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Abstract—The development of modern tracking system in
the recent past is towards distributed sensor scenarios. As
communication links often suffer from varying delays, timely
disordered data appears. An exact solution to the general Out-
of-Sequence problem is given by the Accumulated State Density
(ASD) filter [1], [2]. In this paper, we derive the Information filter
form for this accumulated state. This is of particular interest for
track initialization in case of absolute absence of information.
However, as numerical complexity is higher as for the standard
ASD filter, the latter should be preferred for ongoing tracking
processes.
Keywords: Out-of-Sequence, Accumulated State Density,
Information Filter

I. INTRODUCTION

In multi sensor fusion tracking, where multiple sensor plat-
forms are connected to a fusion center (FC) by communication
links, various challenges appear. In practical applications, the
arrival of sensor data may not be assumed to be synchronized
and timely ordered. This is due to caching and gathering
policies at the sensor sites, varying transmission delays on the
links, or simply by unsynchronized sensors. As a result, the
measurements often arrive at the FC in a disordered manner.
Depending on the allocatable numerical power, one way to
overwhelm this situation is to store all data within a certain
time window. Then, if an outdated measurement arrives, the
tracking process can be repeated using measurements in the
correct chronological order. However, such a scheme is not
always feasible. In particular, in applications where many
false measurements are present, reprocessing on every delayed
data would overextend the available numerical resources on
common tracking platforms. Therefore, one faces the practical
need of processing so-called Out-of-Sequence (OoS) measure-
ments.

On the other hand, some applications require a description
of absolute uncertainty during the initialization phase. Due
to numerical limitations, initial covariances cannot be chosen
to be arbitrarily big. In this case, the Information filter (IF)
provides the possibility to set an initial amount of information
to zero. Moreover, the IF can be superior in terms of numerical
costs, if the dimension of the measurement space is higher
than the dimension of the state. However, an exact processing
of OoS measurements has only been solved for Kalman filter
based algorithms, yet. In this paper, we derive an IF version of
the Accumulated State Density (ASD) filter of [1], [2], which
is able to treat timely delayed measurements equal to ordered
incoming data.

Structure: In the following section, an overview to related
work in the context of OoS measurements and the IF is given.
Then, we summarize the ASD posterior calculation in section
III. In section IV the IF form of an ASD filter is derived. A
simulation example is given is section V. We close this paper
by a conclusion in section VI.

Notation: If evolution model and sensor likelihood func-
tion is given by linear Gaussian distributions, it is well-known
that the posterior distribution of the optimal estimate for a
state xl at time tl, given all sensor data Zk up to time tk,
again is a Gaussian distribution. We denote its parameters as
follows.
• xl|k = E[xl|Zk] denotes the expected value,
• Pl|k = E

[
(xl − xl|k)(xl − xl|k)

>|Zk
]

denotes its cor-
responding covariance.

In the sequel, 1 represents the identity matrix in the dimension
of the state vector xk. When handling block vectors and
matrices, x(l) and P(m,n) denote the lth and (m,n)th block
entry of a vector x and a matrix P, respectively.

II. RELATED WORK

ASDs are useful in tracking applications, where out-of-
sequence (OoS) measurements are to be processed, i.e. when
the sensor data do not arrive in the temporal order, in which
they have been produced. The OoS problem is unavoidable
in any real-world multiple sensor tracking application. To the
authors’ knowledge, Y. Bar-Shalom was the first, who picked
up the problem and provided an exact solution in the case of
Kalman filtering [3] and single step delays. For the subsequent
development and generalizations see for example [4]–[8]. To
avoid storing and reprocessing the entire time series of sensor
data, as well as to avoid the temporal delay connected to
it, OoS measurements have to be inserted into the running
tracking process in a particular way. While this approach is
optimal (i.e. equivalent to a data reprocessing) in the case of
a time delay equal or less than one update step, it suffers
from an information approximation in the general case [5].
Various groups tried to solve the general problem. In [9], for
example, accumulated states are considered to provide a more
comprehensive treatment of issues in particle filtering. In [10],
Capitan et al. use the Information filter to update local node
estimates by a decentralized track-to-track fusion.

The ASDs have been introduced by W. Koch in [1]. An
iterative formulation of an ASD filter and a numerical com-
parison to other OoS methodologies are described in [11]. The
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resulting filter will be summarized in the sequel. Extensions
to MHT and IMM filtering can be found in [2].

III. ACCUMULATED STATE DENSITY

In most target tracking algorithms, the characteristics of
conditional probability densities p(xl|Zk) of target states xl
are calculated, which describe the available knowledge of the
target properties at a certain instant of time tl, given a time
series Zk of imperfect sensor data accumulated up to time tk.
In certain applications, the kinematic target states xk, . . . ,xn,
n ≤ k, accumulated over a time window from a past instant of
time tn up to the present time tk is of interest. The statistical
properties of the accumulated state vectors are completely
described the joint probability density function conditioned on
the measurement data, p(xk, . . . ,xn|Zk). These densities are
called Accumulated State Densities (ASDs). By marginalizing
them, the standard filtering and retrodiction densities directly
result; in other words, ASDs provide a unified description of
filtering and retrodiction. In addition, ASDs fully describe the
correlations between the state estimates at different instants of
time.

All information on the target states accumulated over a time
window tk, tk−1, . . . , tn of length k − n+ 1,

xk:n = (x>k , . . . ,x
>
n )
> (1)

that can be extracted from the time series of accumulated
sensor data Zk up to and including time tk is contained in
a joint density function p(xk:n|Zk). Via marginalizing over
xk, . . . ,xl+1,xl−1, . . . ,xn,

p(xl|Zk) =
∫

dxk, . . . ,dxl+1,dxl−1, . . . ,dxn

p(xk, . . . ,xn|Zk), (2)

the filtering density p(xk|Zk) for l = k and the retrodiction
densities p(xl|Zk) for l < k result from the ASD.

Under conditions, where Kalman filtering is applicable
(perfect data sensor-data-to-track association, linear Gaussian
sensor and evolution models), a closed-form representation of
p(xk:n|Zk) can be derived. In this case, let the likelihood
function be given by:

p(Zk|xk) = N
(
zk; Hkxk, Rk

)
, (3)

where Zk = zk denotes the vector of sensor measurements
at time tk, xk the kinematic state vector of the target, Hk

the measurement matrix, and Rk the measurement error
covariance matrix, while the Markovian evolution model of
the target is represented by:

p(xk|xk−1) = N
(
xk; Fk|k−1xk−1, Qk|k−1

)
(4)

with an evolution matrix Fk|k−1 and a corresponding evolution
covariance matrix Qk|k−1.

It has been proven in [1], that the posterior of an ASD is
given by a Gaussian density N

(
xk:n; xk:n|k, Pk:n|k

)
, where

xk:n|k =


xk|k

xk−1|k
...

xn|k

 , (5)

i.e. consists of the posterior of the retrodicted states. Analo-
gously, the accumulated state covariance matrix contains the
retrodicted single state covariances as the block diagonal en-
tries. Furthermore, the cross-correlations between the different
instants of time can be obtained from the corresponding off-
diagonal entries. The resulting accumulated covariance matrix
is given in (6),

where the following abbreviations were used:

Wl|l+1 = Pl|lF
>
l+1|lP

−1
l+1|l. (7)

Wl|k =

k−1∏
λ=l

Wλ|λ+1 =

k−1∏
λ=l

Pλ|λF
>
λ+1|λP

−1
λ+1|λ. (8)

The densities {N (xl; xl|k, Pl|k)}kl=n are directly obtained
via marginalizing. Note that the ASD is completely defined by
the results of prediction, filtering, and retrodiction obtained for
the time window tk, . . . , tn, i.e. it is a by-product for Kalman
filtering and Rauch-Tung-Striebel smoothing.

An important fact about the accumulated covariance matrix
is that its corresponding inverse Ik:n|k := P−1k:n|k is a sparse
matrix. It is given in (9) as derived in [11], where the auxiliary
quantities Tl|k, m ≤ l ≤ k are defined by:

Tl|k =


P−1k|k + W>

l−1|lU
−1
l−1|kWl−1|l for l = k

U−1l|k + W>
l−1|lU

−1
l−1|kWl−1|l for n < l < k

U−1n|k for l = n

,

(10)

Ul|k = Pl|k −Wl|l+1Pl+1|kW
>
l|l+1. (11)

The tridiagonal structure is a consequence of the Markov prop-
erty of the underlying evolution model. This representation of
the Accumulated Information Matrix Ik:n|k motivates further
investigations on an Information filter form of an ASD, which
is subject the following section.

IV. INFORMATION FILTER FORM OF THE ASD
The tridiagonal structure of the inverse covariance matrix

of an ASD rises the question whether an Information Filter
(IF) form of an ASD filter might be superior in terms of
numerical complexity. Before we can see the answer, let us
recall the basic filter equations for the IF. To this end, we
follow the idea of [12] to calculate the information matrix
Ik|k, i.e. the inverse of the estimation covariance matrix Pk|k,
and its corresponding information state yk|k. In order to state
a recursive algorithm, we assume the parameters are given for
the state at time tk−1. Those are defined as

yk−1|k−1 = Ik−1|k−1xk−1|k−1, (12)

Ik−1|k−1 = P−1k−1|k−1. (13)
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Pk:n|k =



Pk|k Pk|kW
>
k−1|k Pk|kW

>
k−2|k · · · Pk|kW

>
n|k

Wk−1|kPk|k Pk−1|k Pk−1|kW
>
k−2|k−1 ∗ Pk−1|kW

>
n|k−1

Wk−2|kPk|k Wk−2|k−1Pk−1|k Pk−2|k ∗
...

... ∗ ∗ ∗ Pn+1|kW
>
n|n+1

Wn|kPk|k Wn|k−1Pk−1|k · · · Wn|n+1Pn+1|k Pn|k


, (6)

Ik:n|k =



Tk|k −W>
k−1|kU

−1
k−1|k O · · · O

−U−1k−1|kWk−1|k Tk−1|k −W>
k−2|kU

−1
k−2|k

. . .
...

O −U−1k−2|kWk−2|k
. . . . . . O

...
. . . . . . Tn+1|k −W>

n|kUn|k
O · · · O −Un|kWn|k Tn|k


, (9)

a) Prediction: As an intermediate result, let us denote
the inverted prior covariance without process noise as Ak|k−1
given by

Ak|k−1 =
(
Fk|k−1Pk−1|k−1F

>
k|k−1

)−1
(14)

= F−1>k|k−1Ik−1|k−1F
−1
k|k−1. (15)

Using this abbreviation, the prior information matrix can be
written as

Ik|k−1 =
(
A−1k|k−1 + Qk|k−1

)−1
. (16)

Using the inversion lemma (see (78) in the appendix), we
obtain

Ik|k−1 = Ak|k−1 −Ak|k−1

(
Ak|k−1 + Q−1k|k−1

)−1
Ak|k−1.

Note that both, Fk|k−1 and also Qk|k−1 are invertible as
they describe a state transition and are positive definite,
respectively.

On the other hand, we obtain the prior information state
yk|k−1 by

yk|k−1 = Ik|k−1xk|k−1 (17)

=

(
Ak|k−1 −Ak|k−1

(
Ak|k−1 + Q−1k|k−1

)−1
Ak|k−1

)
· Fk|k−1xk−1|k−1 (18)

= F−1>k|k−1·{
1− Ik−1|k−1F

−1
k|k−1

(
Ak|k−1 + Q−1k|k−1

)−1
F−1>k|k−1

}
· yk−1|k−1. (19)

b) Filtering: The effort made in this more complicated
prediction equations are compensated by short update terms.
Both of them are a direct corollary of a product formula for
Gaussians (71). We have

yk|k = yk|k−1 + H>k R−1k zk, (20)

Ik|k = Ik|k−1 + H>k R−1k Hk. (21)

c) Retrodiction: In order to understand and compare the
ASD-IF, we also have to know the retrodiction equations for
the IF. The well-known Rauch-Tung-Striebel recursion [13]
for the state at time tl is given by

xl|l+1 = xl|l + Wl|l+1(xl+1|l+1 − xl+1|l), (22)

Pl|l+1 = Pl|l + Wl|l+1(Pl+1|l+1 −Pl+1|l)W
>
l|l+1. (23)

We now translate them into the information space. To this
end, the same retrodicted densities are derived, except for we
express the parameters using second version of the product
formula (71). We have

p(xl|Zk) =
∫

dxl+1 p(xl|xl+1,Zk) p(xl+1|Zk)︸ ︷︷ ︸
retrodiction at time tl+1

,

p(xl|xl+1,Zk) ∝ p(xl+1|xl) p(xl|Zl). (24)

Using the Gaussian assumptions, we obtain

p(xl|Zk) ∝
∫

dxl+1 N
(
xl; xl|l, Pl|l

)
· N

(
xl+1; Fl+1|lxl, Ql+1|l

)
· N

(
xl+1; xl+1|k, Pl+1|k

)
. (25)

An application of the product formula and the inversion lemma
yields

p(xl|Zk) ∝
∫

dxl+1

N
(
xl; T−1l (P−1l|l xl|l + F>l+1|lQ

−1
l+1|lxl+1), T−1l

)
· N

(
xl+1; xl+1|l, Pl+1|l

)
N
(
xl+1; xl+1|k, Pl+1|k

)
(26)

∝ N
(
xl; T−1l (P−1l|l xl|l + F>l+1|lQ

−1
l+1|lxl+1|l+1), I−1l|l+1

)
= N

(
xl; xl|l+1, Pl|l+1

)
, (27)

where the following abbreviation was used

Tl = Il|l + F>l+1|lQ
−1
l+1|lFl+1|l. (28)
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Introducing a information retrodiction gain matrix H̃ =
Q−1l+1|lFl+1|lT

−1
l , it is possible apply the inversion lemma

again. We obtain for the retrodicted information matrix Il|l+1

Il|l+1 =
(
H̃>Pl+1|l+1H̃ + T−1l

)−1
(29)

= Tl −TlH̃
>(H̃TlH̃

> + Il+1|l+1)
−1H̃Tl, (30)

and for the retrodicted information state

yl|l+1 = Il|l+1xl|l+1 (31)

= Il|l+1T
−1
l

(
yl|l + F>l+1|lQ

−1
l+1|lI

−1
l+1|l+1yl+1|l+1

)
(32)

= Il|l+1T
−1
l yl|l + Il|l+1H̃

>I−1l+1|l+1yl+1|l+1. (33)

We are now able to calculate the ASD posterior in Infor-
mation filter form. To this end, we use the knowledge on the
accumulated expectation vector xk:n|k and covariance Pk:n|k.

A. ASD-IF Posterior

As stated above, the accumulated information matrix
Ik:n|k = P−1

k:n|k was already derived in [1] and [11] as a by-
product of the ASD posterior. We can now use its represen-
tation given in (9) in order to calculate the ASD information
state yk:n|k, which is defined analogously to (12):

yk:n|k = Ik:n|kxk:n|k, (34)

therefore, one obtains for the block line entry referring to time
tl

y
(l)
k:n|k =


Tk|kxk|k −W>

k−1|kU
−1
k−1|kxk−1|k, if l = k,

−Un|kWn|n+1xn+1|k + Tn|kxn|k, if l = n,
−Ul|kWl|l+1xl+1|k + Tl|kxl|k

−W>
l−1|lU

−1
l−1|kxl−1|k, else.

(35)

Using the above equations, it is possible to initialize an
ASD-IF filter by a given sequence of states and covariances.
In the sequel, we describe a recursive algorithm using a sliding
window mechanism for this scheme.

B. ASD-IF Recursion

Assume, the posterior for time tk−1 in IF form is given by
yk−1:n−1|k−1 and Ik−1:n−1|k−1. As in the KF case, we now
incorporate the evolution model to step forward to the prior
density for time tk, and then obtain the posterior after applying
the sensor model and processing the current measurement. In
contrast to the previous section, the length of the time window
k : n will be kept fixed. Furthermore, a recursive formula for
the posterior in IF form is given. The used abbreviations can
be clarified by the following scheme.

yk−1:n−1|k−1
evolution model−−−−−−−−→

constraints
yk:n|k−1

current sensor data−−−−−−−−−−→
sensor model

yk:n|k

ASD-IF prediction: Let us first consider the case of an in-
sequence measurement, i.e. the incoming measurement zm is
the latest among all processed data Zk. Then, we have to add
a new single information state and continue the information
matrix such that the following equations hold

y
(k)
k:n|k−1 = Tk|k−1xk|k−1 −W>

k−1|kU
−1
k−1|kxk−1|k−1 (36)

I
(k,k)
k:n|k−1 = Tk|k−1 (37)

= Ik|k−1 + W>
k−1|kU

−1
k−1|kWk−1|k (38)

U−1k−1|k =
(
Pk−1|k−1 −Wk−1|kP

−1
k|k−1W

>
k−1|k

)−1
(39)

= Ik−1|k−1 + F>k|k−1Q
−1
k|k−1Fk|k−1, (40)

where we used the inversion lemma (78) for the last equation.
This directly yields the wanted block entry for the predicted
information matrix, provided we know the single state infor-
mation matrix Ik−1|k−1. But this in turn is not trivial, as it
cannot be taken directly from the accumulated information
matrix of the previous posterior. One possible way to obtain
this matrix is to use the block-wise inversion [14]:

Ik−1|k−1 = Tk−1|k−1 −C(I
(k−2:n−1,k−2:n−1)
k−1:n−1|k−1 )−1C>, (41)

C =
(
W>

k−2|k−1Uk−2|k−1,O, . . . ,O
)
. (42)

However, for implementations it might be better to calculate
and store the requested single state information matrix sepa-
rately, as the above proposition includes the inversion of square
matrix of dimension (k−n)·nx. The required matrix can easily
be obtained as a by-product.

In any case, this does not conclude the calculation of the
prior accumulated information matrix, as we need to add some
revising terms for the block entry (k − 1, k − 1), and (n, n).
Accordingly to (10), we have for the latter

I
(n,n)
k:n|k−1 = U−1n|k−1 (43)

I
(n,n)
k−1:n−1|k−1 = U−1n|k−1 + W>

n−1|nU−1n−1|k−1Wn−1|n. (44)

Together, these equations yield

I
(n,n)
k:n|k−1 = I

(n,n)
k−1:n−1|k−1 −W>

n−1|nU−1n−1|kWn−1|n (45)

= I
(n,n)
k−1:n−1|k−1 −W>

n−1|nT−1n−1|k−1Wn−1|n,

(46)

which can directly be calculated picking out the respective
block entries from Ik−1:n−1|k−1. Analogously, we treat the
block element referring to time tk−1:

I
(k−1,k−1)
k:n|k−1 = Uk−1|k−1 + W>

k−2|k−1U
−1
k−2|k−1Wk−2|k−1

(47)

I
(k−1,k−1)
k−1:n−1|k−1 = Ik−1|k−1 + W>

k−2|k−1Q
−1
k−2|k−1Wk−2|k−1.

(48)

Applying the inversion lemma (78) yields

I
(k−1,k−1)
k:n|k−1 = I

(k−1,k−1)
k−1:n−1|k−1 + F>k|k−1Q

−1
k|k−1Fk|k−1. (49)

This concludes the recursive calculation of Ik:n|k−1 for the
case that the current measurement is not out-dated. Therefore,
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we are able to proceed to the predicted information state. This
is described by (35) for the case l = k. We have

y
(k)
k:n|k−1 = Tk|k−1xk|k−1 + W>

k−1|kU
−1
k−1|kxk−1|k−1 (50)

= yk|k−1 + W>
k−1|kU

−1
k−1|k

·
(
Pk−1|k−1F

>
k|k−1yk|k−1 − xk−1|k−1

)
. (51)

In order to obtain xk−1|k−1, it is of great value to know the
structure of the covariance matrix given in (9). It holds

xk−1|k−1 = x
(k−1)
k−1:n−1|k−1 (52)

= (Pk−1:n−1|k−1yk−1:n−1|k−1)
(k−1) (53)

= I−1k−1|k−1

(
k−1∑
i=n−1

W>
i|k−1y

(i)
k−1:n−1|k−1

)
. (54)

Therefore, it is possible to to calculate the desired state vector
without inverting the whole accumulated information matrix.
Analogously to the information matrix, we have to adjust
elements of the information state referring to the time instants
tk−1 and tn. For the first, we have

y
(k−1)
k−1:n−1|k−1 = (P−1k−1|k−1

+ W>
k−2|k−1U

−1
k−2|k−1Wk−2|k−1)xk−1|k−1

−W>
k−1|k−1U

−1
k−2|k−1xk−2|k−1. (55)

On the other hand, we have

y
(k−1)
k:n|k−1 = −U−1k−1|kWk−1|kxk|k−1

+ (U−1k−1|k︸ ︷︷ ︸
=P−1

k−1|k−1
+F>

k|k−1
Q−1

k|k−1
Fk|k−1

+ W>
k−2|k−1U

−1
k−2|kWk−2|k−1)xk−1|k−1

−W>
k−1|k−1U

−1
k−2|k−1xk−2|k−1. (56)

Combining these equations, we obtain

y
(k−1)
k:n|k−1 = y

(k−1)
k−1:n−1|k−1

+
(
F>k|k−1Q

−1
k|k−1 −U−1k−1|kWk−1|k

)
Fk|k−1xk−1|k−1,

(57)

which can be calculated using the stored value of xk−1|k−1
from above. The same scheme can be applied for the correction
of the tail of yk:n|k−1. The instances corresponding to time tn
are y

(n)
k:n|k−1 and y

(n)
k−1:n−1|k−1, respectively. They are given

by

y
(n)
k−1:n−1|k−1 = −U−1n|k−1Wn|n+1xn+1|k−1

+
(
U−1n|k + W>

n−1|nU−1n−1|k−1Wn−1|n

)
xn|k−1

−W>
n−1|nU−1n−1|k−1xn−1|k−1 (58)

and

y
(n)
k:n|k−1 = −U−1n|k−1Wn|n+1xn+1|k−1 + U−1n|k−1xn|k−1.

(59)

Therefore, we obtain

y
(n)
k:n|k−1 = y

(n)
k−1:n−1|k−1 −W>

n−1|nU−1n−1|k−1

·
(
Wn−1|nxn|k−1 − xn−1|k−1

)︸ ︷︷ ︸
(**)

. (60)

Deriving the ASD expectation vector from the information
space via xk−1:n−1|k−1 = Pk−1:n−1|k−1yk−1:n−1|k−1, we
have for the nth and (n− 1)th entry, respectively

xn−1|k−1 =
k−1∑
i=n−1

Wn−1|iPi|k−1y
(i)
k−1:n−1|k−1, (61)

xn|k−1 = Pn|k−1W
>
n−1|nyn−1|k−1

+

k−1∑
i=n

Wn|iPi|k−1y
(i)
k−1:n−1|k−1. (62)

Combining these equations, it is possible to state (**) in terms
of the accumulated information state:

(**) = Wn−1|nxn|k−1 − xn−1|k−1 (63)

=
(
Wn−1|nPn|k−1W

>
n−1|n −Pn−1|k−1

)
y
(n−1)
k−1:n−1|k−1

(64)

= −Un−1|k−1y
(n−1)
k−1:n−1|k−1. (65)

Substituting this result in (60) directly yields

y
(n)
k:n|k−1 = y

(n)
k−1:n−1|k−1 + W>

n−1|ny
(n−1)
k−1:n−1|k−1. (66)

This concludes the correction for the ASD-IF state prediction
for the in-sequence case. For the OoS case, assume the
measurement to process corresponds to time tl < tk. Now,
the prior of an ASD-IF state can easily be obtained by the
equations above. But, instead of yk−1, we use the prediction
based on yl−1 combined with a retrodiction from yl+1 as
described in (30) and (33).

ASD-IF Filtering: As in (20), the update of an ASD-
IF state is very lightweight. Given a measurement with time
stamp tl, we only have to employ the correct projection Πl =
(O, . . . ,1, . . . ,O) such that

Πlyk:n|k−1 = yl. (67)

Using this projection, we obtain from the product formula (71)

yk:n|k = yk:n|k−1 + Π>l H>l R−1l zl, (68)

Ik:n|k = Ik:n|k−1 + Π>l H>l R−1l HlΠl. (69)

This is all which has to be done for a measurement update.

V. SIMULATION EXAMPLE

This section presents tracking results for a simulated sensor.
This sensor measures the position of a target with a additive,
zero-mean Gaussian distributed error. In particular, a error
covariance matrix

R =

(
σ2
x σ2

xy

σ2
xy σ2

y

)
, (70)
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Figure 1. An ASD state for a time window of 20 time steps (blue). All
states in except for the front one are smoothed by the contained Rauch-Tung-
Striebel equations of the ASD-IF filter. The ground truth is plotted in black,
green dots indicate measurements.

where σ2
xy = 60m2 and σ2

x = σ2
y = 100m2 was used. The

target motion was modeled using a Continuous White Noise
Acceleration Model [15] using a power spectral density param-
eter of q = 1.0. However, similar results can be produced using
any other model or parameter. The ASD-IF filter is initialized
with true position and velocity. A sliding window calculation
according section IV-B for a time window of 20 time steps is
performed. Such an ASD state (blue) together with the ground
truth (black) and measurements (green) are shown in Figure
1. All states form a smoothed curve as the RTS-equations are
contained in the ASD-IF filter. Figure 2 presents evaluation
results for 1000 Monte-Carlo simulations. In each run, the root
mean square error (RMSE) and the standard deviation (STD)
was taken for the front and end state, respectively. One can
clearly see that the RMSE for the end states is much lower
than for the front states. The corresponding STDs, which are
calculated by the root of the trace of the covariance, behave
analogously. This confirms the above equations for a unified
tracking an RTS-smoothing using an ASD-IF filter.

VI. CONCLUSION

In this paper, we derived an Information Filter form of the
ASD filter. Given a scenario where the initial information is
very low, i.e. the initial covariance P0|0 extremely big, this
form can be highly superior in terms of numerical stability,
because we can just set I0|0 = O. A similar situation arises
for far-distant targets observed by radar systems. However, we
saw that a very fast state update is only possible by the high
effort made for the prior information parameters. This is a
well-known fact about the information filter in general (see
[15, p. 305]), but for the ASD-IF this impact is more severe,
as a single state information matrix is not directly included in
the accumulated information matrix. Moreover, the ASD-IF
suffers from a complex sliding window correction, which is
necessary whenever an ongoing use of it is intended.

As a consequence, on might say that the ASD-IF is use-
ful in particular initialization scenarios. However, a standard

Figure 2. Mean root mean square error (RMSE) for 1000 Monte-Carlo
simulations at the front state and the last state in the time window (end). The
second two columns indicate the estimated standard deviation as root of the
trace of respective state (front and end).

ASD filter should be preferred for enduring filtering process,
because of its lower numerical complexity.

APPENDIX

Product Formula for Linearly Conditional Gaussians

For matrices of suitable dimensions the following formula
for products of Gaussians holds:

N
(
z; Hx, R

)
N
(
x; y, P

)
= N

(
z; Hy, S

)
·

{
N
(
x; y + Wν, P−WSW>)

N
(
x; Q(P−1y + H>R−1z), Q

) (71)

with the following abbreviations:

ν = z−Hy (72)

S = HPH> + R (73)

W = PH>S−1 (74)

Q−1 = P−1 + H>R−1H. (75)

The vector x in both factors of the left side of (71) only exists
in one of the factors on the right side.

Sketch of a proof: Interpret N
(
z; Hx, R

)
N
(
x; y, P

)
as

a joint density:

p(z,x) = p(z|x)p(x). (76)

It can be written as a Gaussian, from which the marginal
and conditional densities p(z), p(x|z) can be derived. In the
calculations we make use of known formulas for the inverse
of a partitioned matrix (see [15, p. 22], e.g.). From

p(z,x) = p(x|z)p(z) (77)

the formula results.
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Inversion Lemma

Assume four matrices A,B,C, and D are given, where A
and D are square. Further, assume A and D+CA−1D have
full rank. Then, the following equation holds [14](

A + BD−1C
)−1

=

A−1 −A−1B
(
CA−1B + D

)−1
CA−1. (78)
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