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Abstract—The Dempster-Shafer (DS) belief theory is often used
within data fusion, particularly in applications rife with uncer-
tainty that causes problems for probabilistic models. However,
when a large number of variables is involved, DS theory (DST)
based techniques can quickly become intractable.

In this paper, we present a method for complexity reduction
of DST methods based on statistical sampling, a tool commonly
used in probabilistic-based signal processing (e.g., particle filters).
In particular, we use sampling-based approximations to reduce
the number of propositions with non-zero support, upon which
the computational complexity of many DST-based algorithms
are directly dependent on, thereby significantly reducing the
computational overhead.

We present some preliminary results that demonstrate the
validity and accuracy of the proposed method, along with some
insights into further developments. We also compare the proposed
method to previously presented approximation methods.

Index Terms—Dempster-Shafer Theory (DST), Computational
Complexity, Core Approximation, Importance Sampling.

I. INTRODUCTION

A. Motivation

The Dempster-Shafer (DS) belief theory [1] is a convenient
framework for representing and working with a wide variety
of data imperfections, and it has emerged as one of the most
dominant frameworks for uncertainty processing for decision-
making purposes in a wide spectrum of problem domains
[2]–[5]. Interest in using DS theory (DST) within fusion has
increased in recent years due to the challenges of handling
soft evidence (e.g., HUMINT from informant and domain
expert statements) which is often initially non-numerical and
imprecise, thereby presenting a large amount of uncertainty
[6]–[9]. DST is well-suited for incorporating soft data into
an automated process due to its ability to handle uncertainty,
and due to its close relationship with Bayesian probability
on which more standard fusion frameworks (especially those
dealing with sensor data) are based.

B. Challenges

Potential of many DST methods is often thwarted by the
significant computational overhead in terms of storage and
processing. Combination of evidence is also computationally
expensive, let alone the computation of belief functions and
conditionals, which are required for evidence updating and
decision making. In recent years, many new DST evidence
combination and updating methods have been proposed (e.g.,

[10]) to address the limitations of the original Dempster’s
Combination Rule (DCR) the de-facto DST evidence combi-
nation method. These more powerful DST methods may still
demand a high computational burden.

However, computational optimization techniques (e.g., fast
computational methods and approximations) are not scarce
in DST literature. The extensive amount of work carried
out by Wilson, et al [11]–[14] addressing the issues of
fast belief/plausibility computation, DCR approximations, and
approximated decision making, is a clear example of the
importance of such methods.

In our previous work, we presented the Conditional Core
Theorem (CCT) [15], which is an analytical result that ex-
plicitly identifies the focal elements (i.e., propositions with
non-zero support) resulting from conditioning with no re-
course to numerical computations. Therefore, one can restrict
the computations to these ‘conditional’ focal elements only,
thereby leading to a significant reduction in both storage and
processing complexity (see [15] for details).

In real-life applications, evidence is often such that, the
number of focal elements, is far less than the possible
maximum which, in DST, is the powerset of the frame of
discernment (FoD) (i.e., the set of propositions of interest).
However, repeated DST operations (e.g., evidence combina-
tion, conditioning) exponentially increase the number of focal
elements, thus making the subsequent processing more expen-
sive. Given the fact that storage requirements and processing
costs are directly proportional to the number of focal elements,
a natural question that arises is whether one can reduce the
computational overhead in terms of storage and processing
by explicitly reducing the number of focal elements through
approximations.

The approach taken by most of the existing techniques
is to retain only the propositions with highest masses and
recompute their masses via redistribution and/or normalization
[16]–[19]. Even though, some of these methods are as simple
as summarizing the mass of discarded propositions to a single
proposition obtained as the disjunction of the discarded propo-
sitions, their performance is very satisfactory in most of the
practical applications. However, one must keep in mind that
removal of focal elements and redistribution of their masses
has to be done with extreme care to preserve the underlying
evidence and associated uncertainties to a level that does not
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alter the final inferences. Therefore, methods that simply retain
the highest valued propositions may not be appropriate for all
applications and may not be able to capture the underlying
meaning adequately well.

Approximation approaches such as statistical sampling
methods have gained importance in many probabilistic sig-
nal processing methods. For example, sampling methods are
commonly used in optimal filtering and tracking (e.g., in
particle filters), where complicated posterior probabilities are
approximated in a formal manner. Several approximation tech-
niques based on statistical sampling methods have been used
in DST as well, e.g., approximating the combined belief [11].
However, to the best of our knowledge, such sampling methods
have not been used for approximation of focal elements and
their support.

C. Contribution

In this paper, we propose a statistical sampling-based ap-
proximation method to reduce the number of focal elements.
Our proposed method allows one to approximate the focal
set based on an objective function and then statistically redis-
tribute the masses of removed focal elements. The objective
function can be chosen depending on the application to re-
move irrelevant propositions (e.g., those that are impossible
to occur). In the absence of such information the MCCA can
merely impose bounds on the cardinality or the minimum mass
of focal elements (similar to the methods in [16]–[19]).

This paper is organized as follows: Section II provides a
review of essential DST notions and existing DST approx-
imation methods; Section III contains our main result, the
Monte Carlo Core Approximation (MCCA) method; Section IV
contains several experimental simulations; and the concluding
remarks appear in Section V.

II. PRELIMINARIES

A. Dempster-Shafer Theory

1) Basic Notions: In DST, the total set of mutually exclu-
sive and exhaustive propositions of interest (i.e., the ‘scope of
expertise’) is referred to as the frame of discernment (FoD)
Θ = {θ1, . . . , θn} [1]. A singleton proposition θi represents
the lowest level of discernible information. Elements in the
power set of Θ, 2Θ, form all the propositions of interest. We
use A \ B to denote all singletons in A that are not in B; A
denotes Θ \A.

Definition 1. Consider the FoD Θ and A ⊆ Θ.
(i) The mapping m(�) : 2Θ 7→[0, 1] is a basic probability

assignment (BPA) or mass assignment if m(∅) = 0 and∑
A⊆Θm(A) = 1. The BPA is said to be vacuous if the only

proposition receiving a non-zero mass is Θ.
(ii) The belief of A is Bl(A) =

∑
B⊆Am(B).

(iii) The plausibility of A is Pl(A) = 1−Bl(A).

DST models the notion of ignorance by allowing a non-zero
mass to be allocated to composite propositions (i.e., a non-
singleton proposition). A proposition that possesses non-zero
mass is a focal element. The set of focal elements is the core

F; the triple E ≡ {Θ,F,m(�)} is the corresponding body of
evidence (BoE). While m(A) measures the support assigned to
proposition A only, the belief represents the total support that
can move into A without any ambiguity; Pl(A) represents the
extent to which one finds A plausible. When focal elements are
constituted of singletons only, the BPA, belief and plausibility
all reduce to a probability mass function (PMF).

A PMF Pr(�) such that Bl(A) ≤ Pr(A) ≤ Pl(A), ∀A ⊆
Θ, is said to be compatible with the underlying BPA m(�). The
pignistic PMF BetP (�) [20] is such a compatible distribution:

BetP (θi) =
∑

θi∈A⊆Θ

m(A)

|A|
. (1)

2) Evidence Combination: The most popular DST evidence
combination strategy is the following:

Definition 2 (Dempster’s Combination Rule (DCR)). The
DCR-fused BoE E ≡ E1 ⊕ E2 = {Θ,F,m(�)} generated from
the BoEs Ei = {Θi,Fi,mi(�)}, i = 1, 2, when Θ ≡ Θ1 = Θ2,
is

m(A) =
∑

C∩D=A

m1(C)m2(D)/(1−K), ∀A ⊆ Θ,

whenever K =
∑
C∩D=∅m1(C)m2(D) 6= 1.

The DCR requires the two FoDs being fused be identical.
Among several other methods that can accommodate non-
identical FoDs, the conditional update equation (CUE) [10]
uses the conditional approach to evidence updating [21]; it
also provides several appealing properties especially useful for
soft/hard data fusion [22], [23].

Definition 3 (Conditional Updating Equation (CUE)). [10]
For the BoEs Ei[k] ≡ {Θi,Fi[k],mi(�)[k]}, i = 1, 2, the CUE
that updates E1[k] with the evidence in E2[k] is E1[k + 1] ≡
E1[k]C E2[k], ∀k ≥ 0, where

Bl1(B)[k + 1]

= α[k]Bl1(B)[k] +
∑
A⊆Θ2

β(A)[k]

2

{
Bl2(B|A)[k]

+Bl2(DB |A)[k]−Bl2(Θ21|A)[k]
}
.

Here, Θ21 = Θ2 \ Θ1, DB = B ∪ Θ21, and Bl2(A)[k] > 0,
and the real positive CUE parameters {α[k], β(A)[k]} satisfy

α[k] +
∑
A⊆Θ2

β(A)[k]

2

{
Bl2(Θ1|A)[k] + Pl2(Θ1|A)[k]

}
= 1,

with β(A)[k] = 0, ∀A /∈ F2[k].

Remarks:
(i) The CUE overcomes many limitations of the DCR

(including non-identical FoDs and contradictory evidence) and
provides several intuitively appealing properties. (see [10] for
a detailed discussion.)

(ii) In the case of non-identical FoDs, CUE does not require
the use of ballooning extensions, thus eliminating unnecessary
computational overhead. However, DST conditional computa-
tion can be computationally expensive.
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3) DST Conditionals: The conditional operation in Defi-
nition 3 is implemented using the Fagin-Halpern (FH) DST
conditionals. Let F̂ = {A ⊆ Θ | Bl(A) > 0}.

Definition 4. [24] For A ∈ F̂ and B ⊆ Θ in the BoE
E = {Θ,F,m(�)}, the conditional belief of B given A is
Bl(B|A) = Bl(A ∩B)/[Bl(A ∩B) + Pl(A \B)].

A result that can be used to efficiently implement the CUE
has recently appeared in [15].

Theorem 1 (Conditional Core Theorem (CCT)). [15] Con-
sider A ∈ F̂ in the BoE E = {Θ,F,m(�)}. Then, m(B|A) > 0
iff B can be expressed as B = X ∪ Y , for some X ∈
in(A), Y ∈ OUT(A) ∪ {∅}. Here, in(A) = {B ⊆ A | B ∈ F}
and OUT(A) = {B ⊆ A | B =

⋃
i⊆I

Ci, Ci ∈ out(A)}, where

out(A) = {B ⊆ A | B ∪ C ∈ F, ∅ 6= B, ∅ 6= C ⊆ A}.

To illustrate the application of the CCT, let us consider an
example.

Example 1. [15] Consider a BoE E = {Θ,F,m(�)} with Θ =
{a, b, c, . . . , x, y, z}, F = {b, a, pqr, bck, dl, em} and m(B) =
{0.35, 0.25, 0.15, 0.10, 0.10, 0.05}, for B ∈ F (in the same
order given in F). We would like to efficiently compute m(� |
A) where the conditioning event is A = (abcdefghij).

First, identify the sets, in(A) = {a, b} and out(A) =
{bc, d, e}. Thus, OUT(A) = {bc, d, e, bcd, bce, de, bcde}. So,
according to the CCT, F|A contains all the elements in in(A)
and their unions with elements of OUT(A). Thus, we can
identify the conditional core as F|A = {a, b, abc, ad, ae, abcd,
abce, ade, abcde, bc, bd, be, bcd, bce, bde, bcde}.

We can now use the expression for Bl(B|A) in Definition 4
to iteratively (i.e., starting from singletons, doubletons, and
so on) compute the conditional masses in Table I. Without
the benefit of the CCT, one would have to use this expression
2|A| = 1024 times (instead of the 16 times that we used).

Table I
CONDITIONAL CORE CORRESPONDING TO THE CONDITIONING

PROPOSITION A = (abcdefghij).

B m(B|A) B m(B|A) B m(B|A) B m(B|A)

a 0.2941 abcd 0.0121 b 0.4118 bcd 0.0169

abc 0.0392 abce 0.0054 bc 0.0549 bce 0.0076

ad 0.0392 ade 0.0054 bd 0.0549 bde 0.0076

ae 0.0184 abcde 0.0029 be 0.0257 bcde 0.0039

B. Approximations of the Core

In this section, we provide a review of some of the existing
approximation techniques that reduce the computational bur-
den by reducing the number of focal elements. Suppose the
BoE E = {Θ,F,m(�)} is to be approximated by the new BoE
E ′ = {Θ,F′,m′(�)}.

1) The Bayesian Approximation (BA): This method reduces
a given BPA to a PMF [16]. Thus, only singleton propositions
are allowed in the approximated BPA.

Definition 5 (Bayesian Approximation (BA)). [16] The BoE
E ′ is given by

m′(B) =


1

KBA

∑
B⊆C

m(C), for |B| = 1;

0, otherwise.

where KBA =
∑
C⊆Θm(C) |C|.

By definition, |F′| is at most |Θ| and the cost of approx-
imation is in the order of O(|F| � |Θ|). Furthermore, if the
BoEs are combined using the DCR, then the combination and
approximation do not depend on the order, i.e., one can either
combine BoEs prior to the approximation, or vice versa, and
obtain the same result. The BA is the only approximation
method that possesses this property.

2) The k-`-x Method (k`x): This method focuses on re-
taining only the highest valued focal elements [17]. The BoE
E ′ will have at least k or at most ` focal elements with a sum
of the BPA being at least 1−x, x ∈ [0, 1]. The approximation
is finally normalized s.t.

∑
B∈F′

m′(B) = 1. The approximation

time is in the order of O(|F| � log(|F|)).
3) Summarization Method (SM): This method leaves the

highest valued k − 1 focal elements intact and ‘summarizes’
the remaining focal elements to their set theoretic union [18].

Definition 6 (Summarization Method (SM)). [18] Let k be
the number of focal elements to be contained in E ′ and letM
denote the set of k− 1 focal elements B ∈ F with the highest
BPA. Then, the BoE E ′ is given by

m′(B) =


m(B), for B ∈M;∑
C∈F\M

m(C), for A = A0;

0, otherwise,

where A0 =
⋃

C∈F\M
C.

This approximation is extremely fast and can be computed
in O(|F|), even though the applicability to arbitrary BoEs is
arguable.

4) D1 Approximation (D1): This method retains a set of
highest valued focal elements and distributes the BPA of the
remaining focal elements among them [19]. The BPA distri-
bution is intuitive and the method is applicable to arbitrary
BoEs.

Let k be the desired number of focal elements to be
contained in E ′ and let M+ denote the set of k − 1 focal
elements B ∈ F with the highest BPA, and M− = F \M+.
Then, the BPA of the focal elements in B ∈M− is distributed
among the elements in M+ as follows:

Given a B ∈ M−, compute MB = {C ∈ M+ | B ⊆ C}.
Then m(B) is dispensed uniformly among the set-theoretically
smallest members of MB . If MB = ∅, then M′B = {C ∈
M+ | |C| ≥ |B|, C ∩ B 6= ∅} is generated and m(B) is
shared among the smallest members. This process is invoked
recursively until all of m(B) is assigned to M+ or M′B is
empty, in which case the remaining mass is assigned to Θ.
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The cost of the D1 approximation is O(k � (|F| − k)). This
approximation is conservative in the sense that the BoE E ′ is
less specific than the original E .

III. MONTE CARLO CORE APPROXIMATION (MCCA)

In this section, we introduce our Monte Carlo core ap-
proximation (MCCA) technique, a sampling-based technique
for approximating the core for the purpose of computational
overhead reduction in DST methods. Monte Carlo (MC)
approach is commonly used in statistical signal processing
literature to estimate complex analytic or unknown probability
distributions with sample-based representations. Here, we use
the MC method to estimate a given BoE E with a new BoE E ′
such that (a) E ′ is computationally more efficient than E ; and
(b) decisions generated with E ′ are close to those generated
with E .

Regarding (a), the computational gains are to be achieved
by reducing the number of focal elements in the core via
an objective function that chooses the focal elements to be
retained in E ′. This objective function can be chosen to obtain
an ‘optimal’ core depending on the application. In a simple
setup, it can be chosen to limit the number of focal elements
(e.g., pick the focal elements with the highest BPA). However,
it can also be used to satisfy more elaborate properties (e.g.,
to avoid certain composite focal elements with impossible
singleton combinations).

Regarding (b), the PMF BetP (�) (generated via the pignis-
tic transformation) is often used in DST for decision-making.
Thus, the new BoE E ′ is generated s.t. the pignistic transfor-
mation BetP (�) corresponding to m(�) given is approximately
equal to the pignistic transformation BetP ′(�) corresponding
to m′(�). Let us proceed by formally stating the approximation
problem.

A. Problem Formulation

Let E = {Θ,F,m(�)} be the BoE to be approximated by
the BoE E ′ = {Θ,F′,m′(�)}. The core F′ is to be determined
by an objective function O : 2Θ 7→ 2Θ with O(F) = F′ s.t.
|F′| < |F|. The new BPA m′(·) : 2Θ 7→ [0, 1] is to be derived
s.t. BetP ′(�) ≈ BetP (�), where BetP ′(�) and BetP (�) are
the pignistic transformations of m′(·) and m(·), respectively.

B. Algorithm

Once the F′ is generated via the objective function O(�), we
use the MC method for approximating m′(�) s.t. BetP ′(�) ≈
BetP (�). The approximation procedure is as follows:

Step I. Initialization:
1) Define the collections Gθ as

Gθ ≡ {B ∈ F | θ ⊆ B}.
2) Define the corresponding PMF PG(B | θ) : Gθ 7→ [0, 1]

as

PG(B | θ) =
1∑

C∈Gθ
m(C)

m(B).

3) Initialize the weights WB(0) as

WB(0) =

{
m(B), for B ∈ F′;

0, otherwise.

4) Define the weight distribution constant KF\F′ as

KF\F′ = 1−
∑
C∈F′

m(C).

Step II. Sampling:
1) Sample θk ∈ Θ, k = 1, . . . , Ns, from BetP (θ).
2) Sample Bk ∈ Gθk from PG(B | θk).
3) If Bk ∈ F′, update the weight of Bk as

WBk(k) =WBk(k − 1) +
1

Ns
KF\F′ .

4) If Bk /∈ F′, then resample.
Step III. Resampling:
1) Define ĜBk and the corresponding PMF P̂G(B | Bk) as

follows:
a) Let ĜBk = {B ∈ F′ | Bk ⊆ B}.
b) If ĜBk 6= ∅, then do the following:

i) Define the PMF P̂G(B | Bk) as

P̂G(B | Bk) =
1

L̂Bk
m(B),

where L̂Bk =
∑

C∈ĜBk

m(C).

ii) Sample B̂k ∈ ĜBk from P̂G(B | Bk).
iii) Update the weight of Bk as

WBk(k) =WBk(k − 1) +
1

Ns
KF\F′ .

c) If ĜBk = ∅, then do the following:
i) Redefine ĜBk as

ĜBk = {B ∈ F′ | B ∩Bk 6= ∅}.
ii) If ĜBk 6= ∅, update the weights of B ∈ ĜBk

as

WB(k) =WB(k − 1)

+
1

NsLsup
Bk

|B ∩Bk|
|B ∪Bk|

KF\F′ ,

where

Lsup
Bk

=
∑

B∈ĜBk

|B ∩Bk|
|B ∪Bk|

.

iii) If ĜBk = ∅, update the weights of B ∈ F′ as

WB(k) =WB(k − 1) +
1

Ns|F′|
KF\F′ .

2) Select the BPA m′(�) as

m′(B) =
∑
C⊆Θ

WC [Ns] δ(B − C)

=

{
WB [Ns], for B ∈ F′;

0, otherwise.

464



To compare the various approximation methods with the
proposed MCCA method, let us consider the following exam-
ple taken from [19].

Example 2. [19] The BoE E for which Θ = {a, b, c, d, e} and
m({ab, acd, c, cd, de}) = {0.50, 0.30, 0.10, 0.05, 0.05} is to
be approximated by E ′. The approximated results are tabulated
in Table II.

Approximation parameters for methods BA, k`x, SM and
D1 are chosen as in [19]; for the MCCA, we choose |F′| = 3
with Ns = 100.

Table II
CORE APPROXIMATION OF EXAMPLE 2

Method F ′ m′

BA {a, b, c, d, e} {0.360, 0.230, 0.205, 0.180, 0.023}
k`x {ab, acd, e} {0.556, 0.333, 0.111}
SM {ab, acd, cde} {0.500, 0.300, 0.200}
D1 {ab, acd,Θ} {0.500, 0.475, 0.025}

MCCA {ab, acd, c} {0.538, 0.354, 0.108}

C. Selection of an Appropriate Objective Function

After a several iterations of processing, the BoE may contain
‘unwanted’ propositions (e.g., impossible combinations of
singletons) that may not necessarily have the lowest support.
Combination and conditioning operations often generate large
numbers of propositions, which often grow exponentially with
respect to the number of operations (see Section IV for
details).

In MCCA, via the objective function, one has the flexibility
of specifying what propositions are to be kept and/or removed
(without being forced to retain the propositions having the
highest mass). The choice is of course application dependent.
To illustrate this, let us consider Example 1 again.

Example 3. In Example 1, when the BoE is conditioned with
respect to A = (abcdefghij), all the focal elements that are
not contained in A vanishes. The elements that ‘straddle’ A
and A (i.e., elements in out(A)) generate a slew of conditional
focal elements by making arbitrary unions. Thus, conditioning
increases the size of the core from 7 to 16, even though the
‘focus’ has narrowed down to 10 elements (because |A| = 10)
from 20 (= |Θ|).

Let us assume that, for the application at hand, we are only
interested in retaining the focal elements that are ‘contained
in’ the conditioning event. However, to preserve the contribu-
tion from focal elements that straddle A and A, we also retain
the focal elements that are unions of (i) an element in in(A)
and (ii) the union of all the elements in out(A) (i.e., largest
(set theoretic) element in OUT(A). With the help of CCT, one
can define the objective function to achieve exactly this.

Approximated results appear in Table III. In Table III,
MCCA† retains the focal elements of interest only. As a means
of comparing with the BA, k`x, SM and D1 methods, MCCA‡

retains the focal elements with the highest mass only. As we
can see, the results of MCCA† is comparable to other methods,

while it retains more meaningful propositions as required by
the application. The error measure that are used in Table III
are defined in Section IV-C.

Table III
CORE APPROXIMATION OF EXAMPLE 2

Approximated BoE Error

F ′ m′ E
R

R
1

R
M

S

M
A

E

BA a, b, c, d, e .293, .452, .100, .100, .055 .057 .031 .214

k`x b, a, bd, bc .505, .361, .067, .067 .063 .026 .162

SM b, a, bd, abcde .412, .294, .055, .239 .022 .010 .060

D1 b, a, bd, bc .503, .387, .055, .055 .049 .027 .186

MCCA† b, a, bcde, abcde .508, .365, .038, .089 .040 .021 .132

MCCA‡ b, a, bd, bc .479, .354, .083, .084 .053 .021 .128

IV. EXPERIMENTS

In this section, we carry out an experiment to analyze the
behavior of the MCCA as well as to compare its performance
to existing methods. Full knowledge of the behavior and
comparative results to exiting algorithms provide valuable
information on how to optimize and also to choose an ap-
propriate algorithm for a given application. We proceed by
explaining the experimental methodology.

A. Methodology

Consistent with what has been employed in [17], and later
followed in [19], the methodology we adopted for constructing
the BoEs is the following:

1) Set |Θ| = 32 and use an exponential distribution [19] to
generate 6 random BoEs Ei ≡ {Θ,Fi,mi}, i = 1, 6, s.t.
each focal set has 8 elements, i.e., |Fi| = 8, i = 1, 6.

2) Using the DCR, fuse the BoEs as

E [j] =

{
E1 ⊕ E2, for j = 1;

E [j − 1]⊕ Ej+1, for j = 2, 5.
(2)

Let E = E [5].
3) Generate the approximations

EX [j] =

{
X(E [1]), for j = 1;

X(EX [j − 1]⊕ Ej+1), for j = 2, 5,
(3)

where X(E [�]) denotes the approximation of E [�] with
the method X . Let E ′ = EX [5].

4) Repeat the above procedure for all approximation meth-
ods BA, k`x, SM, D1 and MCCA.

5) Repeat the whole procedure for 1000 times.

B. Parameters

For consistency, we choose the same approximation param-
eters used in [19]. But in contrast to [19], we use the same
set of BoEs for all approximation methods. Even though the
differences diminish as the number of iterations increase, this
procedure allows for a fairer comparison.
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We identify the various approximations as follows. The k`x
method carried out with {k = 7, ` = 8, x = 0.0001} and
{k = 29, ` = 30, x = 0.0001} are denoted by k`x−8 and
k`x−30, respectively. The experiments with the k`x method
in [19] are carried out in a way that one setting selects as many
focal elements as it needs and another setting selects only one
focal element. However, our parameter selection allows a fairer
comparison by selecting the same number of focal elements
for all the methods. The SM, D1, and MCCA methods with
a maximum of 8 focal elements are denoted by SM-8, D1-
8, and MCCA-8, respectively; with a maximum of 30 focal
elements, the approximations are denoted by SM-30, D1-30,
and MCCA-30, respectively.

C. Performance Criteria

We use the measures used in [17], [19] along with other
frequently used error measures for comparison purposes.

1) Quantitative Measures:

Error1 = max
θ∈Θ
|BetP (θ)−BetP ′(θ)|;

RMS =

√√√√∑
θ∈Θ

(BetP (θ)−BetP ′(θ))2

|Θ|
;

MAE =
∑
θ∈Θ

|BetP (θ)−BetP ′(θ)|. (4)

The measure Error1 is used in [17], and later in [19].
2) Qualitative Measures: Let θ0, θ

′
0 ∈ Θ be the best

choices among all the alternatives generated via BetP (�) and
BetP ′(�), respectively, i.e.,

θ0 = arg max
θ∈Θ

BetP (θ); θ′0 = arg max
θ∈Θ

BetP ′(θ).

Then, measures Error2 and Error3 are given by

Error2 = |{θ ∈ Θ | BetP ′(θ) > BetP ′(θ0)}| ;
Error3 = |{θ ∈ Θ | BetP (θ) > BetP (θ′0)}| . (5)

The measures Error2 and Error3 are proposed and used in
[19]. The measure Error3 is particularly important for assess-
ing an approximation method with respect to decision-making;
Error3 = 0 represents the case when the approximated BoE
yields the same decision as that of the original BoE.

D. Results and Analysis

1) Behavior of the MCCA: To study the behavior of the
MCCA method with respect to its parameters, we compare the
approximation error of the MCCA-generated DCR-fused BoE
E ′ in (3) with the original DCR-fused BoE E in (2) for different
parameter configurations. The idea here is to understand the
sensitivity of MCCA to its parameters, e.g., the number of
samples Ns.

Variation of Error1. As one would expect, Error1 de-
creases (see Fig. 1) with increasing cardinality which is to
be expected because, as the size of the approximated core
approaches the size of the original core, the approximation
error diminishes. However, it is important to notice that the
error is not highly dependent on the number of sampling
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Figure 1. MCCA-generated approximation: Error1 Vs. |F′|.
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Figure 2. MCCA-generated approximation: Error1 Vs. Ns.

iterations (see Fig. 2). This can be understood since the
approximation method attempts to preserve the underlying
PMF obtained via the pignistic transformation. Behavior of
other performance measures are also not highly dependent on
the number of sampling iterations. Hence, we only show the
dependency of performance measures on the cardinality of the
approximated core.

Variations of Error2 and Error3 See Fig. 3. The vari-
ation of Error2 is somewhat arbitrary and small compared
to Error3 which decreases as |F′| decreases. Again, the
dependency of Error2 and Error3 on Ns is minimal.

Variations of RMS and MAE. See Fig. 4. This behavior
is similar to that of Error1.

In summary, it can be seen that the proposed MCCA
algorithm ‘converges’ in the sense that it is possible to
pick the approximation parameters (e.g., Ns) to achieve a
balance between a desired level of approximation error and
the computational overhead.

2) Performance Comparison: In this section, we compare
and contrast the error performance of MCCA to the other
existing approximation techniques that were discussed in Sec-
tion II-B.
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Figure 3. MCCA-generated approximation: Error2 and Error3 Vs. |F′|.
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Figure 4. MCCA-generated approximation: RMS and MAE Vs. |F′|.

Table IV
CARDINALITY OF THE CORE OF THE DCR-FUSED BOE E[k]

Fusion Step 1 2 3 4 5

Average 63.9 433.2 1020.8 1027.3 782.9
Minimum 62 325 481 386 264
Maximum 64 494 1752 2329 1972

Cardinality of the Core. Table IV shows the average,
minimum, and maximum cardinality of the core generated
at each step when the 6 BoEs are fused using the DCR
to generate the final fused original BoE E [k] in (2). The
approximations in (3) generate either 8 or 30 focal elements
at each step.

Variation of Error1. Fig. 5 shows the variation of Error1
of the i-th DCR-fused combination in (3). 30 focal ele-
ments cases of all methods outperform their 8 focal elements
counterparts as expected. It is important to note that the
approximation techniques approximate an increasing number
of focal elements. MCCA− 30 and D1− 30 are superior to
other methods. Error in BA method tends to decrease over the
others. However, the use of BA approximation is very limited
since it destroys the uncertainty associated with focal elements
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Figure 5. Error1 of EX [i], i = 1, 5, the i-th DCR-fused BoE.

by only estimating masses for singletons.
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Figure 6. Error2 and Error3 of EX [i], i=1, 5, the i-th DCR-fused BoE.

Variations of Error2 and Error3. Fig. 6 shows the
variations of Error2 and Error3 of the i-th DCR-fused
combination in (3). MCCA-30 is among the other best al-
ternatives in both measures. In fact, the error is almost zero
everywhere, implying that the the approximated BoE generates
the same optimal choice as the original BoE. It is important to
notice that MCCA-8 belongs to the group of 30 focal element
approximations.

Variations of RMS and MAE. The results corresponding
to the variations of RMS and MAE measures (which provide
aggregated overall errors) in Fig. 7 demonstrate features that
are similar to observations made in Fig. 6.

Notice that the variations of the error measures in our
experiments for the D1, SM, are consistent with the results
in [19].
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Figure 7. RMS and MAE of EX [i], i = 1, 5, the i-th DCR-fused BoE.

V. CONCLUDING REMARKS

When compared using measures that have been used in the
literature, the proposed approximation technique is comparable
to the existing methods in both qualitative and quantitative
aspects. We have shown that the proposed methodology is
robust and less sensitive to approximation parameters and
provides accurate predictions with relatively smaller sampling
iterations. However, some of the other approximation methods
are simpler and more efficient to implement. Thus, one needs
to select an appropriate approximation strategy depending on
the application. The results of the empirical study carried out
in the experimental section can be used to aid this task.

One key feature of the proposed methodology is the flexi-
bility of specifying the desired core, thus allowing for a more
meaningful approximation than merely restricting to proposi-
tions with the highest support. In the case of conditioning,
one can make use of the CCT to specify a more specific (in
contrast to less specific) core for approximation via the MCCA
as we have illustrated in an example.

Conditioning is an expensive operation in DST. The CCT
can be used to identify the conditional focal elements via
simple bit manipulations without performing expensive con-
ditional computations. Thus, what would be more useful is
an improvement to MCCA so that conditional core can be
approximated without actually having to compute it first.

Future work will include such explorations among other
optimizations to speed up the approximation algorithm itself.
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