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Abstract – A Radio Interferometric Positioning Sys-
tem (RIPS) is able to measure the sum of distance dif-
ferences between four sensor nodes. If the locations of
the three out of four sensor nodes are known, that of the
fourth node may be determined using RIPS measure-
ments via the techniques of hyperbolic positioning. One
of the key issues with RIPS is the measurement ambi-
guity because of the wrapping of distance by phase mea-
surements. Solutions to this RIPS measurement am-
biguity problem often require extensive computational
power which is vital to some wireless network of small
sensors. In this paper, we describe an efficient stochas-
tic method to practically resolve RIPS measurement
ambiguity under the criterion of Maximum likelihood
estimation. Our simulation results demonstrate the ef-
fectiveness of the proposed algorithm.
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1 Introduction

Localization of wireless sensor network has become
an important issue recently. The most widely discussed
localization techniques mainly focus on obtaining the
distance between the nodes, such as time difference
of arrival (TDOA), time of arrival (TOA), or received
signal strength indicator (RSSI). These techniques are
very effective but often require facilities of higher cost.
For small sensors of low cost and power, above tech-
niques may face numerous challenges. The RIPS tech-
nique was introduced to mote localization in [1] and
later discussed in [2, 3, 4]. The main idea of RIPS is
to generate frequency interference signal by a pair of
nodes transmitting at close frequencies, and then ob-
tain the relative phase offset which can be measured
by the low-cost sensor with high accuracy. The RIPS
technique has generated great opportunities for network

node localizations for small sensors like motes.

A number of localization algorithms using RIPS mea-
surements were investigated in the literature [5, 6],
where the impact of RIPS measurement noise has been
considered. Because RIPS measures the relative phase
offset of two nodes, which involves the sum of distance
differences between four nodes, the phase ambiguity
will inevitably occur due to the wrapping of distance in
phase. To remove the ambiguity, a method described
in [1] formulates the Diophantine equations by a set of
phase measurements for many carrier frequencies, and
then finding the potential value in a bin sorting man-
ner. However, in the presence of measurement noise,
this method has a lower accuracy. A least square phase
unwrapping estimator algorithm was presented in [7] to
estimate the frequency of a signal based on lattice. In
[8], a method which is based on the Chinese Remain-
der Theorem has been described. Apart from its com-
putational complexity, the approach does not address
measurement noise properly. An alternative approach
which solve the ambiguity issues of phase measurements
which are observed by three phase-only sensors for both
motion and micro-motion target tracking has recently
presented in [9].

In this paper, we propose a maximum likelihood es-
timation (MLE) method to remove the RIPS measure-
ment ambiguity by estimating its ground truth and this
work is motivated by [10]. The joint likelihood function
of RIPS measurements under multiple wavelengthes is
approximated by a mixture of truncated Gaussian dis-
tributions, the MLE is applied to estimate the true
value of the measurements. The proposed method can
be seen as a direct application of Chinese Reminder
theorem to a stochastic Diophantine problem in a fi-
nite distance interval. The effectiveness, efficiency and
robustness of the proposed algorithm are demonstrated
via simulation.

In the next section, RIPS measurement generation
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and the issue of RIPS measurement ambiguity are de-
scribed. The maximum likelihood algorithm for es-
timating the real value of RIPS measurement using
signals of different frequencies is presented in Section
3. Algorithm performance evaluation via simulation is
given in Section 4, followed by the Conclusions.

2 Ambiguity Issue of RIPS Mea-
surements

A RIPS requires four nodes to generate the measure-
ment which is shown in Fig. 1, where the nodes A and
B transmit pure sine waves at closed frequencies fA and
fB which satisfy the condition

fA − fB ≤ ξ � fA or fB . (1)

In practice, ξ ≤ 1 KHz.

The received signal at time t is of the form [1]

s(t) = aA cos (2πfAt+ ϕA)+aB cos (2πfBt+ ϕB)+ν(t)
(2)

where ν(t) is the noise term of Gaussian distribution,
aA and aB are amplitudes, and the ϕA and ϕB are
phase offset of the two sine waves respectively.

ACd BDd

ADdBCd

ACd BD

Figure 1: Measurement principle of RIPS.

The received signal at node C is

sC(t) = aAC cos

(
2πfA

(
t− tA − dAC

c

))

+ aBC cos

(
2πfB

(
t− tB − dBC

c

))
+ ν1(t)

(3)

Similarly, the received signal at node D is

sD(t) = aAD cos

(
2πfA

(
t− tA − dAD

c

))

+ aBD cos

(
2πfB

(
t− tB − dBD

c

))
+ ν2(t)

(4)

where c is light speed, dXY is the Euclidean distance
between the nodes X and Y and aXY is the amplitude

of the attenuation signal transmitted by X and received
by Y.

It can be shown that, when the noise is neglected
temporarily, the relative phase offset of these two sig-
nals is of the form

φ = −2πfA

(
tA +

dAC

c

)
+ 2πfB

(
tB +

dBC

c

)

+ 2πfA

(
tA +

dAD

c

)
− 2πfB

(
tB +

dBD

c

)
mod (2π)

= −f

c
2π (dAD − dAC + dBC − dBD)

+
f̃

c
2π (dAD − dAC + dBC − dBD) mod (2π) (5)

where f = fA+fB
2 , f̃ = fA−fB

2 .

In view of (1), f̃/c → 0, and the second term in
Eq.(5) vanishes approximately. Therefore, the phase
offset of the two signals received at C and D can be
expressed as

φ = 2π
dAD − dBD + dBC − dAC

λ
mod (2π) (6)

where the λ is the wavelength of the signal, and φ is
the measurement of RIPS. Note that the φ is the phase
offset of the low frequency signal, fA − fB , while λ
is the wavelength of high-frequency signal, i.e. λ =
c/(fA + fB)/2. In mote applications, the range of the
wavelength is around 0.65 ∼ 0.75 meters. An important
remark is that synchronization is not required between
the four sensors which have a common clock rate.

The distance difference in Eq.(6) can be defined as

dABCD = dAD − dBD + dBC − dAC (7)

Similarly, let the nodes A and C be the transmitter
pair and the nodes B and D be the receiver pair, we
have

dACBD = dAD − dCD + dBC − dAB (8)

If the location of nodes A, B and C are known, the
location of node D can be calculated by finding the
intersection point of the two hyperboles defined by the
dABCD and dACBD [5].

Unfortunately, either Eq.(7) or Eq.(8) cannot be ob-
tained directly from the RIPS measurement system
with a single transmission due to the modulo 2π in
Eq.(6).

By the Chinese Remainder Theorem, it is possible
to reduce the phase ambiguity problem using multiple
carrier frequencies f1, · · · , fm, m > 0 which generate
multiple RIPS measurements {φi}mi :

φi = 2π
dABCD

λi
mod (2π). (9)
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Equivalently, (9) can be rearranged as

yi = dABCD mod (λi) (10)

where yi = λiφi/2π is deemed to be a RIPS measure-
ment. The value of yi is bounded by the maximum
value that λi can take. So, we assume that yi ≤ λ.

Note that the value of the real distance dABCD and
the “measured” distance yi is symmetric about 0 and
dABCD ∈ [−Λ,Λ]. However, we can easily show that in
general

dABCD = −dBACD (11)

Suppose that yi < 0 and dABCD < 0, thus

yi = dABCD mod (λi)

⇒ |yi| = −(dAD − dCD + dBC − dAB) mod (λi)

⇒ |yi| = dBACD mod (λi) (12)

This result means that we may consider a negative
dABCD as a positive dBACD by swapping the order of
transmitters. Therefore, in this paper, we will only
consider the case where the real distance dABCD and
dACBD are in [0,Λ].

In the absence of measurement noise, the dABCD may
be obtained by solving the following Diophantine equa-
tions

dABCD = y1 + n1λ1

= y2 + n2λ2

...
...

= ym + nmλm (13)

where {n1, n2, · · · , nm} are a set of unknown integers.
In theory, three carrier frequencies are enough to deter-
mine the dABCD.

In the presence of measurement noise, the prob-
lem becomes more complicated since Eq.(13) can no
longer hold. In [1], a simple approach was presented
to calculate the dABCD by searching the set of inte-
gers {n1, n2, · · · , nm} for m frequencies such that the
following inequality holds.

|(niλi + yi)− (njλj + yj)| < ε (14)

where ε is a fraction of the wavelengths and is deter-
mined by the phase measurement accuracy. The unam-
biguous RIPS measurement dACBD is then given by

dABCD =
1

m

m∑
i=1

(yi + niλi) (15)

The accuracy of this method is very low because mul-
tiple integers ni may satisfy the condition (14) and it is
also influenced by the prior knowledge of the dABCD.
In addition, the value of ε is hard to determine.

3 Maximum likelihood formula-
tion and solution

Inspired by [10], we present a method to solve the
ambiguity of RIPS measurement. The basic idea to
formulate and thus find a maximum likelihood solution
to the underlying problem is sketched as follows.

1. The conditional distribution p(yi|X) is approxi-
mated as a wrapped and truncated Gaussian dis-
tribution, where X is defined as the ground truth
state of the unambiguous RIPS measurement, e.g.,
X = dABCD.

2. As stated in the section 2, m remeasurements are
obtained for resolving the ambiguity, i.e. y1:m =
{y1, · · · , ym}. Therefore, we need to consider the
joint probability distribution p(y1:m|X).

3. How to find the maximum likelihood estimator
which gives the following solution

X̂ = arg max
X∈[0,Λ]

p(y1:m|X)

is described in this section.

Let ci,j be the jth possible value of dABCD with un-
wrapped phase according to ith wavelength, where the
j can be determined when the Λ is given, namely, for
ith wavelength, we have

j =

⌊
Λ

λi

⌋
(16)

where �·	 rounds the element to the nearest integer.

Thus

ci,j = yi + ni,jλi, ∀ i = 1, 2, · · · ,m (17)

In the presence of measurement noise ωi, the mea-
surement corresponding to the wrapped phase (13) may
be expressed as

yi = yi,0 + ωi (18)

where yi,0 signifies the noiseless “wrapped” measure-
ment corresponding to Eq.(10).

In this work, the distribution of measurement noise
ωi is assumed to be a truncated Gaussian, i.e.,

p(ωi) =

{ N (0, σ2
i ), ∀ |ωi| < δλi

0, Otherwise
(19)

where 0 < δ ≤ 0.5, i.e., the error of phase measurement
will be restricted within one wave length. It is reported
in [2] that the noise of the relative phase offset may be
as high as 0.1λi, which indicates that this assumption
is reasonable. Therefore, Eq. (17) may be written as

ci,j = yi,0 + ni,jλi + ωi

= X + ωi (20)
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where we note that

X = yi,0 + ni,jλi (21)

Thus the true value of X may fall in the following
intervals

X ∈ [ci,j − δλi, ci,j + δλi] = Ξi,j (22)

From the relationship yi + ni,jλi = X + ωi, we have

(yi −X) (mod λi) = ωi (23)

In view of (19), the following likelihood function can
be obtained

p(yi|X) =

{
exp

{
− [(yi−X)(mod λi)]

2

2σ2
i

}
, ∀X ∈ Ξi,j

0, Otherwise.

(24)

As we mentioned, to estimate X, the joint likelihood
function p(y1:m|X) needs to be considered.

For m measurements, the value of X will fall in one
of the intersections of Ξi,j , i.e.,

X ∈ vl =

m⋂
i=1

Ξi,j , l = 1, 2, · · · , k (25)

where the j is defined as Eq.(16).

Then the joint likelihood function can be written as

p(y1:m|X) =
m∏
i=1

p (yi|X) (26)

=
1∏m

i=1

(√
2πσi

) exp

{
−

m∑
i=1

[(yi −X)mod λi]
2
/2σ2

i

}

Due to the modulo operation (i.e, mod λi), the
p(y1:m|X) is a multimodal function which may have
many local maximum values in the interval of [0,Λ].
Therefore, directly finding the global maxima is non-
trivial.

Considering the following manipulations:

ci,j −X = yi + ni,jλ−X

(yi + ni,jλ−X) mod λi = (ci,j −X) mod λi

(yi −X) mod λi = (ci,j −X) mod λi

(yi −X) mod λi = (ci,j′ −Xl) (27)

where Xl =: ∀X ∈ vl and the subscript j′ of the ci,j′
can be determined by

j′ = argmin
j

|Xl − ci,j |, . (28)

Thus the joint likelihood function (27) in interval vl
is written as

p (y1:m|Xl)

=
1∏m

i=1

(√
2πσi

) exp

{
−

m∑
i=1

(ci,j′ −Xl)
2/2σ2

i

}
(29)

where the modulo operation has been removed.

To understand the process better, considering a sim-
ple example involving two frequencies, f1 and f2 with
wavelengths λ1 and λ2 respectively. From two noiseless
measurements, y1,0 and y2,0, we have

c1,j = y1,0 + n1,jλ1 + ω1

c2,j = y2,0 + n2,jλ2 + ω2 (30)

which is shown in Fig. 2.

0

C11 C12 C13 C14

y1

y2
C21 C22 C23

f1

f2

�

v1 v2 v3 v4 v5 v6

Figure 2: Illustration of phase ambiguity removal via
two frequencies, where i = 2 and δ = 0.5. The intervals
labeled as vl, l = 1, · · · , 6 are possible regions where the
true phase measurement may fall in.

It indicates that, for the first measurement, i = 1,
when j = 1 and δ = 0.5, the true value of X may occur
in the range [c1,1 − 0.5λ1, c1,1 + 0.5λ1] which indicated
by the dash line in the Fig.2. Similarly, for the second
measurement, the true value of X may occur in the
range [c2,1 − 0.5λ1, c2,1 + 0.5λ1] when j = 1. Thus, the
true value of X may fall in the intersection of these two
ranges. So six intervals denoted by vl, l = 1, · · · , 6 are
found in the range [0, Λ] according to Eq.(25) as shown
in Fig. 2. The ci,j′ can be determined using Eq.(27),
for example, the ci,j′ corresponding to the interval v3
are c1,2 and c2,2.

The joint likelihood function p (y1:m|Xl) is only non-
zero in each of the intervals vl, l = 1, 2, · · · . The func-
tion p(y1:m|Xl) attains its maximum value at the point
Xl if the function

F =
m∑
i=1

(ci,j′ −Xl)
2
/σ2

i (31)

attains the minimum value.

The idea is to firstly estimate a local parameter X̂l at
which the maximum value of p (y1:m|Xl) in each interval
vl is achieved. The state of X can then be found at the
global maximum of p (y1:m|X), which is one the finite
set of estimated parameters {X̂l} at which the joint
likelihood p (y1:m|X) is maximised.
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Take the derivative of the Eq.(31) with respect to Xl

and set it to zero. We obtain

X̂l =

(
m∑
i=1

ci,j′/σ
2
i

)
/α (32)

where α =
∑m

i=1 1/σ
2
i . That is, the joint likelihood

function p (y1:m|X) attains a local maximum value at
X̂l in vl.

Substituting X̂l into Eq.(31), we have

Bl =

m−1∑
i=1

m∑
k=i+1

[
(ci,j′ − ck,j′)

2
/σiσk

]
/α (33)

The X̂l corresponds to the smallest Bl is the esti-
mate of X under the criterion of maximum likelihood
estimation. This implies that

ĉi,j′ = arg min
ci,j′∈vl

m−1∑
i=1

m∑
k=i+1

[
(ci,j′ − ck,j′)

2
/σiσk

]
(34)

Therefore, the maximum likelihood estimator X̂MLE

is given by

X̂MLE =

(
m∑
i=1

[
ĉi,j′/σ

2
i

])
/α (35)

The algorithm is summarised in the following steps:

Step 1: Obtain the measurements yi and determine
the set of integers A = {ni,j} within [0, Λ] ;

Step 2: Find those points {ci,j} via:

ci,j = yi + ni,jλi, ∀ni,j ∈ A (36)

Step 3: Find the finite set of intervals {vl} over the
interval [0, Λ] according to Eq.(25);

Step 4: Compute the Bl in each interval according to
Eq.(33);

Step 5: Find the minimum Bl, and compute the cor-
responding ĉi,j′ ;

Step 6: Compute the X̂MLE according to Eq.(35).

In this method, the values of ĉi,j′ and Bl have to
be computed and stored for each interval vl and the
X̂MLE is then found over all of the intervals {vl}. As
δ approaches to 0.5, the number of intervals increases
dramatically.

0

C11 C12 C13 C14

y1

C21
C22

C23

y2

f1

f2

�

Figure 3: Illustration of phase ambiguity removal via
two frequencies, where i = 2 and δ = 0.1. The shad-
owed intervals are the possible regions vl, l = 1, 2, 3,
where the true measurements may fall in.

The condition p (|ωi| ≥ 0.5λi) = 0 guarantees that
the error of measurement is less than a single wave-
length, thus the value can be estimated correctly. Fig. 3
shows an example in which three intervals vl, l = 1, 2, 3
(for the joint likelihood of non-zeros values) are found
in the range [0, Λ] when p (|ωi| ≥ 0.1λi) = 0. In this
case, only three intervals are formed.

4 Algorithm performance analy-
sis and discussions

The performance of the proposed algorithm is ex-
amined via a computerised simulation, where the
set of wavelengths of the transmitted signals are
{λi} = [0.55, 0.56, 0.61, 0.63, 0.65, 0.67] meters and
the threshold δ = 0.5. The standard deviation of RIPS
measurement noise is σi = 0.1λi. We assume that the
unknown true RIPS measurement dABCD is uniformly
distributed in [0, 300] meters, i.e., the maximum of
dABCD is Λ=300 meters. All results are averaged over
100 Monte Carlo runs.

The simulation results using signals of five wave-
lengths (λi, i = 1, 2, 3, 4, 5) are shown in Fig. 4.
The histogram of estimation error defined as |X̂MLE −
dABCD| (from 100 runs) is presented in Fig. 4(a) in
terms of probability and the joint likelihood p(y1:m|X)
in a single realisation computed via the proposed algo-
rithm is plotted in Fig. 4(b), where the ground truth
is at its maximum value.

In another similar example shown in Fig. 5, total
six wavelengths were used. A better performance is
observed in the sense that the maximum value of the
computed joint likelihood is more separate from other
local maxima.

The robustness of the proposed method is evaluated
in terms of the probability of successful estimating the

418



(a)

(b)

Figure 4: Simulation results when i=5. (a) Normalised
estimation error histogram (from 100 runs). (b) The
value of p(y1:m|Xl) from a single run where the ground
truth dABCD=140.65 m.

ground truth of a RIPS measurement within a specified
estimation error. As shown in Fig. 6, such a probability
for estimation error |X̂MLE −dABCD| ≤ 5 m versus the
total number of different wavelengths used is given. In
this simulation, all wavelengths are selected randomly
in the range of 0.65 ∼ 0.75 meter.

Statistical results for the comparison of computa-
tional complexity and number of intersected intervals
vl involved of the proposed algorithm in various param-
eter values are given in Table 1, where the results are
grouped in two cases, i.e., Case 1: p(|ωi| ≥ 0.5λi) = 0
and Case 2: p(|ωi| ≥ 0.1λi) = 0.

Table 1: Comparison of two cases
Number of λi 5 6 7

Case 1 p(|ωi| ≥ 0.5λi) = 0
Number of vl 2509 2956 3390
CPU time 5.651 s 7.791 s 10.170 s

Case 2 p(|ωi| ≥ 0.1λi) = 0
Number of the vl 70 34 17

CPU time 3.190 s 3.293 s 3.372 s

Discussions:

• As demonstrated in Fig. 6, MLE performance
of the proposed algorithm becomes robust as the
number of different wavelengths used increased. In

(a)

(b)

Figure 5: Simulation results when i=6. (a) Normalised
estimation error histogram (from 100 runs). (b) The
value of p(y1:m|Xl) from a single run with ground truth
dABCD=247.48 m.

1 2 3 4 5 6 7 80
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Figure 6: The probability of correct detection with er-
ror |X̂MLE − dABCD| ≤ 5 m versus number of different
wavelengths used.

the simulation examples, when using up to seven
different signal frequencies, a reliable result can be
achieved.

• Computational complexity will increase as the
standard deviation of RIPS measurement noise in-
creased.

• The separation between the carrier frequencies,
|fi−fk|, will influence the estimation accuracy and
computation load. Normally, the great separation
will lead to the high accuracy and low computa-
tion load than the small separation. The former

419



one can generate less intersection intervals which
have high p(y1:m|Xl), so the true value always fall
in the interval of maximum p(y1:m|Xl) with high
probability and therefore, the estimation accuracy
can be improved.

5 Conclusions

In this paper, a MLE method is proposed to estimate
true hyperbolic distance from ambiguous RIPS obser-
vations which wrap distance by phase measurements.
Based on Chinese Reminder theorem, a joint likelihood
of a mixture of truncated Gaussian distributions is con-
structed by using multiple wavelengthes within a finite
distance interval. This method can effectively handle
RIPS measurement noise without a large number of re-
alisations in different transmitting wavelengths being
used. Simulation results show that a robust estimation
performance can be achieved by using only six different
wavelengths in a practical mote communication trans-
mitter configuration. Nevertheless, the efficiency and
effectiveness of the proposed algorithm are yet to be
confirmed in real wireless mote network environment,
which is currently investigated in our research work.
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