is not necessary here.

Simulation 1: In the first set of simulations we have

generated random sequences according to Process 2 and

computed the evolution of the posterior probabilities for both

uniform and entropic priors. In all simulations, test segments

from sufficiently long sequences have been considered to

avoid transient filter behavior. Figure VI.3 shows the typical
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posterior evolution for a segment of a realization of Process

2. Entropic priors lead to a more cautious inference in

comparison to posteriors based on uniform priors that are

generally less stable at the beginning of the evolution. Such

a behavior depends on the effects predicted by Example II-A.

Repeated experiments with segments from the other classes

show similar behavior. We would like to emphasize that

entropic posteriors are to be considered “objective” as they

do not depend on any arbitrary assumption not contained in

the data and the likelihoods!

Simulation 2: In this second set of simulations we have

presented to the inference system segments of an AR process

with ρ = 0.8, θ = π
2 and σ2

w = 0.3, which is not

one included in the initial set. The process has a rather

flat spectrum in comparison to Processes 1 and 2 and

smaller power. Figure VI.4 shows a test segment and the

corresponding posterior evolution. The system classifies the

sequence as Process 3 (white sequence), but with a smoother

behavior in comparison to the inference based on uniform

priors.

Simulation 3: We have repeated here Simulation 2, but

presenting sequences from an AR process with a pair of

poles that are in between the poles of Process 1 and 2, i.e.

ρ = 0.9, θ = π
6 and σ2

w = 1. Figure VI.5 shows a typical

inference where the posteriors tend to converge values that

are between class 1 and 2. The comparison between the

use of entropic (objective) and uniform priors confirms the

cautious behavior seen in other cases.

VII. CONCLUSIONS

In this paper we have applied entropic priors to Bayesian

classification of short sequences. This approach, derived by

model entropy maximization, allows inferences that depend

only on the data and the likelihood functions. Entropic priors

tend to produce posterior probability evolutions that are

smoother and more conservative in comparison to posteriors

based on uniform priors. A condition for posterior consis-

tency has been derived and applied to Gaussian sequences.

Even though class entropy grows as more observations

become available, if the classes are sufficiently separated in

terms of their KL-distance, the posterior process converges

to the appropriate class. Entropic priors can also be used in

short-term inferences on non stationary sequences where the

observation vector is a short sliding window Xk:k+n.
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Figure VI.3. Test sequence and posterior evolution for Simulation 1

VIII. APPENDIX

A. Proof of Entropic priors

The Lagrange function for (III.1) is L =
H(X1 :n , C) − λ (

∑
c Pn(c)− 1) = H(X1 :n |C) +

H(C) − λ (
∑

c Pn(c)− 1) =
∑

c H(X1 :n |c)Pn(c) −∑
c Pn(c) lnPn(c) − λ (

∑
c Pn(c)− 1), where the

only constraint is
∑

c Pn(c) = 1 (the inequality

constraints 0 ≤ Pn(c) ≤ 1 are verified a posteriori).

Taking the derivative with respect to Pn(c) we get
∂L

∂Pn(c)
= H(X1 :n |c) − lnPn(c) − 1 − λ. Setting the

690



0 5 10 15 20 25 30
−1.5

−1

−0.5

0

0.5

1

1.5
TEST SEQUENCE

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

PostE1
PostE2
PostE3
PostU1
PostU2
PostU3

Figure VI.4. Test sequence and posterior evolution for Simulation 2

derivative to zero we get Pn(c) = eH(X1 :n |c)−1−λ. By

imposing the constraint we get e−1−λ = 1∑
c eH(X1 :n |c) ,

which gives the solution (III.2).

B. AR Direct Auto-correlation Computation

In matrix form Yule-Walker equation can be written as

the (n+1)× (n+1) linear system Anrn = σ2
wen1, i.e. for

M = 2 and n = 5
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Figure VI.5. Test sequence and posterior evolution for Simulation 3

⎡
⎢⎢⎢⎢⎢⎣

1 −a1 −a2 0 0 0
−a1 −a2 + 1 0 0 0 0
−a2 −a1 1 0 0 0
0 −a2 −a1 1 0 0
0 0 −a2 −a1 1 0

−a2 −a1 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

Rx[0]
Rx[1]
Rx[2]
Rx[3]
Rx[4]
Rx[5]

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

σ2
w
0
0
0
0
0

⎤
⎥⎥⎥⎥⎥⎦
.

The coefficient matrix can be obtained as the product of an

(n+1)× (M+n+1) Toeplitz matrix Bn, and an (M+n+
1)× (n+ 1) permutation matrix that for n = 5 and M = 2
are
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B5 =

⎡
⎢⎢⎢⎢⎢⎣

−a2 −a1 1 0 0 0 0 0
0 −a2 −a1 1 0 0 0 0
0 0 −a2 −a1 1 0 0 0
0 0 0 −a2 −a1 1 0 0
0 0 0 0 −a2 −a1 1 0
0 0 0 0 0 −a2 −a1 1

⎤
⎥⎥⎥⎥⎥⎦

W5 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

In compact form we have

Bn = Toeplitz

[[ −aM

0n×1

]
, [−aR 1 01×n]

]
, (VIII.1)

Wn =

[
0M×1 IR

M 0M×(n−M)

In+1

]
,

where aR is the reversed set of filter coefficients and IRM is

the reversed M ×M identity matrix. Therefore we have to

solve the linear system

BnWnrn = σ2
wen1,

where only Bn depends on the filter coefficients in a

straightforward way (eq. (VIII.1), Matlab syntax).
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