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Abstract—A procedure to estimate, in the framework of
data assimilation, fault parameters from excited infrasound
phenomena due to big earthquakes is proposed. Seismoacousic
waves generated by several point sources are simulated by the
convolution of the relevant seismic source mechanism and the
Green’s function constructed from normal modes of an assumed
Earth’s model. Unknown parameters in a rupturing fault model
are estimated in order to explain real observed infrasound
variations in detail. As an example, the proposed procedure is
applied to infrasound variations associated with the Iwate-Miyagi
Nairiku Earthquake that occurred in northeast Japan in June
2008. Coseismic infrasound variations are numerically simulated
using an appropriate fault model and a one-dimensional coupled
structure model consisting of the solid Earth and the atmosphere.
Fault parameters, such as rupture velocity and scalar seismic mo-
ment, are determined using the particle filter algorithm to fit the
long-period components of the observed infrasound variations.
The posterior distribution obtained for each fault parameter
indicates that infrasound data contain sufficient information as
well as seismic data.
Keywords: data assimilation, particle filter, inversion,
earthquake, infrasound.

I. INTRODUCTION

Data assimilation (DA) is a fundamental technique to in-
tegrate numerical simulations and observation data for the
purpose of constructing simulation models that can extract
essences behind relevant systems and forecast their future sta-
tuses through estimation of model parameters and modification
of the simulation models in reference to observation data.
In the case of modeling in the time domain, the Bayesian
filters are usually used for the online/offline estimation of
states at each time step based on the state space model. DA
was first applied in geophysics especially in meteorology and
oceanography, and is currently applied widely in various fields
of science such as space, life and industrial sciences. See, e.g.,

[1], [2], and [3] for tutorials on DA and related techniques.
In the present paper, we propose a procedure to estimate

fault parameters by applying the concept of DA to infrasound
variations related to big earthquakes. A number of previous
studies revealed that low-frequency air pressure variations
were observed after big earthquakes at several hundred kilome-
ters from their epicenters. Only earthquakes that occurred near
the Earth’s surface can generate such infrasound variations in
the atmosphere, so that these phenomena are considered to
be evidences of acoustic waves launched from seismogenic
zones. Such acoustic wave propagation in the atmosphere
of earthquake origins has scarcely been simulated success-
fully especially in their waveforms because several model
parameters required in simulation models, such as the acoustic
velocity structure in the atmosphere and seismic source mech-
anisms, are barely measurable. [4] showed that a normal mode
calculation for a one-dimensional Earth’s structure model has
a potential as a numerical simulation method to explain such
waveforms of coseismic infrasound variations. However, how
to estimate seismic fault parameters through the integration of
numerical simulation results and observation data remains as
an open problem. The proposed method supports such model
parameter estimation using the particle filter (PF) algorithm.

The method of numerical simulation for seismic and acous-
tic wave propagations associated with big earthquakes, and
the actual infrasound observations are briefly summarized in
Section II. The method of fault parameter estimations using
the PF algorithm combining the results of the numerical
simulations and the infrasound data is described in Section
III. Finally, an example of the application of this method to
real infrasound variations due to the Iwate-Miyagi Nairiku
Earthquake that occurred in northeast Japan in June 2008 is
mentioned in Section IV.
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Figure 1. Dispersion relation for the one-dimensional coupled Earth’s model
that consists of the solid Earth and the atmosphere assumed in the present
paper. A total of ∼1.35 × 106 normal modes were found in the frequency
range <0.1Hz. The red line consists of normal modes associated with the
Rayleigh wave.

II. SEISMOACOUSTIC WAVES DUE TO BIG EARTHQUAKES

When a big earthquake occurs at a shallow depth of <10km,
the “sounds of the earthquake” are sometimes recorded by
ultrahigh-sensitive barometers located at several hundred kilo-
meters from the epicenter (e.g., [5], [6], and [7]). In addi-
tion to the seismogenic zones themselves, the entire area of
oscillating land through which seismic waves travel can be
sound sources of such coseismic acoustic signals. Acoustic
signals having relatively large amplitudes that propagate in the
atmosphere directly from seismogenic zones are referred to as
“seismoacoustic waves”. Since, owing to the large atmospheric
viscosity, high frequency components of seismoacoustic waves
attenuate more rapidly than seismic waves travelling in the
Earth’s interior, barometers far from epicenters usually detect
seismoacoustic waves having amplitude of at most several
pascals in frequency band <10Hz. The following conditions
are required in order to observe seismoacoustic waves; (i)
ultrahigh-sensitive microbarometer sensors are available to
detect air pressure variations of several pascals beyond instru-
mental noise levels, (ii) the depth of hypocenter is <10km
below the Earth’s surface so that acoustic signals having
sufficient energy can incident into the air after penetrating the
solid Earth, and (iii) the sensors are located at an epicentral
distant range from 300km to 500km because seismoacoustic
waves refracted in the upper atmosphere never reach other
ranges so-called “shadow zone”. In the following subsections,
the numerical simulation method and infrasound observation
are briefly summarized, which will be needed in DA for
seismoacoustic wave propagations.

A. Numerical simulation of seismoacoustic wave propagation
by calculating normal modes of the Earth

A number of numerical simulation methods for seismic
wave propagation in realistic Earth models have been pro-
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Figure 2. Atmospheric temperature profile from the Earth’s surface to an
altitude of 200km derived from the NRLMSISE-00 model. The color pattern
indicates the atmospheric layers, i.e., troposphere, stratosphere, mesosphere,
and thermosphere from the Earth’s surface. The acoustic velocity is propor-
tional to the square root of the temperature.

posed. When the propagation properties in local regions are
of interest, a simulation code that is capable of performing cal-
culations in a three-dimensional Earth model should be used.
However, such simulations often face to difficulties owing to a
lack of knowledge of the heterogeneity in the Earth’s structure.
Since high-frequency components of seismoacoustic signals
are rarely observed owing to large attenuation, it is sufficient
to perform simulations in the frequency range <0.1Hz for the
case of seismoacoustic wave propagations. A one-dimensional
Earth’s model is sufficient for wave propagation calculations in
such a low frequency band because seismic waves having wave
lengths longer than several hundred kilometers are insensitive
to the Earth’s heterogeneity. Therefore, in the present paper,
we use a simulation code developed by [8], which can rapidly
calculate “normal modes” of the one-dimensional Earth’s
structure consisting of the solid Earth and the atmosphere.
The normal modes refer to the resonance frequencies, i.e.,
eigenfrequencies, of a given structure model of the Earth. In
spherical coordinates r = (r, θ, φ), the Green’s function in
the frequency domain for the displacement between source
and receivers can be written as

G(r, ω) =
∑
l,m

[Ulm(r, ω)Plm(θ, φ)

+ Vlm(r, ω)Blm(θ, φ)

+ Wlm(r, ω)Clm(θ, φ)] (1)

where l and m are the angular degree and the order of spherical
harmonics, respectively, Ulm, Vlm and Wlm are eigenfunctions
corresponding to the normal mode (l, m), and ω is the angular
frequency. Here, Plm, Blm and Clm are vector spherical
harmonics

Plm(θ, φ) = r̂Ylm(θ, φ) (2)
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Blm(θ, φ) =
1√

l(l + 1)
∇hYlm(θ, φ) (3)

Clm(θ, φ) = −
1√

l(l + 1)
(r̂ ×∇h)Ylm(θ, φ) (4)

where Ylm(θ, φ) is the scalar spherical harmonics, and ∇h

indicates the surface gradient defined as

∇h = θ̂∂θ + φ̂
1

sin θ
∂φ (5)

r̂, θ̂, and φ̂ in equations (4) and (5) denote the unit vectors
in the r, θ, and φ directions, respectively. In the case of a
three-dimensional body such as the Earth, a combination of
an eigenfrequency and an eigenfunction is obtained simultane-
ously for each normal mode (l, m). The relation between the
eigenfrequencies and the wave numbers, i.e., the dispersion
relation, is a transfer function between sources and receivers
in the assumed structure. Therefore, when the Earth’s structure
is assumed to be a linear system, a response corresponding
to an arbitrary input can be obtained by a convolution of
the input and the transfer functions described in equation
(1). In the present case, the input function is a hypocenter
solution that contains source information such as the moment
magnitude of the relevant earthquake, the location of the
hypocenter, and the moment tensor. The moment tensor M

consists of six components that indicate the input force field
at the hypocenter, i.e., M has the following form

M(r) = (Mrr, Mθθ, Mφφ, Mrθ, Mrφ, Mθφ)′ (6)

where the prime denotes matrix transposition. Each component
Mij (i, j = r, θ, φ) means the moment in the i-direction
excited by the force in the j-direction. See, e.g., [9] for a
detailed descriptions and applications of the memont tensor.
The output displacement field u at given observation points
corresponding to the source indicated by equation (6) can be
obtained by a convolution

u(r, ω) = G(r, ω)M(r) (7)

The disturbances in density can then be computed by

δρ(r, ω) = −∇ · (ρ0(r)u(r, ω)) (8)

where ρ0(r) is the background density in the hydrostatic
stratified atmosphere. Finally, the air pressure disturbances are
obtained by

δp(r, ω) =
∑
l,m

[(ρ0(r) + δρlm(r, ω))gUlm(r, ω)

− Xlm(r, ω)] (9)

where g is the gravity constant, δρlm is the density disturbance
corresponding to normal mode (l, m), and Xlm is an another
eigenfunction related to the traction force in the vertical
direction. Thus, it can be confirmed that this numerical sim-
ulation can simultaneously compute both land displacements
due to seismic wave propagations in the solid Earth, and air
pressure variations due to acoustic wave propagations in the
atmosphere. When these synthetic waves and real observation

data are compared in the time domain, the inverse Fourier
transformation is applied to equations (7) and (9) to obtain a
synthetic time-series of seismic and acoustic waves at given
observation points, i.e.,

u(r, t) =

∫
∞

−∞

u(r, ω)eiωtdω (10)

δp(r, t) =

∫
∞

−∞

δp(r, ω)eiωtdω (11)

where i is the imaginary unit.
Figure 1 shows the dispersion relation of the one-

dimensional structure model of the Earth, which is used as
the basic model in the present paper to simulate synthetic
waves. The Earth’s structure model is constructed by adopting
the preliminary reference Earth model (PREM) proposed by
[10] and the NRLMSISE-00 model proposed by [11] for the
solid Earth and the atmosphere, respectively. The PREM gives
the seismic velocity structure from the Earth’s center to the
surface, whereas NRLMSISE-00 gives the acoustic velocity
structure from the surface to 1000km above the Earth, as
shown in Figure 2. The assumed Earth’s model is found
to have ∼1.35 × 106 normal modes in the frequency range
<0.1Hz, which corresponds to the fundamental mode, i.e.,
m = 0 to 234. The eigenfunctions for each normal mode
are then computed while omitting calculations at radii much
smaller than the Earth’s radius for higher-order cases.

B. Infrasound observations

Air pressure variations have been measured continuously
at several observatories in worldwide. Generally, the requisite
resolution is at most the hectopascal scale, so that ordi-
nary inexpensive barometers are sufficient for measurement
in such cases. However, far more sensitive sensors are re-
quired in order to detect air pressure variations originating
from sound sources located at great distances because the
amplitudes of such phenomena are usually less than several
pascals. Recently, the continuous infrasound data observed by
ultrahigh-sensitive microbarometers installed at ∼50 observa-
tories worldwide operated by the Comprehensive nuclear-Test-
Ban Treaty Organization (CTBTO) are available for scientific
purposes. Together with seismic, hydroacoustic, and radiation
observations, these infrasound observations are carried out in
order to monitor nuclear test-bans that may occur anywhere
in the world. The Japan Weather Association (JWA) operates
a CTBTO infrasound observatory at Isumi, which is located
∼70km southeast from Tokyo, Japan. An array of six MB2000
microbarometers is installed at Isumi observatory, which en-
ables us to determine the directions of sound sources such
as nuclear-testing sites and earthquake hypocenters, and the
apparent velocities of incident acoustic waves. The infrasound
data are recorded at a sampling rate of 20Hz, and an analog
high-pass filter usually cuts off signals in the frequency band
<0.01Hz. Infrasound data obtained at Isumi observatory are
used in Section IV as a testbed in order to evaluate the
performance of the proposed procedure herein.
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III. METHODOLOGY FOR PARAMETER ESTIMATION

As shown in Section II-A, the model parameter vector θ

to be determined in the framework of DA can contain a
substantial number of parameters, e.g., the velocity structures
of the solid Earth and the atmosphere, the seismic source
mechanism in equation (6), and the rupture velocity of faults.
The present paper adopts the PF algorithm to determine a
posterior distribution for each model parameter according to
the following procedure; (i) give a prior distribution p(θ), (ii)
sample particles θi(i = 1, · · · , N), i.e., realizations of the
parameter set, from the prior distribution, (iii) simulate syn-
thetic infrasound variation Bi

s(t) for each particle according
to equation (9) with a given moment tensor, (iv) calculate
likelihood function p(Bo(t)|θ

i) for each particle, and (v)
calculate the posterior distribution p(θi|Bo(t)) in accordance
with the Bayes’ theorem, i.e.,

p(θi|Bo(t)) =
p(Bo(t)|θ

i)p(θi)

p(Bo(t))
(12)

However, the number of model parameters should be signif-
icantly reduced because infrasound data observed at a single
observatory on the Earth’s surface do not contain sufficient
information to determine all of the model parameters. In the
present paper, a rupturing fault is assumed to consist of several
point sources that successively occur with the same seismic
mechanism in a stratified Earth. This assumption is appropriate
in the present case because the simulations are performed at a
low frequency band, so that several point sources are sufficient
to reproduce the rupture history, and because actual acoustic
wave propagations depend on the magnitude of the moment
tensor rather than on the individual components in equation
(6). The model parameters can be reduced to

θ = (M0, wj , V, t0)
′ (13)

in the case of a uniformly rupturing line fault, where M0 is
the scalar seismic moment of the relevant earthquake, i.e., the
magnitude of the moment tensor, V is the rupture velocity, t0
is the time delay to adjust the fitting to the observation data,
and wj(j = 1, · · · , N) is the contribution weight of the j-th
subevent, which satisfies

N∑
j=1

wj = 1 (14)

The synthetic waveform Bi
s(t) corresponding to particle θi

can be expressed simply as

Bi
s(t) = M0

N∑
j=1

wjB
i
sj

(
t − t0 −

jL

(N − 1)V

)
(15)

where Bi
sj(t) is a synthetic waveform corresponding to the

j-th subevent, and L is the rupture length. In the following
section, the proposed procedure is applied to real observed
coseismic infrasound variations in order to evaluate its esti-
mation performance.

Figure 3. Coseismic infrasound variations due to the 2008 Iwate-Miyagi
Nairiku Earthquake recorded by six microbarometers installed at Isumi
observatory located 417km from the epicenter. The infrasound time-series,
to which a bandpass filter in the frequency band from 0.2 to 2.0Hz is applied,
are sorted according to distance from the epicenter.

Figure 4. Schematic diagram of the raypaths of seismoacoustic waves
associated with the 2008 Iwate-Miyagi Nairiku Earthquake. The acoustic
waves, which launched from the fault (pink) rupturing from north to south,
propagated in the atmosphere with repetitive reflections and refractions. They
were observed as infrasound variations at Isumi observatory (“I” mark), which
is located 417km from the epicenter.

IV. APPLICATION EXAMPLE

Since some observational conditions are required in order to
detect infrasound signals related to seismoacoustic waves, as
mentioned in Section II, such observations have rarely been
reported. The Isumi observatory recorded for the first time
in years infrasound variations associated with seismoacoustic
waves generated by the Iwate-Miyagi Nairiku Earthquake that
occurred in northeast Japan in June 2008. Figure 3 shows the
records obtained by six microbarometers at Isumi, in which
the time-series are sorted according to the distance from the
epicenter. Two clear wave packets appear in each time-series;
the first wave packet, which appears ∼1 minute after the main
shock, is associated with ground-coupled waves, i.e., acoustic
waves traveling near the Earth’s surface together with the
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Figure 5. (a) Source model used in the numerical simulation of seismoacous-
tic waves related to the 2008 Iwate-Miyagi Nairiku Earthquake. The rupture
history is assumed to consist of nine subevents including the epicenter and
the end of the rupture, all of which have the same hypocenter solution having
different scalar seismic moments. The rupture velocity and the scalar seismic
moments of all of the subevents are to be estimated in the framework of
DA. (b) Synthetic infrasound variations corresponding to each subevent to be
observed at Isumi infrasound observatory.

Rayleigh waves, and the second wave packet, which appears
∼20 minutes later, is associated with the seismoacoustic waves
that propagated in the atmosphere directly from the epicenter.
These seismoacoustic waves are considered to have sufficient
power to propagate a great distance owing to the shallow
hypocenter of several kilometers in depth, which also caused
landslides that killed many people. The fault of this earthquake
can be approximated by a simple line source, and so this event
is used to evaluate the proposed method in the estimation
of the fault parameters. Figure 4 shows the geometry of the
fault and Isumi observatory with a schematic of the raypaths
of the seismoacoustic waves propagating in the atmosphere.
The seismoacoustic waves continuously launched from the
rupturing fault, and were observed as infrasound variations
at the observatory 417km from the epicenter. The seismoa-
coustic waves refracted and reflected repetitively in the upper
atmosphere, and propagated primarily in the stratosphere in a
manner similar to guided waves because the boundary between
the stratosphere and the mesosphere forms a strongly reflective
surface. According to the ray tracing in the atmosphere model
shown in Figure 2, there are two possible raypaths for the
refraction waves; one reaches a height of ∼60km, penetrating
the upper boundary of the stratosphere, and the other reaches
a height of ∼110km, which is in the lower thermosphere.
However, such acoustic waves traveling above the stratosphere
attenuate rapidly due to the large atmospheric viscosity, which
is inversely proportion to the square root of the density.

Taking these facts into consideration, the seismoacoustic
waves related to this earthquake are reproduced by normal
mode calculations. The nine point sources listed in Table I are
located along the fault as illustrated in Figure 5(a), and the
rupture history is assumed to be continuous occurrences of
these small earthquakes. The moment tensor of each subevent
is assumed to have the same type as the Harvard solution

shown in Table II although the scalar seismic moments are
different each other. Figure 5(b) shows the simulated infra-
sound waveform Bsj(t) due to the j-th point source having
the unit scalar seismic moment. Since the acoustic velocity
in the atmosphere is much lower than the rupture velocity,
the infrasound signal launched from the end of the rupture
arrived first at the observatory. These synthetic waves appear
to successfully reproduce the main two wave packets, i.e.,
ground-coupled waves and seismoacoustic waves, found in the
real observation.

Finally, the model parameters in equation (13) are deter-
mined by applying the DA procedured described in Section
III. Figures 6(a)-(c) show the given prior and the resulting
posterior distributions of the scalar seismic moment M0, the
rupture velocity V , and the time delay t0, respectively. The
prior distributions are assumed to be normal distributions, the
means and variances of which are given by several previously
proposed fault models. In the PF step, 104 particles are sam-
pled from the prior distributions, and the likelihood function

p(Bo|θ
i) ∝

t2∏
t=t1

(Bo(t) − Bi
s(t))

2 (16)

is computed for each particle, where t1 and t2 are the
beginning and the end times of the time window in which the
observed data Bo(t) and the synthetic wave Bi

s(t) are com-
pared. After calculating the posterior distributions by equation
(12), the posterior distribution for each model parameter is
obtained by marginalization, e.g.,

p(α|Bo(t)) =

∫
∞

−∞

p(θ|Bo(t))dθα (17)

where α represents one of the model parameters contained in
θ, and θα is a parameter vector that contains the remaining
model parameters other than α. The optimum values of the
model parameters are determined to be M̂0 = 2.4× 1019Nm,
V̂ = 3.0km/sec, and t̂0 = 2.0sec. Since the variance of each
posterior distribution is not excessively large, the infrasound
data can be concluded to contain sufficient information about
this earthquake as well as the seismic data. Figures 6(d)-(e)
show the comparison between the real observed infrasound
variations and the synthetic data obtained from the model
parameters that yield the maximum posterior distributions, i.e.,
the maximum-a-posterior solution. The fitting is done in the
periodic band >30 seconds, in which the one-dimensional
Earth’s structure assumed in the numerical simulation is
sufficiently valid. The synthetic time-series derived from the
DA procedure proposed herein successfully reproduces the
observed infrasound variations of the earthquake origin when
taking into consideration the observation noise level of ∼0.1
pascal.

V. CONCLUSIONS

We herein proposed a procedure to estimate fault parameters
in a framework of DA for infrasound variations due to big
earthquakes. The simulated waveform derived by the proposed
procedure reproduced the observed infrasound signals related
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Table I
LOCATIONS OF THE NINE SUBEVENTS ASSUMED TO HAVE OCCURRED

ALONG THE FAULT ASSOCIATED WITH THE 2008 IWATE-MIYAGI NAIRIKU
EARTHQUAKE.

subevent latitude longitude
0 39.0283◦N 140.880◦E
1 39.0009◦N 140.860◦E
2 38.9735◦N 140.839◦E
3 38.9461◦N 140.819◦E
4 38.9188◦N 140.799◦E
5 38.8914◦N 140.779◦E
6 38.8640◦N 140.758◦E
7 38.8366◦N 140.738◦E
8 38.8092◦N 140.718◦E

Table II
HARVARD HYPOCENTER SOLUTION OF THE 2008 IWATE-MIYAGI NAIRIKU

EARTHQUAKE. THE SAME MOMENT TENSOR WITH THE EXCEPTION OF
MAGNITUDE IS ASSUMED FOR ALL SUBEVENTS SHOWN IN TABLE I.

Mrr Mθθ Mφφ Mrθ Mrφ Mθφ

2.460 −0.098 −2.370 −0.160 −0.257 −0.878

(×1019Nm)

to the 2008 Iwate-Miyagi Nairiku Earthquake. In order to
make the proposed method universal, a number of problems
remain to be solved. For example, the use of currently avail-
able observation data of the spatiotemporal wind fields in the
upper atmosphere would enable a more precise model to be
constructed. An improved simulation code that is applicable
to a heterogeneous Earth’s model would enable synthetic
infrasound variations at higher frequencies to be calculated.
Incorporating these improvements will enable the proposed
DA procedure to contribute to the seismological community by
providing much more realistic models of the Earth’s structure
and fault mechanisms.
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