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Abstract— A component pruning algorithm based on entropy
distribution is proposed for the Gaussian mixture implementation
of probability hypothesis density filter. Maximum a posterior
criterion is adopted for the estimation of mixing parameters.
Entropy distribution with negative exponent parameters, which
only depends on mixing weights, is adopted as the prior distri-
bution of mixing parameters. The update formulation of mixing
weight is derived by Lagrange multiplier. The instability of
entropy distribution with negative exponent parameters is applied
in driving the components irrelevant with target intensity to
extinction during the maximum a posterior iterative procedure.
Besides, the problem that an intensity peak is described by
several components with similar parameters, can be solved by
this instability. It is convenient for the following multitarget state
extraction. Simulation results show that the component pruning
algorithm based on entropy distribution is superior to the typical
algorithm for Gaussian mixture probability hypothesis density
filter in multiple target tracking.
Keywords: probability hypothesis density, Gaussian mix-
ture implementation, component pruning, maximum a
posterior, entropy distribution.

I. INTRODUCTION

The objective of multitarget tracking is to jointly estimate
the number of targets and their states from a sequence of
noisy and cluttered measurement sets. Multitarget tracking
is a class of set-valued estimation in nature, in which both
target number and target states are random. Although point
process theory is recognized as the mathematical fundament
for multitarget tracking without data association, there have
not been systematic and rigorous algorithms until probability
hypothesis density (PHD) filter is proposed by Mahler by
the tools of random finite sets statistics [1], [2]. The integral
of PHD in a given region of state space is the expected
target number in that region. PHD is a “single density” that
collapses the multitarget posterior density into single target
state space. PHD filter incorporates target initiation, tracking,
and termination into a whole procedure seamlessly. A novel
comprehension of PHD from the standpoint of bin-occupancy
is recently presented in [3]. There are two implementations
of PHD filter, Gaussian mixture implementation [4], [5] and
sequential Monte Carlo implementation [6], [7], which are
suitable for linear-Gaussian dynamics and nonlinear non-
Gaussian dynamics, respectively. The convergence of Gaussian
mixture implementation is discussed in [8], while that of

sequential Monte Carlo implementation is discussed in [6], [9],
[10]. The cardinalized PHD (CPHD) filter, which propagates
both PHD and the distribution of target number, is developed
to improve the performance of PHD filter [11]. Generally,
CPHD filter is more intractable of computation compared
to PHD filter. Gaussian mixture implementation of CPHD
filter has been developed under multitarget linear Gaussian as-
sumptions [12]. As the promising and unified methodologies,
PHD and CPHD filters have been widely applied in many
fields, such as distributed tracking, active-acoustic tracking,
and sensor management and so on. The survey of their various
applications can be referred to [13].

As far as the Gaussian mixture implementation of PHD
filter is concerned, it approximates the integral of PHD by
the summation of weighted Gaussian components under the
multitarget linear Gaussian assumptions [4]. In the Gaussian
mixture PHD filter, the PHD is presented by a large set of
weighted Gaussian components propagated over time through
prediction and update. The summation of the weights of
Gaussian components is the expected target number since the
integral of PHD over the surveillance is the expected target
number. The output of Gaussian mixture PHD filter after
update is a weighted Gaussian component set approximating
PHD at current time step. However, the Gaussian mixture
PHD filter suffers from computation problems associated
with the increasing number of Gaussian components as time
progresses, since mixture component number increases at both
prediction step and update step of any time (particularly
at the update step). In fact, the number of components in
the posterior intensities increases without bound. Thus, the
Gaussian mixture PHD filter is infeasible without component
pruning algorithm. The goal of this paper is to prune the
Gaussian components irrelevant with target intensity so that
the number of components propagated to the next time step can
be reduced. A component pruning algorithm based on entropy
distribution with negative exponent parameters is proposed
for the Gaussian mixture PHD filter. This algorithm makes
use of the instability of entropy distribution to drive the
components irrelevant with target intensity to extinction during
the maximum a posterior iterative procedure.

The remaining parts of this paper are organized as follows.
Section II describes the component pruning problem in Gaus-
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sian mixture PHD filter, which this paper focuses on. The
component pruning algorithm based on entropy distribution is
presented in section III. Section IV is devoted to the simulation
study. Conclusion is provided in section V.

II. PROBLEM DESCRIPTION

The PHD filter’s prediction operator and update operator
are

vk|k−1 (x) =
∫

pS,k (ζ) fk|k−1 (x|ζ) vk−1 (ζ)dζ

+
∫

βk|k−1 (x|ζ)vk−1 (ζ) dζ + γk (x)

(1)

and

vk (x) = [1 − pD,k (x)] vk|k−1 (x)

+
∑

z∈Zk

ϕz,k (x) vk|k−1 (x)
κk (z) +

∫
ϕz,k (ξ) vk|k−1 (ξ) dξ

(2)

respectively, where v (·) intensity, γk (x) birth intensity at time
step k, βk|k−1 (·|ζ) intensity spawned by ζ at time step k−1,
κk(z) clutter intensity, pS,k (ζ) survival probability, pD,k (x)
detection probability, ϕz,k (x) = pD,k (x) gk (z|x), gk (z|x)
single target likelihood, Zk measurements at time step k [1],
[2].

Under the assumptions of linear Gaussian multitarget model,
the Gaussian mixture PHD filter can be summarized as follows
[4]. The target intensity at time step k − 1 is in the form of
Gaussian mixture

vk−1 (x) =
Jk−1∑
i=1

w
(i)
k−1N

(
x;m(i)

k−1, P
(i)
k−1

)
(3)

where w mixing weight, N (·) Gaussian distribution, m mean,
P covariance and J component number. Then, the predicted
intensity for time step k is given by

vk|k−1 (x) = vS,k|k−1 (x) + vβ,k|k−1 (x) + γk (x) (4)

where γk is the birth target intensity

γk (x) =
Jγ,k∑
i=1

w
(i)
γ,kN

(
x;m(i)

γ,k, P
(i)
γ,k

)
(5)

vS,k|k−1 is the survival target intensity

vS,k|k−1 (x) = pS,k

Jk−1∑
j=1

w
(j)
k−1N

(
x;m(j)

S,k|k−1, P
(j)
S,k|k−1

)
(6)

m
(j)
S,k|k−1 is the predicted mean of Gaussian component

m
(j)
S,k|k−1 = Fk−1m

(j)
k−1 (7)

P
(j)
S,k|k−1 is the predicted covariance of Gaussian component,

P
(j)
S,k|k−1 = Qk−1 + Fk−1P

(j)
k−1F

T
k−1 (8)

vβ,k|k−1 is the spawned target intensity

vβ,k|k−1 (x) =
Jk−1∑
j=1

Jβ,k∑
l=1

w
(j)
k−1w

(l)
β,kN

(
x;m(j,l)

β , P
(j,l)
β

)
(9)

m
(j,l)
β is the spawned mean of Gaussian component

m
(j,l)
β = F

(l)
β,k−1m

(j)
k−1 + d

(l)
β,k−1 (10)

P
(j,l)
β is the spawned covariance of Gaussian component

P
(j,l)
β = Q

(l)
β,k−1 + F

(l)
β,k−1P

(j)
β,k−1

(
F

(l)
β,k−1

)T

(11)

The formula (4) is rewritten in the simple form of Gaussian
mixture

vk|k−1 (x) =
Jk|k−1∑

i=1

w
(i)
k|k−1N

(
x;m(i)

k|k−1, P
(i)
k|k−1

)
(12)

Then, the posterior intensity at time step k is

vk (x) = (1 − pD,k) vk|k−1 (x) +
∑

z∈Zk

vD,k (x; z) (13)

where vD,k is the detected target intensity

vD,k (x; z) =
Jk|k−1∑

j=1

w
(j)
k (z)N

(
x;m(j)

k|k (z) , P
(j)
k|k

)
(14)

w
(j)
k is the updated weight

w
(j)
k (z) =

pD,kw
(j)
k|k−1q

(j)
k (z)

κk (z) + pD,k

Jk|k−1∑
l=1

w
(l)
k|k−1q

(l)
k (z)

(15)

m
(j)
k|k (z) is the updated mean

m
(j)
k|k (z) = m

(j)
k|k−1 + K

(j)
k

(
z − Hkm

(j)
k|k−1

)
(16)

P
(j)
k|k is the updated covariance

P
(j)
k|k =

[
I − K

(j)
k Hk

]
P

(j)
k|k−1 (17)

K
(j)
k is the gain

K
(j)
k = P

(j)
k|k−1H

T
k

(
HkP

(j)
k|k−1H

T
k + Rk

)−1

(18)

The number of Gaussian components Jk representing target
intensity vk at time step k in Gaussian mixture PHD filter is

Jk = (Jk−1 (1 + Jβ,k−1) + Jγ,k) (1 + |Zk|) (19)

where Jk−1 is the number of components of target intensity
vk−1 at time step k−1. The number of components increases
in O (Jk−1 |Zk|). Specially, the component number mostly in-
creases in (Jk−1 (1 + Jβ,k) + Jγ,k) |Zk| at update step. Then,
the number of Gaussian components increases without bound
so that the computation of Gaussian mixture PHD filter is
intractable after several time steps. Therefore, it is necessary
to prune the components to make the Gaussian mixture PHD
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filter feasible. Moreover, there is situation that some Gaus-
sian components with similar parameters describe the same
intensity peak. This situation is not good for the following
multitarget state extraction. Those components sharing the
same intensity peak should be merged into one component
with larger weight. The goal of this paper is to prune the
Gaussian mixture components irrelevant with target intensity
to reduce the number of components. Besides, the Gaussian
components describing the same intensity peak with similar
parameters are merged into one Gaussian component with
larger weight.

III. COMPONENT PRUNING ALGORITHM

For the simplicity, the time index k is neglected and let
M = Jk|k represent the number of components. wS is the
summation of weights of Gaussian components

wS =
M∑

j=1

wj (20)

The weights of Gaussian components are normalized by
{w1/wS , . . . , wM/wS}. Then

M∑
j=1

wj = 1 (21)

Let θj =
{
m(j), P (j)

}
represent the parameters of the jth

Gaussian component, where m(j) and P (j) are the mean and
covariance, respectively. Correspondingly, the parameter set of
M components is θ = {θ1, . . . , θM}.

The prior of θ is adopted as the entropy distribution with
negative exponent parameters

p (θ) ∝ exp (−H (w1, . . . , wM )) (22)

where H (w1, . . . , wM ) = −
∑M

j=1 wj log wj is the entropy
measure [14], [15]. The goal of this selection of prior dis-
tribution, which depends only on mixing weights, is to delete
some components by the adjustment of mixing weights during
the iteration procedure. Parameter set θ is estimated by the
criterion of maximum a posterior (MAP). The log-likelihood
of Z = {z1, . . . , zn} is

log p (Z|θ) =
n∑

i=1

log
M∑

j=1

wjg (zi|θj) (23)

where g (z|θj) is the single target likelihood in jth component.
Then the MAP estimate of θ is

θ̂ = arg max
θ

{log p (Z|θ) + log p (θ)} (24)

For the weight wj , the MAP estimate can be computed by
setting the derivative of log-posterior to zero

∂

∂wj
(log p (Z|θ) + log p (θ)) = 0 (25)

The MAP estimate of wj is computed by the maximum of
log p (Z|θ) + log p (θ) under the constraint (21)

∂

∂wj

log p (Z|θ) + log p (θ) + λ

 M∑
j=1

wj − 1

 = 0

(26)
where λ is Lagrange multiplier. Substituting formulas (22) and
(23) into formula (26), it can be obtained that

n∑
i=1

ωj (zi)/wj + log wj + λ + 1 = 0 (27)

where ωj (z) represents the membership that z is from the jth
component

ωj (z) =
wjg (z|θj)

M∑
j=1

wjg (z|θj)
(28)

The formula (27) is a simultaneous transcendental equation.
We solve it for the wj using the Lambert W function [16], an
inverse mapping satisfying W (y) eW (y) = y and therefore
log W (y) + W (y) = log y. Lambert W function W (y) is
a multivalued function defined in general for y complex and
assuming W (y) complex. If y is real and y < −1/e , then
W (y) is multivalued complex. If y is real and −1/e ≤ y < 0,
W (y) has two possible real values. If y is real and y > 0,
W (y) has one real value. Then,

−W (y) − log W (y) + log y = 0 (29)

Setting y = ex, formula (29) can be rewritten as

−W (ex) − log W (ex) + x = 0 (30)

In formula (27), it is assumed that

ωj =
n∑

i=1

ωj (zi) (31)

Then, formula (30) is
ωj

−ωj/W (ex)
+log (−ωj/W (ex))+x− log (−ωj) = 0 (32)

Compared the Lambert W function (32) to formula (27), (32)
can be reduced to (27) by setting x = 1 + λ + log (−ωj)

ωj

−ωj/W (ex)
+ log (−ωj/W (ex)) + 1 + λ = 0 (33)

Consequently, there is

wj =
−ωj

W
(
e1+λ+log(−ωj)

) =
−ωj

W (−ωje1+λ)
(34)

Formula (27) and formula (34) constitute an iterative pro-
cedure for the MAP estimates of {w1, · · · , wM}: given λ,
{w1, · · · , wM} are calculated by formula (34); {w1, · · · , wM}
are normalized; given normalized {w1, · · · , wM}, λ is com-
puted by formula (27). The iteration procedure stops when
the difference rate of log-posterior is smaller than the given
threshold.

588



At the second step of iteration procedure, normalized step,
if a mixing weight becomes negative, the corresponding com-
ponent is removed from the mixing components by setting the
mixing weight to zero. The removed component will not be
considered when the log-posterior is computed in the follow-
ing iterations. The mixing weights of survival components are
normalized at the end of this step.

The effect of entropy distribution with negative exponent pa-
rameters is taken during this iterative procedure. The weights
of components irrelevant with target intensity become smaller
iteration by iteration. Once the weight becomes negative, the
corresponding component is deleted from the mixing compo-
nent set. Those components are driven by entropy distribution
to extinction by this way. Moreover, the instability of entropy
distribution, which biases towards low-entropy parameters,
promotes the competition among the components with similar
parameters, which describe the same intensity peak. As a
result, one of them will eventually win and the others will
be removed during this iterative procedure. Then, an intensity
peak is almost described by one component with larger weight.
This operation is good for the following multitarget state
extraction.

IV. SIMULATION STUDY

A two-dimensional scenario with unknown and time-
varying number of targets is considered to test the proposed
component pruning algorithm. The surveillance region is [-
1000, 1000] × [-1000, 1000] (in meter). The state of each
target consists of position and velocity, while measurement
of target is the position. Each target moves according to the
following dynamics

xk =


1 0 T 0
0 1 0 T
0 0 1 0
0 0 0 1

xk−1 +


T 2/2 0

0 T 2/2
T 0
0 T

[
v1,k

v2,k

]

where xk = [x1,k, x2,k, x3,k, x4,k]T the target state,
[x1,k, x2,k]T the target position, [x3,k, x4,k]T the target ve-
locity at time step k and T = 1 (s) the sampling period.
The process noises v1,k and v2,k are mutually independent
zero-mean Gaussian white noises with respective standard
deviations σv1 = 5 (m/s2) and σv2 = 5 (m/s2). There are five
targets over 100 scans. Each target has the survival probability
pS,k = 0.99. The number of targets is unknown and variable
over all scans. Target 1 and target 2 remain existing during
100 scans. Target 3 is spawned from target 1 at time step 66.
Target 4 appears at time step 16 and disappears at time step 35.
Target 5 appears at time step 31 and disappears at time step 50.
New targets appear spontaneously according to a Poisson point
process with intensity function γk = 0.2N (·; x̄, Q), where

x̄ =


−400
−400

0
0

 , Q =


100 0 0 0
0 100 0 0
0 0 25 0
0 0 0 25



N (·; x̄, Q) the Gaussian component with mean x̄ and co-
variance Q. Spawned target intensity is βk|k−1 (x|ζ) =
0.05N (x; ζ,Qβ), where Qβ = diag

(
[100, 100, 400, 400]T

)
.

Each target is detected with probability pD,k = 0.98. The
target-originated measurement equation is

yk =
[

1 0 0 0
0 1 0 0

]
xk +

[
w1,k

w2,k

]
where w1,k and w2,k are mutually independent zero-mean
Gaussian white noises with standard deviations σw1 = σw2 =
10 (m). The detected clutter are modelled as a Poisson random
finite set with intensity

κk(zk) = λc · ck (zk)

where λc is the average number of clutter measurements per
scan and c (z) is the uniform density over surveillance region.
λc is assumed 50.

Fig. 1 True traces and estimates of X coordinates

Fig. 2 True traces and estimates of Y coordinate

The means of Gaussian components with weights greater
than 0.5 are chosen as the estimates of multitarget states after
the component pruning step.
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From the X coordinate estimates in Fig. 1 and the Y coordi-
nate estimates in Fig. 2, the proposed Gaussian mixture PHD
filter provides accurate tracking performance. The proposed
algorithm can be succeed in detecting and tracking multiple
targets.

The Gaussian mixture PHD filter, with weight pruning
threshold 10−5, component merging threshold 4, maximum
allowable component number 100, is adopted as the com-
parison algorithm [4]. We evaluate the tracking performance
of proposed algorithm against this typical algorithm. The
cardinality of the estimate of multitarget state set may be
not equal to that of true multitargt state set since the target
number is one of estimated objects. Thus, the root mean square
error is not fit for the performance evaluation of multitarget
tracking algorithm. The Wasserstein distance is adopted as the
performance evaluation index

dp(X̂,X) = min
C

p

√√√√√ |X̂|∑
i=1

|X|∑
j=1

Cij ‖x̂i − xj‖p

where X̂ is the estimate of multitarget state set, X is the true
multitarget state set [17]. The minimum is taken over the set
of all transportation matrices C (a transportation matrix C is
one whose entries Cij satisfy Cij ≥ 0,

∑|X|
j=1 Cij = 1

/∣∣∣X̂∣∣∣,∑|X̂|
i=1 Cij = 1/|X|). This distance is not defined if either X or

X̂ is not defined. Fig.3 shows the mean Wasserstein distances
of two algorithms over 100 simulation trials. Process noise,
measurement noise and clutter are independently generated at
each trial. It can be seen that the proposed algorithm is superior
to the typical algorithm at most time steps. The performance of
proposed algorithm is worse than that of typical algorithm at
time steps when spawned target are generated and two or more
targets are close to each other. Two intensity peaks of two close
targets may be regarded as one in the proposed algorithm as
a result of entropy distribution. Then, some targets are missed
in this case.

Fig. 3 The averaged Wasserstein distances

Fig. 4 Estimates of target numbers

Fig.4 shows the estimates of target numbers of two algo-
rithms. It is obvious that the estimate of target number of
proposed algorithm is more close to the groundtruth than
typical algorithm at most time steps.

Fig. 5 The averaged component numbers

Fig. 6 The averaged Wasserstein distances under low SNR
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Fig.5 shows the mean component numbers of two algo-
rithms after component pruning operations over 100 simulation
trials.

Fig. 7 Estimates of target numbers under low SNR

Fig. 8 The averaged component numbers under low SNR

The case of low signal-to-noise rate (SNR) is also con-
sidered for the further comparison of two algorithms. λc

is assumed 80 in this low SNR case. The corresponding
Wasserstein distances, target number estimates and component
numbers, are presented in Fig.6, Fig.7 and Fig.8. It can be
seen that the proposed algorithm is also superior to the typical
algorithm in low SNR case.

V. CONCLUSION

A component pruning algorithm based on entropy distri-
bution with negative exponent parameters is proposed for
Gaussian mixture implementation of PHD filter. The instability
of entropy distribution is applied in pruning Gaussian com-
ponents to reduce the component number. Simulation results
show that the proposed algorithm is superior to the typical
algorithm at most time steps. The future work will focus on the
improvement of proposed algorithm in the case when spawned

targets are generated and two or more targets are close to each
other.

ACKNOWLEDGMENT

This work is supported by Foundation for Innovative Re-
search Groups of the National Natural Science Foundation of
China (60921003), National Natural Science Foundation of
China (61074176, 61004087) and Grant for State Key Program
for Basic Research of China (973) (2007CB311006).

REFERENCES

[1] R. Mahler, “Multi-target Bayes filtering via first-order multi-target mo-
ments,” IEEE Transactions on Aerospace and Electronic Systems, vol. 39,
no. 4, pp. 1152–1178, 2003.

[2] R. Mahler, Statistical Multisource-Multitarget Information Fusion. Nor-
wood: Artech House, 2007.

[3] O. Erdinc, P. Willett and Y. Bar-Shalom, “The bin-occupancy filter and its
connection to the PHD filters,” IEEE Transactions on Signal Processing,
vol. 57, no. 11, pp. 4232–4246, 2009.

[4] B.-N. Vo and W.-K. Ma, “The Gaussian mixture probability hypothesis
density filter,” IEEE Transactions on Signal Processing, vol. 54, no. 11,
pp. 4091–4104, 2006.

[5] S.-A. Pasha, B.-N. Vo and H.-D. Tuan, “A Gaussian mixture PHD filter
for jump Markov system models,” IEEE Transactions on Aerospace and
Electronic Systems, vol. 45, no. 3, pp. 919–936, 2009.

[6] B.-N. Vo, S. Singh and A. Doucet, “Sequential Monte Carlo methods
for multi-target filtering with random finite sets,” IEEE Transactions on
Aerospace and Electronic Systems, vol. 41, no. 4, pp. 1224–1245, 2005.

[7] N. Whiteley, S. Singh and S. Godsill, “Auxiliary particle implementation
of probability hypothesis density filter,” IEEE Transactions on Aerospace
and Electronic Systems, vol. 46, no. 7, pp. 1437–1454, 2010.

[8] D.-E. Clark and B.-N. Vo, “Convergence analysis of the Gaussian mixture
PHD filter,” IEEE Transactions on Signal Processing, vol. 55, no. 4, pp.
1204–1212, 2006.

[9] D.-E. Clark and J. Bell, “Convergence results for the particle PHD filter,”
IEEE Transactions on Signal Processing, vol. 54, no. 7, pp. 2252–2261,
2006.

[10] A. Johansen, S. Singh, A. Doucet, et al., “Convergence of the SMC-
PHD filter,” Methodology and Computing in Applied Probability, vol. 8,
no. 2, pp. 265–291, 2006.

[11] R. Mahler, “PHD filters of higher order in target number,” IEEE
Transactions on Aerospace and Electronic Systems, vol. 43, no. 4, pp.
1523–1543, 2007.

[12] B.-T. Vo, B.-N. Vo and A. Cantoni, “Analytic implementations of the
cardinalized probability hypothesis density filter,” IEEE Transactions on
Signal Processing, vol. 55, no. 7, pp. 3553–3567, 2007.

[13] R. Mahler, “A survey of PHD filter and CPHD filter implementations,”
in Signal Processing, Senor Fusion, and Target Recognition XVI 2007,
vol. 6967, Orlando, 9 April, 2007, pp. 65670O-1–65670O-12.

[14] A. Caticha and R. Preuss, “Maximum entropy and Bayesian data
analysis: Entropic prior distributions,” Physical Review E, vol. 70, no. 4,
pp. 046127-1–046127-12, 2004.

[15] M. Brand, “Structure learning in conditional probability models via an
entropic prior and parameter extinction,” Neural Computation, vol. 11,
no. 5, pp. 1155–1182, 1999.

[16] R.-M. Corless, G.-H. Friend, D. Hare, et al., “On the lambert W
function,” Advances in Computational Mathematics, vol. 10, no. 5, pp.
329–359, 1996.

[17] J. Hoffman and R. Mahler, “Multitarget miss distance via optimal
assignment,” IEEE Transactions on Systems, Man, and Cybernetics-Part
A, vol. 34, no. 3, pp. 327–336, 2004.

591


