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Abstract – Quantized data is frequently encountered 
when data must be compressed for efficient 
transmission over communication networks.  Since 
quantized measurements are not precise but are, rather, 
subsets (cells, bins, quanta) of measurement space, 
conventional filtering methods cannot be used to 
process them.  In recent papers, Zhansheng Duan, X. 
Rong Li, and Vesselin Jilkov have devised 
generalizations of the Kalman filter that can process 
quantized measurements.  In this paper I provide a  
theoretical foundation for processing such 
measurements, based on a Bayes filtering theory for 
“generalized measurements” mediated by “generalized 
likelihood functions.”  As a consequence, I also show 
that this theory (1) results in a general Bayes-optimal 
approach for filtering quantized measurements; (2) 
generalizes the Duan-Li-Jilkov filtering theory; and (3) 
can be extended to “noncooperatively quantized” 
measurements such as fuzzy Dempster-Shafer (FDS) 
quantized measurements. I conclude by arguing that 
quantized measurements provide a concrete, 
applications-based conceptual bridge between 
“probabilistic” and “nonprobabilistic” forms of expert-
system reasoning.   
 
Keywords:  Quantization, quantized measurements, 
Bayes filter, random sets, generalized likelihood function. 

1 Introduction 
In recent papers at this conference [6,7],  Zhansheng 
Duan, Vesselin Jilkov, and X. Rong Li have addressed the 
problem of target tracking using information sources, such 
as communications networks, that supply quantized 
measurements.  Specifically, they have developed 
generalizations of the Kalman filter that process quantized 
measurements [7], or both quantized and point 
measurements [6].  This paper, which was inspired by this 
work, has the purpose of developing a general Bayes 
nonlinear filtering theory for   
1.     quantized measurements, and   
2. “uncooperatively quantized” measurements—i.e., 

measurements whose quantization scheme at the 
transmitter is not known a priori at the receiver.   

My approach is based on the general theory of Bayes 
filtering of “nontraditional measurements” described in 
Chapters 3-5 of [5].  As applied in this paper, it results in 
Bayes-optimal filters for quantized measurements in both 
single-target and multitarget situations (see Section 4).  
The primary result of this paper, however, is a 

demonstration that quantized measurements provide a 
concrete, applications-based conceptual bridge between 
“probabilistic” and “nonprobabilistic” forms of expert-
system reasoning.   
 Generally speaking, the target-tracking community 
has tended to show little interest in expert-systems 
approaches such as fuzzy logic or Dempster-Shafer 
theory.  This has in part been because of suspicions about 
the theoretical trustworthiness of these approaches.  But it 
has also been, in part, because of a lack of real-world, 
physics-rooted applications for which these approaches 
seem unavoidably necessary.   
 On the other hand, the expert-systems community—
which tends to treat fuzzy set theory and Dempster-Shafer 
theory  as branches of abstract logic—has tended to have 
limited interest in physics-bound applications.   
 Quantized data, I claim, provides an example of a 
concrete application in which basic Dempster-Shafer 
concepts—imprecision, nonstatistical uncertainty, etc.—
must unavoidably be addressed in the context of 
probabilistic physical modeling and physical intuition.  
But quantized data also provides an instance in which 
fuzzy logic and Dempster-Shafer theory cannot be 
invoked without first anchoring them in a concrete, 
physical-statistical context.  This is because a quantized 
measurement is a specific instance of what is known as  
“imprecise evidence” in expert systems theory. 
 My hope is that the work presented in this paper will 
provoke further investigation and discussion of the 
interrelationships between “hard” and “soft” forms of 
information fusion.    
 

1.1 Prologue:  Digital voltmeters  
Begin with a simple example:  the reading provided by a 
digital voltmeter when measuring the voltage of a battery.  
Such a reading is a real number—for example, the number 
199.98, rounded off to two digits.  The voltage is not 
actually 199.98; rather, it is some value V = v  contained 
in the interval   

J199.98  =  (199.975,  199.985]                     (1) 
which has 199.98 as its centroid.  Though  v  is known to 
be in  J, aside from this constraint it could equally well be 
any value in  J199.98.  Moreover,  V  is a random number of 
the form  V = η(c) + U, where U  is a zero-mean random 
number and where  η(c)  is the nominal voltage supplied 
by the battery, which is of type  c.  Thus a different value   
J  will be chosen depending on what value  V  takes.       
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 Conventional practice is to treat  [v]  = 199.98 as the 
discretized value of  v.  This means that the discretization 
[V]  of  V  will be a random number with a measurement 
model of the form  [V] = [η(c)] + U′.   However, one can 
take a different perspective:   
•  The actual measurement is the interval  J199.98  rather 

than its centroid  [v] = 199.98; in which case J199.98 is 
an  imprecise measurement.   

This means that the actual measurement model for the 
digital voltmeter has the form  

 J   ⊇  {V}.                                 (2) 
That is, among all possible digitized readings, the specific 
reading  J  will be returned only if it contains the value  V.  
It follows that the constraint (2) is equivalent to     

 η(c)  ∈  ΘJ                                  (3)  
where  ΘJ  =  J−U  is the random interval (random subset 
of the real line) defined by  J−U  = {v−U|  v ∈ J}.  The 
smaller the size of  J,  the more closely that model (3) will 
approximate the conventional model  V = η(c) + U.   

1.2 Quantized measurements 
Imprecise measurements are unavoidably encountered in 
communications theory because of quantization [2].  
Quantization arises from the fact that communication 
channels have limited bandwidths, and consequently 
because of the fact that data must be compressed.  As 
stated by Gray and Neuhoff [2, p. 2326],  

“…the goal of quantization is to encode the data from 
a source, characterized by its probability density 
function, into as few bits as possible (i.e., with a low 
rate) in such a way that a reproduction may be 
recovered from the bits with as high quality as 
possible (i.e., with small average distortion).”     

 Thus let  z  be a measurement-vector in some 
measurement space  Z0.  Let  Z0  be partitioned 
(“quantized”) into cells  Si  with centroids  zi.  Then any 
measurement  Z = z  can be replaced by (“compressed 
into”) the unique quantized value  zi  such that  z ∈ Si.  
Typically, the cells   are chosen so that the size  | Si |  of  Si  
is smallest when  z ∈ Si  is most probable, i.e., when the 
probability distribution  fZ(z) of  Z   is largest.  See [2] for 
more details.     
 In the approach taken in this paper, a “quantized 
measurement” is not  zi  but, rather, the subset  Si—it is an 
imprecise measurement.  In returning  Si  as a 
measurement, we are stating that it is not possible to 
specify the actual measurement  z   any more precisely 
than containment within  Si.  That is:  z   is known to be in  
Si, but otherwise it could equally well be any element of  
Si.  It is also random, since different cells  Si  will be 
selected depending on the value of  Z.  Thus as in the 
digital voltmeter example, the actual measurement model 
for the quantized measurement is  

S   ⊇  {Z}                                   (4)   
where  S  is restricted to the values Si.   

 Eq. (4) is to be contrasted with the kinds of 
measurement models normally encountered in nonlinear 
filtering theory, such as the additive nonlinear model  

Z   =   η(x) + V.                               (5) 
The conventional practice in quantization is to replace this 
model with  [Z]   =   [η(x)] + V′,  where  [η(x)]  is the 
quantization of  η(x),  [Z]  is the quantization of  Z, and  
V′  is a noise vector.  Even if   η  is linear and  V  is 
Gaussian,  [η(x)]  will nonlinear and  V′ will be non-
Gaussian.   
 However, given Eq. (5) it is clear that the model (4) 
is equivalent to the model      

 η(x)  ∈  ΘS                                (6)  
where for any  S,  ΘS  =  S−V  is the random subset of  Z0   
defined as  S−V  = {z−V|  z ∈ S}.   

1.3 Summary of main results  
The purpose of this paper is threefold.   
1.3.1  Equivalence of theoretical foundations.  The 
filtering theory in [6,7] is based on a measure-theoretic 
approach due to Curry et al. [1], which permits the 
computation of the posterior expected value  

∫ ∈⋅=∈ ++ xzxxz dSfhShE kk )|()(]|[ 1|1
               (7) 

of an arbitrary test function h(x)  with respect to an 
arbitrary quantized measurement (which is modeled not as 
an approximation of  z, but as an imprecise event  S).   
 Under the theory developed in [5], nontraditional 
measurements—quantized measurements, for example—
are represented as random closed subsets  Θ  of  Z0, and 
they are mediated by generalized likelihood functions  

fk+1(Θ|x)  =  Pr(ηk+1(x) ∈ Θ)                    (8) 
where   z = ηk+1(x)   is a deterministic measurement 
model.  Given this, one can compute the posterior 
expectation of a test function  h(x)  in the usual manner: 

∫ Θ⋅=Θ ++ xxx dfhhE kk )|()(]|[ 1|1
.                 (9) 

Given this, I demonstrate that, when the underlying 
measurement model is additive, 

E[h| z ∈  S]  =  E[h| ΘS].                        (10) 
That is, in this case the two foundations are equivalent. 
1.3.2  General nonlinear filtering of quantized 
measurements.  Because of Eq. (10), it will follow that 
Bayes filtering of quantized measurements using the 
generalized likelihood approach is the full nonlinear 
generalization of the minimum mean-squared error 
(MMSE) approach of Duan et al. 
1.3.3 General nonlinear filtering of noncooperatively 
quantized measurements.  Conventional quantization 
presumes that the quantization scheme imposed at the 
transmission node is known at the receiving node.  
Suppose, to the contrary, that the quantization scheme is 
not published and that, therefore, the receiver can only 
make hypotheses about what it might be.  The final goal 
of this paper is to derive a Bayes nonlinear filtering theory 
for such measurements.  
 Specifically, the original treatment of generalized 
measurements and generalized likelihood function in [5] 
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was oriented towards deterministic generalized 
measurements—i.e., towards “vague” or “uncertain” or 
“contingent” measurements that were not instantiations of 
some random measurement process.  Thus imprecise 
measurements were assumed to have the measurement 
models of the form  η(x)  ∈  S   rather than, as in Eq. (6), 
measurement models of the form η(x) ∈ S−V.  Thus in 
this paper I derive formulas for the generalized likelihood 
functions for generalized measurement models of the form  

 η(x)  ∈  Θ  − V                              (11)  
where Θ is the deterministic random set model of a “fuzzy 
Dempster-Shafer (FDS) quantized measurement.”   

1.4 Organization of the paper  
In Section 2 I begin by summarizing the theoretical 
approach to quantization introduced by Curry et al. [1] 
and then, in Section 3, the generalized likelihood approach 
to quantization.  In Section 4 I briefly introduce a general 
Bayes filtering theory for quantized measurements.  
Section 5 is devoted to a summary of fuzzy measurements 
and fuzzy Dempster-Shafer measurements, their 
generalized likelihood functions, and Bayes filtering using 
such measurements.  Section 6  describes the 
generalization of this theory to the representation and 
filtering of uncooperatively quantized measurements.  
Conclusions are in Section 7.  
 It is necessary to point out that the primary purpose 
of this paper is not to propose a particular nonlinear 
filtering approach.  Rather, its main purpose is to 
demonstrate that quantized measurements provide a 
concrete, application-based conceptual bridge between 
“probabilistic” and “nonprobabilistic” forms of reasoning.  
(In any case, the simulations reported in [6,7] already 
address this issue to some degree, since in this paper it is 
shown that the filters implemented in those papers are 
approximations of the filters proposed here.)   

2 Quantization:  Measure-theoretic  
The approach of Curry et al. is based on the following 
Bayesian, measure-theoretic identity (see Eq. (2) in [1]):  

E[h | z∈S]  =  E[E[h|z] | z∈S]                 (12) 
which is valid for any quantization cell  S  and any test 
function  h(x).  The left-hand side is the posterior 
expected value of  h(x), conditioned on the quantized 
measurement  S.  The right-hand side shows how to 
construct it by first computing the conventional posterior 
expected value  

∫ ++⋅= xzxxz dfhhE kk )|()(]|[ 1|1
                    (13) 

of  h(x)  and then conditioning  E[h|z]  on the quantized 
event  z∈S.   Here,  
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is the posterior distribution conditional on the 
measurement  z,  fk+1|k(x)  is the prior distribution,  fk+1(z|x)   
is the likelihood function for the unquantized source, and 

∫ +++ ⋅= xxxzz dfff kkkk )()|()( |111
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is the Bayes normalization factor.  
 Given this, it follows that 
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where  
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∫ +++ ⋅= xxx dfSfSf kkkk )()|(~)(~
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 .          (18) 

To see this, let  S  be a quantization cell with  z∈S.  Then 
gh(z)   =   E[h|z]                             (19)  

is a random number which is subject to the constraint 
  z  ∈  S.                                    (20) 

Its expected value is   
E[E[h|z] | z∈S]  =  E[gh| z∈S]                             (21) 

∫ ∈⋅= + xzzz dSfg kh )|()( 1
          (22)  

where (see [1], Eq. (3)):   
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One then employs Eq. (12) to find the posterior 
expectation of  h(x)  conditioned on the quantized 
measurement   S.  Substitution of Eqs. (13), (14), and (23) 
into Eq. (12) results in: 

xzzzzz dSfhEShEE k )|(]|[]|]|[[ 1 ∈⋅=∈ +∫                (24) 
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Noting that  

∫ ∫∫ +++ ⋅=
S kkkS k ddffdf zxxxzzz )()|()( |111

           (28) 

∫ ++ ⋅= xxx dfSf kkk )()|(~
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we get, as claimed,  
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3 Quantization:  Generalized likelihood 
In this section I will show that: 
1.  If   Z = ηk+1(x) + Vk+1   is an additive measurement 

model for conventional measurements, then the model 
for a quantized measurement  S  using the generalized 
likelihood function approach is   

ΘS    = S  −  Vk+1  =  {z− Vk+1|  z∈S}.           (31) 
2. The measure-theoretic and generalized function 

foundations for computing posterior expectations 
produce the same result,   

E[h |ΘS]  =  E[h | z∈S],                     (32) 
meaning that the two foundations for quantization are 
equivalent (for additive measurement models).    
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 In the approach advocated in this paper, 
nontraditional measurements—quantized measurements, 
in particular—are represented as random closed subsets  
Θ  of the measurement space Z0, and they are mediated by 
generalized likelihood functions of the form 

fk+1(Θ|x)  =  Pr(ηk+1(x) ∈ Θ).                   (33) 
 Now, let  Z = ηk+1(x) + Vk+1   be a conventional 
additive measurement model.  Under the generalized 
likelihood approach, the fundamental measurement model 
for quantization is   S   ⊇  {Z}  or, equivalently,  η(x)  ∈  
S − V  =  ΘS .  Thus the generalized likelihood of  ΘS   is 

  fk+1(ΘS |x)  =   Pr(ηk+1(x) ∈ S−Vk+1).                 (34)   
 Given this, one can compute the posterior 
expectation of a test function  h(x)  in the usual manner: 

∫ Θ⋅=Θ ++ xxx dfhhE SkkS )|()(]|[ 1|1
                     (35) 

where the posterior distribution conditioned on  Θ  is 
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where   

∫ +++ ⋅Θ=Θ xxx dfff kkSkSk )()|()( |111
               (37) 

is the Bayes normalization factor.   
 I demonstrate that Eq. (35) produces the same result 
as Eq. (16):  
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First note from Eq. (34) that   
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Substituting this result into Eq. (37) yields 
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Thus Eq. (36) becomes  
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and so Eq. (35) becomes, as claimed,  
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4  Bayes filtering of quantized measurements 
Let  Zk :  z1,…, zn  be a time-sequence of conventional 
measurements.  Then the single-sensor, single-target 
Bayes filter has the form 

…→  fk|k(x|Zk)   →  fk+1|k(x|Zk)  →  fk+1|k+1(x|Zk+1) → … 
and is defined by the following time-update and 
measurement-update equations: 
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where 
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is the Bayes normalization factor, fk+1(z|x)  is the 
conventional likelihood function, and  fk+1|k(x|x’)  is the 
Markov transition density. 
 Suppose now that  Zk :  S1,…, Sn  is a time-sequence 
of quantized measurements.  From Eq. (42) it follows that 
the generalized likelihood function for a quantized 
measurement  S  has the formula 

zxzx dfSf
S kk ∫ ++ = )|()|( 11

.                   (51) 

The generalized likelihood function approach developed 
in [5] leads to filtering formulas that are identical to Eqs. 
(48,49)—except that conventional measurements  z  are 
replaced by quantized measurements  S, and  fk+1(z|x) is 
replaced by  fk+1(S|x):  
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where 

∫ +++++ ⋅= xxx dfSfZSf kkkk
k

kk )()|()|( |1111|1
 .        (54)  

Eq. (10) guarantees that posterior distributions constructed 
in Eq. (53) using  fk+1(S|x)  will produce the same posterior 
distributions constructed using conventional measure-
theoretic methods.  Consequently, it follows that Eqs. (52-
54) constitute the basis for a general Bayes filtering theory 
for quantized measurements (at least for nonlinear-
additive measurement models).  
 One result is that Eqs. (52-54) specify a Bayes-
optimal approach for filtering quantized measurements.  
For, we may apply any Bayes-optimal state estimator to 
the  fk+1|k+1(x|Zk)  to get a Bayes-optimal reduction of the 
sequence  Zk  of quantized measurements.   
 It also follows that Eqs. (52-54) generalize the 
filtering theory introduced in [6,7].  This is because, in 
those papers, the quantization cells  Si  are taken to be 
rectangular in form, and then various approximations are 
used to implement Eqs. (52-54).  
 The quantization approach advocated in this paper 
can be further extended to the multisource-multitarget 
Bayes filtering theory described in [5].  In [5], all 
information sources are mediated by likelihood functions, 
whether conventional or generalized (see Section 14.4.2 
of [5]).  In particular, this means that PHD and CPHD 
filters (see [3,4] and Chapter 16 of [5]) can be extended to 
encompass quantized measurements.  (Of course, the 
conventional clutter spatial distribution  ck+1(z)  must be 
replaced by an analogous clutter function  ck+1(S)  for 
quantized measurements,  which must be unitless and thus 
not a density function.)  

5 Generalized measurements:  A review 
In Chapter 5 of [5], I introduced the concept of  
“unambiguously generated ambiguous (UGA) 
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measurements” and their generalized likelihood functions.  
“Nontraditional measurements”—e.g., attributes, features, 
natural-language statements, and inference rules—are 
represented as random (closed) subsets  Θ  of a 
measurement space  Z0—that is as “generalized 
measurements.”  In turn, generalized measurements are 
mediated by generalized likelihood functions, which are 
defined as 

fk+1(Θ|x)  =  Pr(ηk+1(x) ∈ Θ)                    (55) 
where   z = ηk+1(x)   is a deterministic measurement 
model.  Then I showed how various expert-system 
formalisms for representing nontraditional 
measurements—fuzzy logic, Dempster-Shafer theory, 
rule-based inference—can be used to construct random set 
models.   
 For example, consider an imprecise measurement  S.  
If it is understood as being deterministic, then  Θ = S  and 
the corresponding generalized likelihood function is  

fk+1(S|x)  =  Pr(ηk+1(x)∈S)  =  1S(ηk+1(x))         (56) 
where  1S(z)  is the indicator function of  S.   
 As another example, consider a “fuzzy 
measurement”—i.e., a fuzzy membership function   g(z)  
on  Z0.  Such a measurement can be understood as an 
“imprecisely specified imprecise measurement”—
meaning that the measurement is imprecise, but that the 
specific form of the imprecision is unclear, taking many 
possible forms  Sa = {z| a≤g(z)}  for  0 ≤ a ≤ 1.  Using the 
random set representation 

Σg  =  {z|  A ≤ g(z)}                        (57) 
of   g(z), where  A  is a uniformly distributed random 
number on the unit interval  [0,1],  I showed that its 
corresponding generalized likelihood is ([5], Eq. 5.29): 

fk+1(g|x)  =   g(ηk+1(x)) .                   (58) 
 As a third example, consider a “fuzzy Dempster-
Shafer (FDS) measurement.”  This is a basic mass 
assignment  µ(g)  on the fuzzy subsets  g  of  Z0, defined 
by the properties: 
•  µ(g) ≥ 0  for all  g; 
•  µ(g) = 0  if  g = 0;  
• µ(g) = 0  for all but a finite number of  g (the “focal 

fuzzy sets” of  µ); and 
•  Σg µ(g) = 1.   
(When the focal fuzzy sets of  µ  are all crisp, then  µ  is a 
conventional Dempster-Shafer basic mass assignment.)  A 
FDS measurement is a further generalization of the 
concept of an imprecise measurement, in which multiple 
hypotheses are required to represent the uncertainty in the 
choice of imprecise measurement.  Employing a random 
set representation  Σµ  of  µ,  I showed that its 
corresponding generalized likelihood is ([5], Eq. (5.73)): 

∑ ++ ⋅=
g kk ggf ))(()()|( 1|1 xx ηµµ .                (59)  

 I derived generalized likelihood functions for other 
nontraditional measurements, such as fuzzy inference 
rules  g⇒gʹ′  ([5], Eq. (5.80)):   

( )))(('1
2
1))()('()|'( 11|1 xxx +++ −+∧=⇒ kkk gggggf ηη    (60) 

using a random set representation   Σg⇒gʹ′   for  g⇒gʹ′.   

6 Noncooperatively quantized measurements 
Conventional quantization presumes that the quantization 
scheme imposed at the transmission node is known at the 
receiving node.  Suppose, however, that the receiver node 
has only partial (or no) a priori knowledge of this scheme.  
This could be because, for example, the transmission 
source is noncooperative—for which reason I call such 
measurements “noncooperatively quantized 
measurements” (NQMs).  In this case the best that the 
receiver node can do is pose hypotheses about what the 
actual scheme—and therefore, the resulting quantized 
measurements—might be. 
 The simplest approach would be to pose a nested 
sequence   S1 ⊆ … ⊆ Sn  of guesses about the current 
quantized measurement, with associated degrees of belief  
w1 ,…,wn    in the hypotheses, with   w1+…+wn  = 1.  
Here,  S1  would represent the finest degree of 
hypothesized quantization and  Sn  the coarsest, with Sn = 
Z0  representing the possibility that all of the other 
hypotheses are mistaken.   
 This kind of representation is actually a fuzzy 
representation, with the corresponding fuzzy membership 
function being uniquely defined by 

)(...)()(
11 z1z1z

nSnS wwg ⋅++⋅=                (61) 
and thus having  n  possible values.  A general fuzzy 
membership function  g(z)  on   Z0  is, therefore, a 
modeling of the quantized measurement with an infinite 
number of hypotheses.  In this case   g(z)  can be 
described as a “fuzzy quantized measurement.” 
 In like fashion, a fuzzy basic mass assignment  µ  on  
Z0   can be interpreted as a model of the quantized 
measurement that has even more diverse hypotheses than 
a fuzzy quantized measurement.  In this case µ  can be 
described as a “FDS quantized measurement.”   
 In what follows, I (1) define the concept of 
generalized likelihood functions for noncooperative 
quantized measurements, (2) derive a general formula for 
such likelihoods, and then (3) derive specific formulas for 
fuzzy quantized measurements and FDS quantized 
measurements.                   

6.1 Generalized likelihoods for NQMs 
All of the likelihood function formulas in Section 5 were 
based on a common assumption:  that the generalized 
measurement was deterministic.  Even though random sets  
Σg,  Σµ, and   Σg⇒gʹ′,  were used to represent the 
nontraditional measurements  g,  µ,  and  g⇒gʹ′,  these 
measurements were themselves not random.  That is, they 
did not arise as specific instantiations of some random 
variable. (For a more complete discussion see, for 
example, that surrounding Eq. (4.23) of [5].) 
 The concept of a quantized measurement forces us to 
extend this analysis.  The random set representation of a 
quantized measurement  S  is not   ΘS  =  S, but rather  ΘS  
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= S−Vk+1   as in Eq. (31).  The same is the case for the 
obvious fuzzy and FDS generalizations of a quantized 
measurement.   
 Consequently, let  Θ  denote the random set 
representation of a deterministic noncooperatively 
quantized measurement—that is, a specific instantiation of 
a quantized measurement that is actually random.  Then as 
in Eq. (34), the fundamental measurement model for 
quantization is  

Θ   ⊇  {Z}                              (62)   
or, equivalently,  

 η(x)  ∈  Θ  − Vk+1.                           (63)  
Thus the generalized likelihood of the quantized 
measurement, taking randomness into account, is 

fk+1(Θ|x)  =   Pr(η(x) ∈ Θ−Vk+1).                   (64)   
as claimed.  

6.2 The general case 
Suppose that the generalized likelihood function is as in 
Eq. (64).  Then it is   

∫ +Θ+ ⋅=Θ zxzzx dff kk )|()()|( 11 µ                   (65)   

where  
µΘ(z)  =  Pr(z ∈ Θ)                            (66)   

is Goodman’s one-point covering function of  Θ  (see [5], 
Eq. (4.20)).  Note that this equation is well defined, since 

1)|()|()( 11 =≤⋅ ∫∫ ++Θ zxzzxzz dfdf kkµ .            (67) 

 To prove Eq.(64), assume that  Θ   and   Vk+1  are 
independent.  Then    

))(Pr()|( 111 Θ∈+=Θ +++ kkkf Vxx η                        (68)  

∫ +
⋅Θ∈+= + zzzx V df

kk )())(Pr(
11η         (69)  

∫ +−⋅Θ∈=
+

wxww V df kk
))(()Pr( 11

η      (70)  

∫ +Θ ⋅= wxww dfk )|()( 1µ                      (71) 

as claimed.    

6.3 Fuzzy quantized measurements 
Suppose that the quantized measurement is fuzzy:  g(z).  
Then its generalized likelihood function is 

∫ ++ ⋅= zxzzx dfggf kk )|()()|( 11
.                   (72) 

This follows directly from the fact that the one-point 
covering function of the random set representation  Σg   of  
g  is  g(z)—see Eq. (4.22) of [5].    
 As a simple closed-form example, let 

)()|(1 xzxz HNf Rk −=+
                                   (73)  

)(2det)( czz −⋅= CNCg π .                     (74) 
Then Eq. (72) becomes  

∫ ⋅−⋅−=+ zxzczx dHNNCgf RCk )()(2det)|(1 π    (75)  

)(2det xc HNC RC −⋅= +π .                     (76) 

6.4 FDS quantized measurements 
Suppose that the quantized measurement is FDS:  µ(g). 
Then its generalized likelihood function is 

∑ ∫ ++ ⋅⋅=
g kk dfggf zxzzx )|()()()|( 11 µµ .            (77) 

This result immediately follows from the fact that the one-
point covering function of the random set representation  
Σµ   of  µ  is (see Eq. (5.77) of [5])   

∑ ⋅=Σ g
gg )()()( zz µµ

µ

.                         (78) 

7 Conclusion 
Recent papers at this conference [6,7] have developed 
generalizations of the Kalman filter that process quantized 
measurements [7], or both quantized and point 
measurements [6].  As a potential further advancement of 
this work, in this paper I have proposed a general Bayes 
filtering theory for quantized measurements.  This theory 
generalizes to the multisource-multitarget case and, in 
particular, to the PHD and CPHD filters.   
 The quantization theory described in this paper is 
based on the “generalized likelihood function” approach 
described in [5].  I demonstrated that, at the theoretically 
foundational level, it is equivalent to the measure-
theoretic formulation employed in [6,7] for the case of 
nonlinear-additive measurement models.   (It is possible to 
extend this equivalence to nonadditive models.)     
 As an indication of its potential further usefulness, I 
also addressed the problem of representing and filtering 
“uncooperatively quantized measurements.”  By this I 
mean quantized measurements whose quantization 
scheme is imperfectly known at the receiving node.  I 
addressed two specific special cases:  “fuzzy-quantized” 
measurements and “fuzzy Dempster-Shafer (FDS)-
quantized” measurements.  
 Since, in general, quantization produces highly 
nonlinear measurement models, it is anticipated that 
sequential Monte Carlo (a.k.a. particle) techniques will be 
required for implementation of the filters described in this 
paper.  This is a proper subject of future research. 
However, the results of Section 4 already tell us that—as a 
specific example—any implementation of the single-
target filter of Eqs. (52-54) (such as those in [6,7]) must 
be an approximation of a Bayes-optimal (and in this sense, 
best possible) filter.  
 In any case, elucidation of these filters was only a 
secondary purpose of this paper.  Its primary purpose was 
to highlight quantized measurements as a previously 
unrecognized common ground that links “hard” and “soft” 
information fusion.   
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